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I.

INTRODUCTION

This set of lectures is a brief introduction to modern cosmology and particle physics.
The emphasis is made on physical ideas and the experimental evidence. Formal tools are
introduced only to highlight the physics. The course consists of two parts. In the first part
we discuss general relativity and the benchmark cosmology of expanding universe. The
second part introduces the reader to the Standard Model (SM) of particle physics and
to some attempts of unification of the interactions of the SM (supersymmetry and grand
unified theories), which is important for inflationary cosmology. We conclude by a brief
discussion of string theory, arguably, the most promising candidate of the so-called Theory
of Everything (ToE) which unites gravity and particle physics on the same footing. The
lectures are supplemented by homework problems. The final grade will be based on lecture
attendance and homework assignments.
Students are supposed to be familiar with the basics of special relativity and quantum
mechanics taught in the course of general physics at MIPT.
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II.

BASIC CONCEPTS OF GENERAL RELATIVITY.

In this lecture the theory of general relativity (GR) of A. Einstein is introduced.
A.

Equivalence Principle. Local Lorentz Frame.

According to Einstein gravity force is illusion. In his famous gedanken (thought)
experiment Einstein considered a person riding an elevator car (see Fig. 1). When the
car is at rest the person experiences the usual gravity pull. When the car is accelerating
upwards the pull of gravity increases and if the car motion is smooth enough the inside
observer cannot tell whether the car is accelerating or it remains at rest while Earth gravity
increases. However, an observer standing on Earth claims that the additional gravity pull
in the elevator car is due to the force of inertia which arises because the reference frame of
accelerating car is not inertial. So, the additional gravity pull is real for the inside observer
and it does not exist for Earth observer. We come to paradox.

Рис. 1: Person riding elevator car.

Einstein realized that avoiding the paradox requires introduction of a new physical
principle called the Equivalence Principle (EP). It states, that locally gravity is equivalent
to a uniformly accelerated motion of inertial frame. In other words, gravity force and inertia
force is the same force. Another formulation of the EP is: gravitational mass and inertial
mass are equal.
Exercise 1.1. Prove that both formulations of the EP are equivalent.
To appreciate fully that gravity force can always be removed by a choice of reference
frame consider the following situations.
1. Astronauts inside an orbiting spaceship experience complete weightlessness.
Gravitational field can be detected only because it is slightly non-uniform (see Fig. 4).
For example, two small freely floating objects initially at rest gradually move apart.
2. A person in free-fall feels no gravity pull.
3. While driving one can simulate gravitational field by accelerating/decelerating the car.
There is no way to tell the difference between this “artificial"gravity and a “real"gravity due
to a massive object near the car.
6

The above examples should convince you that in the reference frame of a freely falling
observer (FFO) there is no gravitational field (at least, locally). Such a frame is called local
Lorentz frame. Its existence is postulated by Newton’s first law (Galileo principle) and the
EP.
B.

Gravity is Geometry.

If a FFO does not experience a pull of gravity, what is gravity then? According to Einstein
one has to revise the concept of Minkowski space (aka space-time). The latter is defined as
the space of events in which any event is specified by time and position coordinates: (c t, x).
The distance between two events in Minkowski space (MS) is called interval :
(s2 − s1 )2 = c2 (t2 − t1 )2 − (x2 − x1 )2 ,

(1)

where c is the speed of light. Any inertial observer measures the same interval between two
separated events because the interval is invariant under Lorentz transformations relating
inertial frames of reference.
Equation (1) defines the so-called flat MS. Free motion in this space proceeds along
a straight line. Now suppose that MS is flat only locally, so that distance between two
infinitesimally close events is given by (1) but distance between two separated events
equals the length of the longest path connecting the corresponding events, this path
is called geodesic [1]. Einstein proposed that a FFO always travels along a geodesic in
MS, so the observer does not experience pull of gravity. However, in the presence of
masses (or any form of energy, since E = mc2 ) MS is curved and a geodesic is not straight
anymore. Far away from gravitating masses MS is flat and a FFO travels along a straight line.
Exercise 1.2 (R.Feynman) Suppose a rocket leaves Earth and later returns at the same
place. According to a rocket clock the proper time of flight is different from the time measured
on Earth. Find the rocket motion which results in the biggest time difference. Hint: the
problem doesn’t require any calculations, just read this section carefully.
C.

Geodesic.

Now let’s quantify the idea that a small body, which mass m is negligible, travels along
a geodesic in MS. Let S be the action integral of Newtonian mechanics corresponding to
motion of the body in a static gravitational potential φ [2]. Let ds be the length of a small
interval along a path in MS. Then
Z 2
S = −mc
ds,
(2)
1

where 1 and 2 are the initial and final points and the integral on the RHS is taken along
the path. The minus sign ensures that the least action corresponds to the longest path
connecting points 1 and 2 in MS (space of events), i.e. to the geodesic.
In the non-relativistic limit the action on the LHS of Eq. (2) is

Z 2
Z 2 2
mṙ
2
S=
Ldt = −mc (t2 − t1 ) +
− mφ dt.
(3)
2
1
1
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The first term here corresponds to the body rest energy and must be included since GR is
essentially relativistic theory. By varying a path r(t) between the points 1 and 2 one obtains
EOM of the body in gravitational potential φ:
r̈ = −∇φ.

(4)

The solution of this EOM gives the geodesic connecting the initial and final points in MS.
Now let us establish the explicit expression for an infinitesimal interval in MS in the
presence of the small gravitational potential φ. To this end, let us rewrite action (3) as


Z 2 s
Z 2
φ
2φ 2 2
ṙ2
1 + 2 − 2 cdt ≈ −mc
1 + 2 c dt − dr2 ,
(5)
S = −mc
c
2c
c
1
1
where we keep only terms of the first order in φ and ṙ2 /c2 . Then comparison with Eq. (2)
yields


2φ 2 2
2
ds ≈ 1 + 2 c dt − dr2 .
(6)
c
To justify the smallness of φ in Newtonian limit let us estimate φ near Earth surface, where
φ = gz. Plugging g = 10 m/s2 and c = 3 × 108 m/s yields ≈ 1016 m, which is approximately
one light year! In the vicinity of planets and stars Minkowski space is essentially flat. That’s
why Newtonian theory of gravity works so well.

D.

Gravitational time dilation.

Now let us apply the derived expression for interval (6) to see how gravity affects time.
Consider two identical clocks A and B. Let the clock A be at rest on the ground and the
clock B be at rest at height h above it. According to Eq. (6) the interval cdτA between two
ticks of clock A and the interval cdτB between two ticks of the clock B are




2φA 2 2
2φB 2 2
2
2
2
2
c dτA = 1 + 2 c dt
and c dτB = 1 + 2 c dt .
(7)
c
c
Here φA,B is a gravitational potential at the clock locations and dt2 is the time interval
between two ticks as measured by a distant observer far away from Earth where gravitational
potential is negligible. Then
φA − φB
gh
dτA
≈1+
=1− 2,
2
dτB
c
c

so dτA < dτB .

(8)

One can see that the clock A, which sits deeper in the potential well, ticks at a slower
pace than B. For instance, if the time between two ticks of A is, say, 1s, two ticks of B
are separated by a slightly longer interval. When after some time the clocks are brought
together, it turns out that clock A lags behind B. This conclusion is independent of a clock
design, so whatever regular physical process is used to set the pace of A, it proceeds at a
slower pace than the same process in B. In other words, time is slowed down by gravity: the
stronger is gravity, the slower time.
8
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Hulse-Taylor binary consists of two neutron stars of mass ≈ 1.4M each. One of them is
a pulsar, which makes it possible to monitor the system evolution.The separation between
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the stars varies between 0.7 and 3 million kilometers, which is extremely small compared
to star separation in a typical binary system. The rotation period is less than 8 hrs. It is
observed that the rotation period of the binary declines at the rate dT /dt ≈ −0.08ms/yr
and can be attributed to the loss of energy due to radiation of GW. The radiation power is
2% of the total Sun luminosity. The agreement between GR predictions and the observations
is 0.997 ± 0.002.

F.

LIGO experiment.

On September 14, 2015 two LIGO observatories almost simultaneously detected a signal
which after extensive half-year examination was officially recognised as a first ever detection
of GW. The specific GW signal is believed to be due to a merger of two black holes about
30M each. The signal source was located more than 1 billion light-years from Earth. In
this subsection we briefly discuss the main idea of a LIGO detector.
A LIGO detector is basically a large Michelson interferometer which basic design is shown
in Fig. 3. Suppose a GW comes exactly from above (z-direction) and the x and y-axes point
along the interferometer arms. Let Lx and Ly be the arm lengths which are equal to L in the
absence of GW. Consider propagation of a laser beam along the interferometer arms (see
Fig. 3). The speed of light is constant in any LLF, or equivalently
ds2 = 0,

(10)

i.e. light propagates in MS along null geodesic which has zero length. Then, according to
Eq. (9), the beams going in the perpendicular directions traverse the interferometer arms in
a time
2L p
2L p
tx =
1 − h+
and ty =
1 + h+ .
(11)
c
c
One can see that in the presence of the GW there is a phase shift between the perpendicular
beams which is equal to
∆φ = ω(ty − tx ) = ω

2L
4π
h+ =
Lh+ .
c
λ

(12)

Substituting here the detected space-strain of h+ ∼ 10−21 , L = 4km, and λ = 1µm, one
obtains the phase shift of 5·10−11 . The measurement of such a small quantity at 5σ confidence
level is an outstanding experimental achievement!
G.

Curvature and Riemann Tensor.

As we have already discussed it is always possible to get rid of gravitational field (locally)
by going into the local Lorentz frame. In other words, MS is locally flat and equation of
geodesic (see Eq. (4) as a simple example) cannot be considered as a dynamical equation for
gravity. To describe a particular MS geometry one examines behaviour of two close geodesics.
Let us see how such an analysis proceeds in Newtonian mechanics.
Suppose an astronaut inside a spaceship orbiting Earth takes two small objects and
release them to float freely around the cabin (see Fig. 4). For simplicity assume that air
10
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(13)

Рис. 4: Measurement of some components of Riemann tensor.

where G is the gravitational constant, M is Earth mass, and x1,2 is the raduis vector pointing
from Earth center to an object. It follows from (13) [3] that the components of the vector
ξ = x2 − x1 obey the following equations:
ξx,y
ξ¨x,y = −g(r)
,
r

ξz
ξ¨z = +2g(r) .
r

(14)

Here g(r) is the gravitational acceleration and r is the distance to Earth center. The z-axis
points in the vertical direction and the plane (x, y) is perpendicular to it.
Equations (14) can be written in tensor form:


1 0 0
¨
i
ξ
g(r)
i
i
(15)
+ R0j0
ξ j = 0,
where R0j0
= 2  0 1 0 ,
2
c
cr
0 0 −2
i
and i, j = x, y, z. The summation over repeated indices is understood. The 3-tensor R0j0
µ
represents six components of Riemann 4-tensor Rανβ
, which describes local deviation of
geodesics. The following statement is true: in flat Minkowski space all components of the
curvature tensor vanish. The inverse is also true: if the curvature tensor vanishes the
Minkowski space is flat.
i
Exercise 1.4 Estimate numerical values of the components of Riemann tensor R0j0
on
Earth surface.

Notice that tensor (15) is traceless. This is because its components are calculated at
empty space away from the gravitating Earth. Now consider two test bodies placed inside
a small cavity inside Earth and let them fall freely. Up to the moment they hit the cavity
floor their relative motion obeys the Newtonian law of gravity and a similar calculation
gives the following components of the Riemann tensor:
Exercise 1.5 Show that components of Riemann tensor inside Earth are:
i
R0j0
=

4πGρ i
δ,
3c2 j

12

(16)

where ρ is the local mass density of Earth material.
According to (16) the trace of Riemann tensor inside Earth is proportional to the density
ρ of Earth material:
4πGρ
i
=
R0i0
.
(17)
c2
Now recall that the MS metric in the Newtonian limit is


2φ 2 2
2
ds ≈ 1 + 2 c dt − dr2 .
(18)
c
For this metric

1
∆φ
c2
and Eq. (17) becomes the familiar Laplace equation for gravitational potential φ:
i
=
R0i0

(19)

∆φ = 4πGρ.

(20)

In general, components of Riemann tensor can be explicitly calculated for any MS metric
(mathematically, Riemann tensor is the function of metric tensor and its derivatives). For
instance, consider the metric of GW given by Eq. (9). The only non-vanishing components
of the Riemann tensor for this metric are
y
x
R0x0
= −R0y0
=−

1
ḧ+ .
2c2

(21)

Then according to the first of Eqs. (15) the x-component of the relative distance between
two geodesics in the GW obeys
1
ξ¨x − ḧ+ ξx = 0.
(22)
2
This equation can be solved by iterations since h+ is very small. Keeping only the terms of
the first order in h+ one obtains


1
(0)
ξx = ξx 1 + h+ .
(23)
2
To understand the meaning of the solution consider a long rod oriented along x-axis. Let ξ
be the separation of two arbitrary points along the rod. According to Eq. (23) ξ will oscillate
when the GW is passing through the rod thereby creating a periodic stress along the rod
∼ Eh+ , where E is the Young modulus. In principle, this stress could be detected. The first
GW detector ever built was based on this idea but failed to detect a GW due to insufficient
sensitivity.
III.
A.

EXPANDING UNIVERSE.
Measuring Distances.

Let us briefly discuss how astronomers measure distances to stars and galaxies. Bright
stars used to measure distances are called primary distance indicators. Distances to stars in
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the neighbourhood of the Solar System can be measured directly. The method is to monitor
apparent angular motion of a star on the celestial sphere (proper motion) which is due to
annual motion of Earth around the Sun. The star and two different locations of Earth on the
orbit form a triangle which base dE is known and apex angle π called parallax (see Fig. 5) is
measured. The parallax is equal to π = dE /d where d is the distance to the star. Equating

Рис. 5: Measurement of star parallax.

dE to the average distance between Earth and the Sun (1AU) and π to 1 arcsecond gives a
natural unit of interstellar distance called 1 parsec (pc) (≈ 3.26 lyr).
The Hypparcos satellite launched in 1989 was specially designed for precision
measurement of the star proper motions with an accuracy of 10−3 arc seconds (∼ 10−9
radian). The collected data allowed astronomers to determine distances to ∼20,000 stars
located as far as 100 pc from the Solar System.
Measurement of distances to stars inside our galaxy and beyond requires indirect methods.
Consider two such methods based on the obvious relation between absolute luminosity L
and apparent luminosity l:
L
l=
.
(24)
4πd2L
Here dL is called luminosity distance (it is different from the proper distance introduced
below!). The apparent luminosity can be measured directly, it is the energy flux coming
from a bright object in some frequency range. The absolute luminosity must be inferred, it
is the total energy emitted by the object in the same frequency range. For hydrogen burning
stars of the so-called main sequence there is a characteristic relation between the absolute
luminosity and color. So if a star belongs to the main sequence its total luminosity can be
reasonably guessed. The relation is verified by using those stars of the main sequence whose
distances are determined directly by the parallax measurements.
Distances to objects outside the Milky Way are measured using very bright stars called
Cepheid variables. Luminosity of a Cepheid varies with time and there is a characteristic
time dependence between the luminosity and the period. To get an idea about precision
of this method let us compare the relation between Cepheid luminosity MV and period P
obtained by two different research groups:
• MV = −2.76 lg P − 1.46 (Hubble Space Telescope Key Project);
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• MV = −2.81 lg P − 1.43 ± 0.1 (Hipparcos measurement).
One can see that the relations agree within 3%. Of course, using an above relation to find
distance to a particular Cepheid gives significantly greater error. The above relations are
obtained by averaging over large samples of stars.
For redshifts z > 0.03 no star is bright enough to serve as a distance indicator, so whole
galaxies and supernovae explosions are used. These astronomical objects are called secondary
distance indicators. There are several methods to determine the distance to a bright galaxy.
One of them employs the so-called Tully-Fisher relation between galaxy absolute luminosity
and its rotation speed. The latter is determined by measuring widening of 21cm hydrogen
absorption line of galactic interstellar gas due to the Doppler effect caused by galaxy rotation.
Type Ia supernovae are called standard candles by astronomers since their luminosity
is presumably constant. A typical supernova event occurs in a binary system of a white
dwarf and its main sequence companion. Accretion of companion matter by the white
dwarf gradually drives its mass to Chandrasekhar limit and a supernova explodes. So, it
is reasonable to believe that the initial conditions of supernova explosions are similar and
therefore their absolute luminosity is more or less constant. This assumption is supported
by observations.
B.

Isotropic Universe. Robertson-Walker metric.

Astronomical observations show that on a scale larger than 100 Mpc (megaparsec) which
is ∼ 3 × 108 lyr (light years) the universe is essentially homogeneous and isotropic. On such
a scale the distribution of clusters of galaxies is more or less uniform (see Fig. 6). Another
measure of the universe homogeneity is provided by the cosmic microwave background which
temperature T is the same in every direction with remarkable accuracy: ∆T /T ∼ 10−5 .

Рис. 6: The universe at a scale of 100Mpc.

To describe the universe at these scales it is reasonable to treat it as a cloud of dust and
radiation, where dust particle is a cluster of galaxies. Each cluster is gravitationally bound,
i.e. motion of galaxies inside a cluster is governed essentially by Newtonian dynamics but
relative motion of clusters is mostly due to cosmic expansion. This statement will soon be
clarified.
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It turns out that isotropy and homogeneity together with Einstein’ equations is enough
to prove that the space-time metric of the universe takes the form:


dr2
2
2 2
2
2
2
ds = c dt − a (t)
+ r dΩ .
(25)
1 − Kr2
This metric is called Robertson-Walker (RW) metric. Function a(t) is called scale factor
and parameter K takes on one of the values {−1, 0, 1}.
Theorem. Robertson-Walker metric is the unique metric if the universe appears
spherically symmetric and isotropic to a set of freely falling observers.
In our case a freely falling observer is a cluster of galaxies. Each cluster is assigned
dimensionless coordinate (r, θ, φ) (in spherical coordinates) and has its own clock measuring
proper cluster time t. Scale factor a(t) has dimension of length and represents the curvature
radius of 3-space for K = −1 or K = 1. Different values of K correspond to the following
geometries of 3-space:
• K = +1: 3-sphere S 3 , which in 4-dimensional Euclidean space (u, x, y, z) is defined by
equation u2 + x2 = 1;
• K = 0: flat space R3 ;
• K = −1: 3-hypersphere, which in 4-dimensional Euclidean space (u, x, y, z) is defined
by equation u2 − x2 = 1.
Whether our universe is finite or infinite depends on K. Current astronomical data is
consistent with the value K = 0.
Exercise 2.1 Prove that the expression in square brackets of (25) corresponds to the
metric on S 3 (K = 1) and hypersphere (K = −1).
Exercise 2.2 Show that there is a symmetry transformation which does not leave any
point of S 3 at the same place. (This is not true for S 2 : for any rotation there are at least
two points on S 2 which stay at rest.)
C.

Proper Distance. Cosmological Redshift.

According
to the RW metric the distance between two nearby clusters is equal to
√
a(t)dr/ 1 − Kr2 . Suppose we have two clusters with coordinates (0, 0, 0) and (r, 0, 0). The
distance between them according to an observer at the origin is given by
Z r
dr
√
,
(26)
d(r, t) = a(t)
1 − Kr2
0
where t is the proper time of the observer. This distance is called proper distance (it is
different from the luminosity distance introduced above, the relation between them will be
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derived later). Since r is time independent the proper speed of the cluster at r as measured
at the origin is
˙ t) = ȧ(t) d(r, t) ≡ H(t)d(r, t),
(27)
d(r,
a(t)
where H(t) is the Hubble constant. (H(t) is called constant because it varies on cosmological
scale of billions of years, way too slowly to detect in real time.)
Exercise 2.3 Equation (27) is derived for a pair of clusters with one cluster sitting at
the origin. Prove that the same relation holds for any pair of nearby clusters for which the
Hubble constant is approximately the same (see Fig. 7).

Рис. 7: To Exercise 2.3.

Now suppose the cluster with coordinate r1 emitted light of frequency ν1 toward the
origin at some moment t1 according to its clock (see Fig. 8). The light reaches Earth at

Рис. 8: To measurement of proper distance.

t0 > t1 . (From now on the subscript 0 denotes a quantity measured by Earth observer at
present.) The interval between emission and detection of light is always zero because light
travels along null geodesics (ds = 0). For the RW metric equation ds2 = 0 implies
Z t0
Z
a(t)
dr
dt
dr
1 0
√
√
dt = ±
and
=−
,
(28)
c
c r1 1 − Kr2
1 − Kr2
t1 a(t)
where the minus sign is chosen in accordance with the direction of light propagation.
If the light emission lasted for δt1 (departure interval) and the light arrival to Earth lasts
δt0 (arrival interval), equation (28) shows that both intervals are related as
δt0
δt1
=
.
a(t0 )
a(t1 )
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(29)

Now, light frequency ν ∼ 1/δt, therefore
a(t1 )
1
ν0
=
≡
,
ν1
a(t0 )
1+z

where z ∈ (0, ∞).

(30)

Parameter z is called cosmological redshift and shows how much the frequency of light
emitted from a distant galaxy is shifted to the red end of spectrum before it is detected on
Earth.
For z  1 the above equation becomes ν0 ≈ ν1 (1 − z) that allows the cosmological
redshift for small z to be interpreted as the Doppler shift: the frequency of light emitted
by receding galaxy is redshifted. This interpretation is not valid for z ∼ 1 because at large
scales the RW metric differs significantly from the metric of flat MS. Frequency decreases to
maintain the constant speed of light since wavelength increases because of cosmic expansion.
Exercise 2.4 A bullet is fired in the RW universe at speed v1 . Later when the universe
has expanded by factor (1 + z), the bullet speed is v2 . Find the relation between v1 , v2 , and
z. Show that for v1 → c equation (30) is reproduced.
D.

Hubble’s Law.

Expanding scale factor a(t) near t ≈ t0 (on the cosmological scale) one obtains
a(t) ≈ a0 + (t − t0 )ȧ0 = a0 [1 + (t − t0 )

ȧ0
] ≡ a0 [1 + (t − t0 )H0 ].
a0

(31)

Then for a small z this gives (see (27) and (30)):
d
(32)
z = (t0 − t)H0 = H0 .
c
This relation is called Hubble’s law, it was discovered by Edwin Hubble in 1929. Currently
accepted value of the Hubble constant is
H0 = 67.3 ± 1.2

km
.
s · Mpc

(33)

Now we can clarify the statement made at the beginning of the lecture that galaxies
inside a cluster are gravitationally bound, i.e. their dynamics is essentially Newtonian,
while at scales ∼ 100 Mpc the cosmic expansion dominates. As one can estimate from (33)
the redshift corresponding to distance 100 Mpc is ∼ 0.02 giving for relative cluster velocity
∼ 0.02c ∼ 7 × 103 km/s. This value is much greater than the relative velocities of galaxies
inside a cluster vpec ∼ 102 ÷ 103 km/s (aka peculiar velocities). On cosmological scales
 vpec /H0 the approximation of the universe by ideal isotropic and homogeneous fluid (for
which Einstein’s equations yield the RW metric) is justified.
Exercise 2.5 Consider two particles of dark matter being initially at rest in empty
space far away from any matter, ordinary and dark. Using the accepted value of Hubble
constant (33) estimate the critical distance between the particles at which they will move
apart. Assume that dark matter particles interact only gravitationally and the particle
mass is 1 GeV/c2 . (In other words, find the distance at which cosmic expansion wins over
Newtonian gravitational attraction.)
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E.

Dynamics of Expansion. The Friedmann Equations.

Radiation and matter filling a homogeneous and isotropic RW universe are described by
density ρ(t) and pressure p(t) which depend on time only. Solution of Einsten’ equations
then yields the RW metric (25) together with equations relating a(t), ρ(t), and p(t). The
latter equations were originally derived by Russian physicist Alexander Friedmann in 1925
and named after him. Below we give a simplified heuristic derivation of the Friedmann
equations.
In RW universe any given volume V (t) (small enough for proper time t be approximately
a3 (t)
the same at any point) depends on scale factor as V (t) = 3 V0 . The expansion can be
a0
considered adiabatic as long as the universe does not interact with other universes (if any)
and remains in thermodynamic equilibrium, i.e. homogeneous and isotropic. Then the first
law of thermodynamics applied to a given volume reads:
0 = dE + pdV = d(ρc2 V ) + pdV.

(34)

Plugging in the above expression for V (t) gives after little algebra (check!):
ρ̇ = −3


ȧ
ρ + p/c2 ,
a

(35)

where the dot stands for time derivative. This the first Friedmann equation. To derive the
second one we use Birkhoff’s theorem proven in GR.
Theorem. In any system that is spherically symmetric around some point, the metric
in an empty ball centered on this point must be that of flat MS.
This theorem should remind you about its classical analog proved by Newton: a
gravitational force inside an empty gravitating spherical shell is zero. Now, let us remove
matter from a sphere which radius is much less than the scale factor. Since the universe is
isotropic and homogeneous Birkhoff’s theorem ensures that the metric inside the emptied
sphere is that of flat MS. Then we put the matter back into the sphere and consider a small
particle of mass m on the sphere surface (see Fig. 9). Let the mass contained inside the
sphere be M . Because the metric inside the sphere is that of flat MS the particle motion is
governed by the laws of Newton. In particular, the sum of kinetic and potential energy of
the particle is conserved.

Рис. 9: To Birkhoff’s theorem.
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Radius vector x(t) pointing from the sphere center to the particle is
x(t) =

a(t)
x0 ,
a0

(36)

where x0 and a0 are the values at present. Kinetic energy of the particle is then
1
mȧ2 (t) x20
K.E. = mẋ2 (t) =
· 2,
2
2
a0

(37)

GmM
4π
4π
x20
2
2
P.E. = −
= − Gmρ(t)x (t) = − Gmρ(t)a (t) 2 .
|x(t)|
3
3
a0

(38)

The potential energy [4] is

The total energy is conserved, so
K.E + P.E. = −Kc2

mx20
,
2a20

(39)

where the constant on the right-hand side is chosen to correctly reproduce the result derived
from Einstein’s equations. This is as far as we can go using Newtonian mechanics because
our non-relativistic derivation is unaware of the special role played by the speed of light.
Here K = {−1, 0, 1} specifies a particular RW metric (25) and c is the speed of light. A
particular choice of K determines whether expansion ever stops. We know from classical
mechanics that if the total energy of a particle is positive or zero its motion is unbounded
and if it is negative the motion is finite. In our case this translates into the statement that
for K = 0, −1 the universe expands indefinitely and if K = +1 the expansion eventually
stops and the RW universe then collapses.
Finally, combining (37), (38), and (39) one obtains the second Friedmann equation:
ȧ2 Kc2
8πG
+ 2 =
ρ.
2
a
a
3
IV.
A.

(40)

BENCHMARK MODEL OF THE UNIVERSE (ΛCDM).
Solution of the First Friedmann Equation.

The Friedmann equations (35) and (40) relate scale factor a(t), matter/energy density
ρ(t), and pressure p(t). To solve the equations one also needs an equation of state p(ρ) relating
the density and the pressure. According to the modern paradigm the universe consists
of cold matter, i.e. any non-relativistic matter including invisible dark matter, hot matter
which includes radiation and any relativistic particles (neutrinos and possible exotics), and
dark energy interpreted as the energy of vacuum. An abbreviation ΛCDM stands for the
major contributions to the universe energy density: Λ is the vacuum energy density, aka
cosmological constant, and CDM is the cold dark matter.
The generic form of any equation of state of relativistic matter, non-relativistic matter,
and vacuum energy is ρ c2 = wp, where w is a specific constant. The equation of state and
the first Friedmann equation (35) are linear in ρ and p, so (35) can be solved separately for
each component, which gives (check!):
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• cold matter: p = 0, then ρM = ρ0M

a30
(mass is conserved and volume ∼ a−3 );
a3

a4
1
• hot matter: p = ρ c2 , then ρR = ρ0R 04 (energy is redshifted ∼ a−1 and volume ∼ a−3 );
3
a
• dark energy: p = −ρ c2 , then ρΛ = ρ0Λ = const.

The last equation, p = −ρ c2 , deserves an explanation. According to quantum field theory
vacuum is not empty, it is filled with virtual particles and therefore the energy density of
vacuum, ρV c2 , does not necessarily vanishes. Suppose some volume of empty space increases
by an amount dV . The vacuum energy then increases by ρV c2 dV . The entropy of vacuum
remains zero because it remains the single state, no degrees of freedom have been created.
According to the first law of thermodynamics ρV c2 dV + p dV = 0 and the equation of state
follows.
B.

Solution of the Second Friedmann Equation.

Let us briefly review solutions of the second Friedmann equation (40) for several special
cases.
• Empty universe (no physical fields, only the metric). In this case ρ = 0 and Eq. (40)
becomes:
√
ȧ = ±c −K.
(41)

If K = 0, a = const, so the flat RW universe is static. If K = −1, a = a0 ± ct i.e.
the RW universe of negative spatial curvature linearly expands/contracts, it is not
static. The case K = +1 is forbidden because the expression under the square root
will be negative. Therefore the empty RW universe with positive spatial curvature is
impossible. In what follows let us set K = 0 for simplicity.

• RW universe filled with hot matter (radiation). In this case ρ = ρR ∼ a−4 and
2

ȧ ∼ a

−2

→

d(a2 )
= const,
dt

so a ∼

√

t.

(42)

The expansion slows down as t1/2 .
• RW universe filled with cold matter. In this case ρ = ρM ∼ a−3 and
ȧ2 ∼ a−1

→

d(a3/2 )
= const
dt

and a ∼ t2/3 .

(43)

The expansion slows down but at a lower rate because the energy density of nonrelativistic matter decays slower.
• Energy density remains constant, ρ = ρΛ . In this case Eq. (40) reads
ȧ2
8πG
=
ρΛ = H 2 = const
2
a
3

→

a = a0 e±Ht .

(44)

In this case the RW universe undergoes accelerated expansion/contraction and the
Hubble constant H remains indeed constant.
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Notice that all the solutions considered except for the first one (flat and empty universe)
are not static, RW universes either indefinitely expand or contract into singularity, they do
not remain the same forever. This is a general feature of gravity: even in Newtonian physics
gravitating matter will contract until other repelling forces (if the are able to!) will stop the
contraction.
C.

Benchmark Model.

Now let us combine all three contributions to the total energy density of the universe.
The result is conventionally written in the form:


a30
a40
crit
ρ = ρΛ + ρM + ρR = ρ0
ΩΛ + ΩM 3 + ΩR 4 ,
(45)
a
a
where
ΩΛ,M,R =

ρΛ,M,R
0
,
ρcrit
0

and ρcrit
=
0

3H02
.
8πG

(46)

The quantity ρcrit
is called critical density. If the total energy density of the universe is
0
crit
greater that ρ0 , the universe eventually collapses, if it is less or equal, the universe will
expand indefinitely.
Exercise 3.1 Prove the last statement using the arguments similar to those employed
in derivation of the second Friedmann equation (40).
With one more parameter
ΩK = −

Kc2
,
a20 H02

(47)

the second Friedmann equation (40) (at t = t0 ) becomes:
ΩΛ + ΩM + ΩR + ΩK = 1.

(48)

Finally, introducing a dimensionless variable x = a/a0 = 1/(1 + z) brings the second
Friedmann equation (40) to the form (check!):
dt =

dx
.
H0 x ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4
√

(49)

The fate of our universe, i.e. time dependence of the scale factor, is defined by
equation (49) which contains three independent parameters: ΩΛ , ΩM , and ΩR . Currently
accepted values (benchmark values) are ΩΛ = 0.68(2), ΩM = 0.315(2), and ΩR =
5.46(19) × 10−5 . There is also a small contribution due to neutrinos that is difficult to
assess, its current estimate is Ων < 5.5 × 10−3 . Three Ω’s sum up to 1.000(7), which is
consistent with K being zero, i.e. our universe is most probably flat.

22

D.

Age of the Universe and Horizons.

The present age of the Universe can be found from (49) as the time passed between
infinite redshift (the beginning of expansion) and zero redshift (the present):
Z 1
dx
1
univ
√
.
(50)
t0 = t(0) − t(∞) =
−2
H0 0 x ΩΛ + ΩK x + ΩM x−3 + ΩR x−4
= (13.81 ± 0.05) × 109 yrs.
The benchmark value is: tuniv
0
Using (49) it is also possible to answer the question: how far in the past can we see?
Because of expansion a light emitted by distant source is redshifted when it arrives at Earth
and the light that travelled a long enough way redshifts to nothing. The distance at which
past events can no longer be observed is called particle horizon. To find it notice that the
greatest value rmax (t) from which an observer at t is able to receive signals can be found
from the equation:
Z t
Z rmax (t)
cdt0
dr
√
=
.
(51)
0
1 − Kr2
0 a(t )
0
The lower limit t = 0 corresponds to the beginning of expansion. The corresponding proper
distance (see (26)) is
Z rmax (t)
Z t
dr
cdt0
√
dmax (t) = a(t)
= a(t)
.
(52)
0
1 − Kr2
0
0 a(t )
Setting t = t0 and using (49) one rewrites the latter equation with the limits of integration
corresponding to infinite (the beginning of expansion) and zero redshifts (the present):
Z 1
dx
c
√
dmax (t0 ) =
.
(53)
H0 0 x2 ΩΛ + ΩK x−2 + ΩM x−3 + ΩR x−4
The benchmark value is: dmax (t0 ) ≈ 15 × 103 Mpc.
It is also interesting to find the distance at which we will ever be able to travel in the
benchmark universe. Because of accelerating expansion very distant objects are out of reach:
eventually they run away faster than light. The distance at which future events cannot be
observed is called event horizon. The greatest value rM AX (t) from which an observer will be
able to receive signals emitted later than t is determined from the equation:
Z ∞
Z rM AX (t)
cdt0
dr
√
=
.
(54)
0
a(t )
1 − Kr2
0
t
The corresponding proper distance is
Z rM AX (t)
Z ∞
cdt0
dr
√
dM AX (t) = a(t)
= a(t)
.
a(t0 )
1 − Kr2
t
0

(55)

For t → ∞ the expansion is dominated by cosmological constant ΩΛ (why?), so the scale
1/2
factor grows exponentially as a(t) ∼ exp(H0 ΩΛ t). Then
dM AX (∞) =

c
1/2

H0 ΩΛ
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≈ 5 × 103 Mpc.

(56)

E.

Measurement of ΩΛ and ΩM .

Now let us discuss how the Ω’s are measured. The value of ΩR is determined from
the cosmic microwave background (CMB), it is very small. The values of ΩΛ and ΩM are
determined by several different methods which give consistent results. Here we consider the
method based on direct astronomical observations.
The idea is to measure luminosity distance dL introduced in equation (24) as a function
of redshift z and then extract ΩΛ and ΩM from the function dL (z). According to (24), the
total luminosity L and apparent luminosity l are related as
l=

L
L
=
.
2
2 2
4πdL
4πa0 r (z)(1 + z)2

(57)

Some explanation is due. Since energy flux is proportional to light frequency and emission
rate, the flux L emitted by a source at redshift z decreases by the factor 1/(1 + z)2 when
it arrives at Earth. Also the light coming to Earth is spread over a sphere of radius a0 r(z)
which is the proper distance to the source. It is convenient to express the radial coordinate
r(z) of the source as a function of redshift using (25) and (49) (for simplicity K = 0):
Z t0
Z 1
dt
c
dx
√
r(z) = c
=
.
(58)
a0 H0 1/(1+z) x2 ΩΛ + ΩM x−3 + ΩR x−4
t1 a(t)
Here t0 is the moment of arrival of the light to Earth, t1 < t0 is the time of light emission
by the source, the corresponding values of x = a/a0 are 1 and 1/(1 + z).
Exercise 3.2 Set ΩK = ΩR = 0, so ΩΛ + ΩM = 1. Show that for z  1 the luminosity
distance is:
c
1
dL ≈
[z + (ΩΛ + ΩM )z 2 + o(z 3 )].
H0
4
Exercise 3.3 Using the Friedmann equations (35) and (40) show that decelaration
parameter q0 in terms of the Ω’s is
q0 ≡ −

1
ä0 a0
= (ΩM − 2ΩΛ + 2ΩR ).
2
ȧ0
2

(59)

Find its benchmark value.
Exercise 3.4 Suppose that ΩM = 0.25 and ΩΛ = 0.75, with ΩR negligible. What is
the redshift at which the expansion of the universe stopped decelerating and began to
accelerate? How many years ago did this happen?
In 1998 two independently working research groups announced their results of the
measurement of parameters ΩΛ and ΩM . The Supernova Cosmology Project studied the
sample of 42 Type Ia SN at the redshifts 0.18 < z < 0.83 and The High-z Supernova Search
Team studied 16 Type Ia SN at the redshifts 0.16 < z < 0.97 and 34 nearby SN. The
results obtained by these groups confirmed at 99.7% CL (confidence level) that ΩΛ > 0, i.e.
there is a dark energy. Also, their results showed that the universe expansion is accelerating
(see (59)).
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Two other methods which impose some limits on ΩΛ and ΩM are less direct. One them
is based on study of CMB fluctuations. Another method is to simulate the growth of
structure (nebulae, galaxies, and stars) from the primordial inhomogeneities of the matter
(both luminous and dark). The structure growth depends on specific values of the Ω’s and
comparison of the simulation results with actual observations restricts possible values of the
parameters. It is important that all three methods give consistent results (see Fig. 10).

Рис. 10: Three different methods used to determine ΩΛ and ΩM .

F.

Evidence for Dark Matter.

Dark matter (DM) is a mysterious substance which does not participate in
electromagnetic and strong interactions, therefore the name “dark". Its existence is inferred
from gravitational effects; whether DM participates in weak interactions is open question.
DM has been around since 1930’s. The first direct evidence comes from observation of
galactic rotational curves. Figure 11 shows a plot of velocity versus distance to the galactic
center (aka rotational curve) for a sample of hydrogen clouds orbiting the galaxy NGG 6503.
Also gravitational potentials of the galactic disk, the interstellar gas, and the dark halo are
shown. If the galactic mass were concentrated
in the luminous galaxy core the rotational
√
curve would fall with distance like ∼ 1/ r according to the third Kepler’s law. Instead the
curve approaches a constant value ≈ 120km/sec. Rotational curves of other galaxies are
similar. Unless the GR breaks down at a distance of several thousand light years the mass
of a typical galaxy is mostly invisible. Observations suggest that a typical galaxy consists of
1/4 of baryonic matter (BM) and 3/4 of DM. The latter makes a dark halo surrounding the
luminous core. There are other observations pointing to existence of DM. Some of them are
mentioned below.
• Gravitational lensing. If a large clump of DM lies on the line of sight, it is possible
to observe duplicated images of galaxies behind it. The clump itself remains invisible.
This phenomenon is called gravitational lensing. From this observations it is inferred
that
1
1
ρM ≈ ρcr ,
ρB ≈ ρM .
(60)
4
6
25

Рис. 11: Rotational curve of hydrogen clouds orbiting the galaxy NGG 6503. Dashed lines are
gravitational potentials of galaxy constituents.

• Virialized clusters of galaxies. Motion of galaxies in some clusters is more or less
random, which allows one to use the virial theorem to determine the total mass M of
a cluster.
2hv 2 i
,
(61)
M≈
Gh1/ri
where the average is taken over the cluster galaxies. Again the total mass exceeds the
estimated mass of BM.
• Colliding clusters. When two galaxies collide, the interstellar gas looses its energy due
to electromagnetic interaction while the DM and stars interact only gravitationally.
The observed distribution of BM can be explained only if the invisible DM is taken
into account.
Exercise 3.5 Prove the virial theorem (61) using Newtonian theory of gravity.
The hypothesis of DM consistently explains the phenomena listed above, however its
nature remains mysterious. Another option would be a modifed GR, but such attempts have
failed to produce a theory that would explain all the observed phenomena. For example, a
modified theory of gravity (MOND) explains galactic rotational curves but does not explain
gravitational lensing. Therefore identifying DM is one of the most important problems of
modern physics. Obvious DM candidates include massive astrophysical compact halo objects
(MACHOs) and weakly interacting massive particles (WIMPs).
MACHOs are mostly brown dwarfs and possibly black holes. Although they don’t emit
light they can be observed via lensing events. When a MACHO crosses the line of sight to
a bright star or galaxy, the image of the latter is distorted for a short time interval and
such events are indeed observed. Different estimates give an upper limit for the total mass of
MACHOs: it is less than 20% of the total mass of BM. So today MACHOs are not considered
as plausible candidates for DM.
Candidates for WIMPs come from different extensions of the SM. Most theoreticians
agree that a WIMP must be the lightest supersymmetric partner of the Higss boson,
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neutralino, which mass is in a range from 10 GeV to several TeV. Since WIMPs do not
participate in electromagnetic interactions they do not loose energy when going through a
clump of BM therefore the DM density inside stars and planets is the same as in interstellar
space. However if a DM particle participates in weak interactions its collision with atomic
nucleus can be detected. Such experiments are under way.
Exercise 3.6 Estimate density of DM particles in the Solar System assuming the particle
mass to be in the range from 10 GeV to 10TeV.
V.

THE BIG BANG.
A.

Brief History of the Universe.

Let us briefly recapitulate the main points of the previous lectures. The universe at large
scales is isotropic and homogeneous. Therefore its metric is the RW metric (25) with a
scale factor evolution governed by the Friedmann equations (35) and (40). The universe is
expanding almost adiabatically (at cosmological scale), so in the past it was much smaller
and denser. Moreover, the expansion started from a singularity (a → 0 when t → 0) and
this is not a special feature of a homogeneous and isotropic RW universe. S. Hawking and
R. Penrose proved that a nontrivial solution of Einstein’s equations is always singular.
The Big Bang (BB) theory is essentially a conception that the universe expansion had
started from a very dense and hot state. Initial conditions of the expansion remains an open
question, although there is a growing body of evidence that the BB was preceded by a brief
period of rapid inflation. This of course does not answer the question, rather places it to the
beginning of inflation. A brief history of the Universe from the BB to the present is outlined
in Table I. The history starts at 100GeV because at this energy we still have a reliable theory
of elementary particles and interactions: the Standard Model (SM). What happened before
that, in particular, how exactly the inflation ended is still a subject of speculations.
Таблица I: Brief History of the Universe
T or Energy Age
2.7K
4.6K
0.27eV
0.7eV
50 keV
1 MeV
2.5 MeV
200 MeV
100 GeV

14 × 109 yrs
5.5 × 109 yrs
3.7 × 105 yrs
8 × 104 yrs
5 min
1 sec
0.1 sec
10−5 sec
10−10 sec

Description
Today
Dark energy dominated accelerating expansion sets in
Recombination
Matter dominated decelerating expansion sets in
Primary nucleosynthesis ends
Primary nucleosynthesis starts
Neutrino decoupling
QCD phase transition(?)
Electroweak phase transition(?)
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B.

Cosmic Microwave Background.

One of the BB relics is the cosmic microwave background (CMB): the black body radiation
with temperature T = 2.7255(6) K coming from any point of the sky. It was predicted
by American physicist of Russian descent G. Gamov in 1946 and discovered in 1965 by
A. Penzias and R. Wilson. Tho most recent detailed map of the CMB temperature was
obtained by means of the specially designed PLANCK satellite launched in 2008. The scale
of CMB fluctuations is only ∆T /T ∼ 10−5 , otherwise it is uniform. (Of course the radiation
from point sources like stars and galaxies must be subtracted.) It is this homogeneity which
is the strongest evidence in favor of cosmological origin of the CMB.
Strictly speaking the CMB is not exactly uniform: the annual Earth motion, the Sun
rotation around the center of our galaxy, the peculiar motion of the Milky Way inside the
galaxy cluster called the Local Group, and finally the motion of the cluster itself with respect
to the CMB results in a so-called dipole anisotropy. A CMB photon with momentum k in
the CMB comoving frame will have momentum k0 when detected on Earth. The momenta
are related as


v
|k| = γ 1 + cos θ |k0 |,
(62)
c
p
where v is the net Earth velocity with respect to the CMB, γ = 1/ 1 − v 2 /c2 , and θ is the
angle between the Earth velocity and the photon momentum. Number of photons is Lorentz
invariant quantity:
N (k) = N 0 (k0 )

or
exp



1
h̄c|k|
kB T



=
−1

exp



1
h̄c|k0 |
kB T 0



.

(63)

−1

Together with (62) this gives for the CMB temperature detected on the Earth:
T0 =



v

≈
T
1
−
cos
θ
,
c
γ 1 + vc cos θ
T

(64)

where T is the CMB temperature in the comoving frame. Taking into account the relative
motions listed above it is possible to find the net velocity of the Local Group with respect
to the CMB, it is equal to 627 ± 22km/sec.
When the universe was smaller the CMB temperature was higher. According to Eq. (63)
k ∼ T . A CMB photon is delocalized over cosmological scales and expands together with
the RW universe, so k ∼ a−1 . Then
T (t) = T0

a0
.
a(t)

(65)

At temperatures higher than TL ∼ 3000 K (called the temperature of last scattering) the
energy of CMB photons is high enough to ionize hydrogen. Neutral atoms and radiation
become plasma via the reversible reaction γ + H ↔ e− + p+ , i.e. photons couple to matter.
According to Eq. (65) TL corresponds to redshift zL ≈ 1100. At larger redshifts the universe
is opaque. This is as far as we can see using optical instruments.
Exercise 4.1 Using equation (49) estimate the time passed from the BB to radiation
decoupling (zL = 1100). Hint: verify that ΩΛ and ΩR can be neglected, so the integral
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depends only on ΩM .
Exercise 4.2 Olbers’ paradox. There is a famous paradox first mentioned by Kepler:
at any angle from the Earth the sight line will end at a star, so the night sky should be
completely white. Suppose that each star has a luminosity L and the stars are uniformly
distributed with density n in an expanding universe with the Hubble constant H0 . Find the
brightness B (energy coming per unit time per unit area) of the night sky. Assume that
ΩM ≈ 1.
C.

Cosmological nucleosynthesis.

Astronomical observations show that three quarters of baryonic matter in the universe
is hydrogen and one quarter is helium. The BB theory gives the solid explanation to this
fact. Before neutrinos decoupled, protons and neutrons, already non-relativistic, remained
in thermal equilibrium with relativistic particles due to reactions:
n + νe ↔ p + e− ,

n + e+ ↔ p + ν̄e ,

n ↔ p + e− + ν̄e ,

and ν + ν̄ ↔ e+ + e− ↔ 2γ. (66)

By analogy with plasma of ions and electrons we can call this state baryonic plasma since
the states of definite isospin (p and n) did not exist then like there are no neutral atoms in
ordinary plasma.
At T ≈ 1010 K (≈1 sec after the BB) neutrinos decoupled and became essentially free.
Similar to the CMB radiation the universe must now be filled with the neutrinos, however,
detection of the primordial neutrinos remains an open problem. In equilibrium the neutronto-proton ratio r is determined by the Boltzman distribution:


nn
Q
r=
≈ exp −
,
Q = (mn − mp )c2 ≈ 1.3 MeV.
(67)
np
kB T
At the time of neutrino decoupling r ≈ 1/6. Two things then happened. The number of
neutrons started to decline because of β-decay and protons and neutrons started to combine
into deuterium 2 H which was in thermal equilibrium with them: n + p ↔ 2 H + γ. Heavier
nuclei could only form from multiple-body collisions which were negligible because the
particle density was too low.
At T ≈ 109 K (≈ 168 sec after the BB) deuterium went out of equilibrium. It was this
moment when cosmological (primordial) nucleosynthesis took place, everything happened
very quickly. The reactions proceeded one way because the products have greater binding
energy than deuterium:
2

H + n → 3 H + γ,
3
H + p → 4 He + γ,

2

H + p → 3 He + γ,
3
H + n → 4 He + γ + e− + ν̄e .

(68)

Nuclear synthesis stopped at 4 He, the first magic nucleus. Further nucleosynthesis was
blocked because there are no stable nuclear species with mass numbers A = 5 and 8 and the
particle density was too low for multiple-body reactions to occur at a noticeable rate. The
nuclei with A = 6 and A = 7 were produced in very small amounts. The binding energy of
6
Li is too small to survive the high temperature and 7 Li was immediately destroyed in the
reaction p + 7 Li → 4 He + 4 He.
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Helium abundance is determined by the neutron-to-proton ratio which at the time of
nucleosynthesis declined to r ≈ 1/7. The remaining neutrons are bound in helium nuclei
where they are stable, so the helium abundance is
Yp =

MHe
4 · r/2
2/7
1
=
≈
≈ .
MH + MHe
1+r
1 + 1/7
4

(69)

Prediction of helium abundance was the first major argument in favor of the BB theory.

D.

Baryon-to-photon ratio.

It turns out the relation (65) between the universe temperature and the scale factor
holds as long as radiation and baryonic (luminous) matter are in thermal equilibrium. The
argument goes as follows.
Consider non-relativistic particles and radiation being in thermal equilibrium. A common
practice in cosmology is to define specific quantities per baryon because baryon number is
strictly conserved. Then, according to the first law of thermodynamics:
 
 

1
T ds = d
+ pd
.
(70)
nB
nB
Here s is the entropy per baryon, kB is the Boltzmann constant, and nB is the baryon
density. The energy per baryon  and the pressure p are
3
 = aB T 4 + N nB kB T,
2

1
p = aB T 4 + nB kB T.
3

(71)

Here N is the # of non-relativistic particles per baryon (p, n, 4 He, e− ) and the constant aB
is related to the Stefan-Boltzmann constant as aB = 4σB /c. Substituting (71) into (70) and
integrating one obtains the entropy per baryon as
s=

4aB T 3
T 3/2
.
+ N kB ln
3nB
nB C

(72)

Here C is a constant of integration.
The first term in this expression is the entropy of CMB which can be rewritten via photon
density nγ :
4aB T 3
4π 4 nγ
nγ
=
≈ 3.6 ,
(73)
3nB kB
90ζ(3) nB
nB
where ζ(3) ≈ 1.2 is the value of the Riemann ζ-function. The baryon-to-photon ratio on the
RHS of Eq. (73) is a measurable quantity, its currently accepted value is
η=

nB
≈ 6.05(7) × 10−10 .
nγ

(74)

There is no reason to believe that the integration constant C is exponentially large, so the
second term in Eq. (72), the entropy of non-relativistic particles, is negligible compared to
the entropy of CMB. Now, the universe expansion is adiabatic, the entropy per baryon s
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remains constant which implies constancy of the baryon-to-photon ratio η. Since nB ∼ 1/a3
this means that nγ ∼ 1/a3 as well. On the other hand nγ ∼ T 3 and the law T ∼ 1/a follows.
The value of the baryon-to-photon ratio (74) is one of the cosmological parameters
which status is still unknown: whether it is a fundamental parameter specifying the initial
conditions of the universe expansion or it can be determined from other fundamentals is
an open question. The value η ∼ 10−19 predicted by the Standard Model of particles and
interactions is too small.
Exercise 4.3 Prove equation (72).
VI.
A.

STELLAR EVOLUTION AND ORIGIN OF ELEMENTS.
Development of Original Fluctuations.

From the very beginning the universe was not exactly homogeneous due to quantum and
thermal fluctuations. This issue will be discussed later in relation to inflation theory. At
the time of last scattering zL ≈ 1100 the scale of BM fluctuations was δρ/ρ ∼ 10−5 . DM
decoupled from BM much earlier (it can be that DM decoupled together with neutrinos)
and the fluctuations in the DM distribution started to grow. Denser regions expanded slower
and when they reached critical density they started to contract (see Exercise 2.5). The BM
decoupled at z ≈ 150 (T ≈ 300 K), i.e. much later than the last scattering because there
were enough free electrons to keep BM in thermal equilibrium with radiation. At the time of
BM decoupling there were already relatively dense regions of cold DM in which BM started
to condense.
In the regions with a mass greater than MJ ∼ 6 × 105 MJ (called the Jeans mass, see
below) BM collapsed along with DM. During the collapse BM cooled down via radiation
cooling, decoupled from DM, and condensed into protogalaxies inside the clumps of DM
which formed spherical haloes around the protogalaxies. In clumps with masses less than
MJ baryons did not collapse together with DM, so these clumps remained baryon depleted.
As it was already mentioned the clumps predominantly consisting of DM are observed via
gravitational lensing.
Detailed quantitative description of the growth of density fluctuations into galaxies, stars,
and black holes is complicated and requires numerical computations. Using relatively simple
analytical tools it is possible to show (see Appendix) that original fluctuations were indeed
unstable under gravitational collapse and obtain the expression for MJ .
The problem of gravitational instability was first investigated by Jeans in 1902. At the
time neither the universe expansion, nor DM were known. Suppose there is a region of radius
R filled with an ideal gas of density ρ and speed of sound vs . It takes
√ time ts ∼ R/vs for a
sound wave to traverse the region. Another time scale is tf f ∼ 1/ Gρ, the time of free fall
which depends only on ρ. Jeans showed that for ts ≤ tf f a small perturbation is smoothed
out and the clump of gas remains stable. For ts ≥ tf f gravitational contraction is faster and
the clump collapses.
√
So, according to Jeans a region of radius greater than RJ ≥ vs / Gρ will collapse. The
corresponding mass MJ ∼ ρRJ3 is called the Jeans mass. With DM taken into account the
conclusion is changed (see Appendix). There is no speed of sound for DM, so perturbation
of any size will eventually collapse (slower expansion → critical density → contraction).
However only for large enough clumps of matter with M ≥ MJ BM collapses together with
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DM, smaller clumps are baryon depleted.
3/2

Exercise 6.1 Estimate the Jeans mass using (196). Hint: Verify that the ratio vs3 /ρM
remains roughly constant during the expansion.
B.

Lower Bound on Stellar Mass.

Within clumps of DM, BM further condensed into protostars and heated up. The
temperature at the cores of the protostars (consisting of 3/4 hydrogen and 1/4 helium)
was so high that hydrogen fusion was initiated:
p + p → 2 D + e+ + ν,
2
D + p → 3 He + γ,

p + p + e− → 2 D + ν,
3
He + 3 He → 4 He + p + p, . . .

(75)

releasing a lot of energy and building up radiation pressure which stopped further
contraction. Let us estimate a lower bound on the stellar mass for which the above scenario
is possible.
During the contraction the gravitational energy of gas is converted into its kinetic energy,
so the temperature is
Gm2p N 2
Gm2p 5/3
Gm2p 2/3
GM 2
∼
∼
N
∼
N
kT
=⇒
kT
∼
N .
(76)
R
rN 1/3
r
r
Here M is the star mass, R is its radius, N is the total # of baryons (protons for simplicity),
mp is the proton mass, and r is an average distance between the protons. The pressure
builds up until the electron degeneracy pressure becomes of the same order magnitude, then
the compressibility drops sharply (liquid is almost incompressible compared to gas) and
contraction stops:
Gm2p 2/3
h̄2
∼
N
me r 2
r
Therefore the temperature at fixed N is:
kT ∼

=⇒

kT ∼ (Gm2p )2

Gm2p me 2/3
1
∼
N .
r
h̄2

me 4/3
N .
h̄2

(77)

(78)

Nuclear synthesis starts providing
kT ≥ ηα2 mp c2 .

(79)

Here α is the fine structure constant and η is a numerical coefficient which is proportional
to the probability of tunneling through the Coulomb barrier between fusing nuclei. For
reactions (75) η ∼ 0.5. Combining (78) and (79) gives the lower bound for the # of protons
in star:
3/4

3/2 
3

h̄c
MP l
2 mp
≈ 0.1Np
where Np =
=
= 2.2 × 1057 .
Nmin ≥ Np ηα
2
me
Gmp
mp
(80)
−5
Here MP l ≈ 2 · 10 g is the Planck mass. It is remarkable that the natural unit of stellar
structure, Np , is the combination of fundamental constants [5]. Finally the lower bound of
stellar mass is
Mmin ≈ 2 × 1056 mp ≈ 0.2MJ .
(81)
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C.

Upper Bound on Stellar Mass.

According to (78) the larger a star the higher the temperature of its core. When the
temperature is so high that radiation pressure exceeds gravitational pressure, the extra
matter will be blown away by radiation. This gives the upper estimate for the stellar mass.
The radiation pressure Pγ is less than the gravitational pressure providing
Pγ =

N kT
π 2 (kT )4
,
3 ≤
3
R3
45c h̄

or

45c3 h̄3
1
(kT R)3 ≤
.
N
π2

(82)

∼ (Gm2p )3 N 2 .

(83)

From (76) it follows that
1
1
(kT R)3 ∼
N
N



GM 2
N

3

Together with (82) this gives:
45c3 h̄3
(Gm2p )3 N 2 ≤
π2

=⇒

N≤

√

45
Np ≈ 5 × 1057 .
π

(84)

Therefore the upper bound on the stellar mass is
Mmax ≤ 5MJ .

(85)

The dimensional analysis performed above is very crude but luckily it has yielded the fair
estimate for stellar masses of the main sequence:
0.2MJ ≤ M ≤ 5MJ .
D.

(86)

Brown Dwarfs, Red Giants, and White Dwarfs.

Consider a typical star of the main sequence. The hydrogen burning phase lasts
approximately
 J 2
M
× 1010 yrs.
(87)
τH ≈
M

When the hydrogen in the star core is exhausted, the radiation pressure falls and further
gravitational contraction increases the core temperature. For a star which mass less than
0.8MJ the resulting temperature is not high enough to initiate helium fusion, so the star
cools down and becomes brown dwarf – a compact invisible object (MACHO).
If stellar mass lies in the range
0.8MJ ≤ M ≤ 3MJ

(88)

the temperature of the core rises until helium fusion starts (see (79) where η ≈ 1):
4

He + 4 He → 8 Be? ,

8

Be? + 4 He → 12 C + 2γ,

and

12

C + 4 He → 16 O.

(89)

The helium burning core is hotter and the outer hydrogen envelope expands, at this stage
the star becomes red giant. The helium burning phase lasts about τHe ≈ 105 ÷ 106 yrs.
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Further nucleosynthesis requires temperatures that are not available for a star with mass in
the range (88).
At the end of evolution the star consists mainly from carbon and oxygen. Gravitational
pressure is balanced by the pressure of degenerate relativistic electrons. At this stage the
star becomes a hot and compact object called white dwarf. Its radius can be found from the
following estimate:
N

Gm2p 5/3
GM 2
h̄c
∼
∼
N
r
R
r

=⇒

N ∼ Np ,

R∼

h̄
N 1/3 ≈ 3 × 104 km.
me c p

(90)

Eventually white dwarf cools down and becomes a brown dwarf.
The above estimate shows that both the energy of degenerate electrons and the
gravitational energy are proportional to the average distance between the particles (nuclei
and/or electrons). Therefore the pressure of degenerate electrons alone cannot balance the
gravitational pressure of a large enough star and when the white dwarf cools down further
collapse is imminent. The corresponding mass is called the Chandrasekhar limit (1930):

E.

Mlim ≈ 1.45MJ .

(91)

3MJ ≤ M ≤ 10MJ

(92)

Supernovae.

A star with mass in the range

collapses further. The temperature of its core rises high enough to initiate carbon and oxygen
fusion leading to synthesis of neon and magnesium: C, O → N e, M g. The corresponding
reactions proceed in a matter of days and in fact the collapse is a tremendous thermonuclear
explosion, no remnants are left. This event is called Type Ia SN explosion. As it was already
mentioned the stars undergoing this type of SN explosion are used by astronomers as
standard candles. The elements heavier than helium produced during the star evolution
are dispersed by the explosion and become the building material of planets.
Stars with mass
M ≥ 10MJ
(93)

develop even higher temperature allowing them to finish nucleosynthesis: C, O → Si →
N i, Co, F e. Further nucleosynthesis is blocked since iron has the greatest binding energy.
This chain of reactions takes only τSi ∼ 10 hrs to complete. The remnants of the explosion
form the iron core which eventually cools down.
If the iron core mass is 1 ÷ 2MJ , the core is too heavy to resist its own gravity (see (91))
by the pressure of degenerate electrons. Moreover, the energy of degenerate electrons in the
core is large enough to make the inverse β−decay possible, p + e− → n + ν, leading to
neutronization of the core. As a result the core collapses by blowing away the outer layers
and the remnants form the neutron star stabilized by the pressure of degenerate neutrons.
Such an event is called Type II SN explosion. The radius of neutron star is small:
R∼

h̄
N 1/3 ≈ 10km.
mN c p
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(94)

Neutrinos created during the neutronization leave the core in a matter of seconds and
accelerate the outer layers enriching the nuclei with neutrons and protons:
Z
AX

−
+ νe → Z+1
A X +e ,

Z
AX

−
+ n → ZA+1 X + γ → Z+1
A X + e + ν̄e + γ.

(95)

Thus elements heavier than iron are byproducts of Type II SN explosions. It is believed
that planets of the Solar system were formed from the remnants of SN captured by the Sun
several billion years ago.
Exercise 6.2 Estimate the mass of iron core at which neutronization is possible. Use
Q = (mn − mp )c2 ≈ 1.3 MeV.
A neutron star retains a part of angular momentum of the parent star and also a part
of its magnetic flux. Neutron star is very compact object, so its rotation frequency can be
as large as 104 sec−1 and magnetic field near its surface can reach ∼ 108 T. Usually there
is an angle between the axis of rotation and the magnetic moment, so typical neutron star
is a rapidly rotating magnetic dipole, powerful source of electromagnetic waves. Actually
neutron stars were discovered as “pulsars“, i.e. celestial radio sources of extremely regular
nature (Jocelyn Bell, 1967).
If mass of a neutron star exceeds 2MJ (in 2011 a star of 2.5MJ was discovered), nothing
can prevent further collapse and the star becomes black hole.
VII.

ELEMENTARY PARTICLES.

Physics of early universe can be adequately described in the framework of quantum theory
of fields (QFT). This chapter gives a brief introduction to QFT and the Standard Model
(SM) of particles and their interactions.
A.

Quantum Theory.

The basic concepts of quantum theory are observable, state, and measurement. An
observable ẑ is a physical quantity such as position, momentum, energy, etc. Any observable
defines a linear space of states {|zi} called eigenstates, which is complete:
X
ẑ |zi = z |zi ,
|zi hz| = 1.
(96)
z

Here vector |zi corresponds to a state with the definite value z of the observable ẑ. The
sum is taken over all eigenstates corresponding to all possible values z which can be possible
measured.
Suppose a system (to be specific let it be electron in hydrogen atom) is in a state |ψi
and one measures electron’s position ẑ. The measurement reduces original electron state
|ψi to a state |zi which cannot be predicted in advance, it is only possible to calculate the
probability to find electron with a coordinate z, it is | hz | ψi |2 . The reduction process is
often called the collapse of wave function [6]. Symbolically,
X
h̄
|ψi =
hz | ψi |zi → |zi .
(97)
z

35

Here the equality sign means that |ψi can be represented as a superposition of eigenstates of
observable ẑ. The minimum action exerted on a system by a measurement cannot be made
less than Planck constant h̄. So, the measurement destroys the original superposition and
reduces it to a random eigenstate of ẑ.
B.

Principle of Relativity and Elementary Particles.

Consider a spaceship lost in interstellar space far away from any clusters of matter
(see Fig. 12). Suppose an astronaut inside entertains herself by doing experiments and
maneuvering the ship at the same time. She uses distant stars as reference points. Eventually
she could come to realize that there is the set of maneuvers which do not affect her
experiments. These maneuvers include: 1) the ship remains at rest, 2) the ship travels some
distance and stops, 3) the ship accelerates and goes at different speed, and 4) the ship
changes its orientation and points to different star.

Рис. 12: Spaceship far away from gravitating bodies.

These maneuvers correspond to the following transformations of the ship reference frame:
1. time translations, t → t + t0 ;
2. space translations, ~x → ~x + ~x0 ;
3. boosts, xµ → Λµν (~v )xν , where xµ is a four-vector, µ = 0, 1, 2, 3, and Λµν (~v ) is the Lorentz
transformation matrix parameterized by boost velocity ~v ;
~ j , where i, j = 1, 2, 3, and Ri (φ)
~ is the rotation matrix
4. rotations, xi → Rji (φ)x
j
~ (0 ≤ |φ|
~ < π is the angle of rotation and the
parameterized by rotation angle φ
~ is the axis of rotation).
direction of φ
This set of transformations is called the Poincaré group (PG). Boosts and rotations form a
group of transformations called the Lorentz group.
Principle of relativity is a statement that laws of physics are the same in all inertial frames
related by transformations of the Poincaré group. Mathematically the laws of physics must
have covariant form, i.e. be represented by the equations which are the same in different
inertial frames related by Lorentz transformations. For example, Maxwell equations are
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written in covariant form in terms of electromagnetic tensor Fµν which components are
electric and magnetic fields.
Now, suppose that two inertial frames are related by a sequence of time- and space
~ Suppose that in the first frame the state of
translations t0 and ~x0 , boosts ~v , and rotations φ.
a physical system is described by state vector |ψi. Then in the second frame the same state
~
is described by vector |ψ 0 i related to |ψi by a Poincaré transformation (PT) Û (t0 , ~x0 , ~v , φ):
~ |ψi .
|ψ 0 i = Û (t0 , ~x0 , ~v , φ)

(98)

Since the PT form a group (see the Appendix) the transformation can be written in
exponential form:
 

i
~ = exp
~ .
Û (t0 , ~x0 , ~v , φ)
Ĥt0 + P̂~x0 + K̂~v + Ĵφ
(99)
h̄
The set of ten group generators {Ĥ, P̂, Ĵ, K̂} constitute the so-called Poincaré algebra. The
first seven generators are hermitian and correspond to physical observables: Ĥ is energy,
P̂ is momentum, and Ĵ is angular momentum. The generator of boosts K̂ is not hermitian
(K̂† = −K̂) and does not correspond to an observable.
Equation (98) implies that the set of states {|ψ 0 i} generated by applying to |ψi all
transformations of the PG forms a linear space. In such a space any operator Û is represented
by a matrix. According to group theory any state |ψi can be reduced to a linear superposition
of a direct product of the states {|in i} from the so-called irreducible representations:
X
|ψi =
ψ(i1 , i2 , . . . , iN ) |i1 i ⊗ |i2 i ⊗ . . . ⊗ |iN i .
(100)
i1 ,i2 ,...,iN

In 1939 E. Wigner revealed the profound relation between the PG and the quantum states
corresponding to elementary particles. Wigner has found that irreducible representations
{|in i} of the PG are specified by eigenvalues of mass operator M̂ 2 = Ĥ 2 − P̂2 , spin ŝ, three
components of momentum vector P̂, and a spin component ŝz :
|in i ≡ |M, s; p, sz i .

(101)

These are exactly the quantum numbers of elementary particle. The completeness
relation (100) says that as long as gravity is negligible, i.e. in any MS which can be considered
as a reasonably flat, any system is nothing but a bunch of elementary particles. Now you
can see that this remarkable statement follows from the principle of relativity combined
with quantum mechanics. Although it should be emphasized that elementary particle is
unambiguously defined only in flat MS. In a curved space-time there is no unique definition
of elementary particle.
In 1939 German physicists M. Fierz and W. Pauli established a general relation between
particle spin and statistics aka spin-statistics theorem which states that particles with integer
spin (in units of h̄) are bosons and particles with half-integer spin are fermions. The theorem
is based on the principles of relativity, causality, and unitarity. The relativity principle has
been discussed above. The principle of causality requires two detection events at x1 and
x2 separated by space-like interval, (x1 − x2 )2 < 0, be independent. In other words, if the
detection event at x2 is outside of the light-cone of x1 and vice versa, the events cannot
affect each other in any way. The unitarity principle states that the sum of probabilities of
all possible outcomes must be equal to unity.
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C.

Antiparticles.

In 1928 British physicist P. Dirac discovered that the relativistic theory of electron is
inconsistent without postulating another particle which has the same mass and spin as those
of electron but with the opposite electric charge, later the particle was named positron. It
turns out any particle in relativistic quantum mechanics must have its antiparticle. A simple
illustration is given below.
Consider a particle path in Minkowski space shown in Fig. 13. Between the points A and

Рис. 13: Particle path in Minkowski space.

A0 the particle goes forward in time at a speed less than the speed of light c. Between the
points A0 and C the particle exceeds the speed limit and cannot be observed. Between C
and C 0 the particle appears again, its speed is less than c, however it is going against the
time flow. At C 0 the particle exceeds the speed limit and disappears again. It emerges at B 0
and propagates to B at a speed less than c and forward in time.
According to an observer there are three particles at a fixed moment t between tC and tC 0 :
two are going forward in time and one is going backwards. A simple topological argument
shows that for any path
# of particles going forward in time − # of particles going backwards = 1.

(102)

The particle propagating backwards in time is called antiparticle. It is not difficult
to understand why the number of particles in relativistic theory is not conserved. A
measurement always affects the system under study, so an attempt to detect the particle
position with a greater accuracy brings an additional energy ∼ h̄/∆t ∼ h̄c/∆x to the system.
When the resolution exceeds the Compton wavelength h̄/mc, the additional energy ∼ mc2
converts into particle-antiparticle pairs.
D.

Interactions. Feynman diagrams.

Elementary particles interact, i.e. their quantum #s like energy, momentum, and spin
change. We know that two experiments conducted in two different laboratories do not
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interfere as long as the laboratories are sufficiently separated. This observation can be
promoted to a physical postulate called the cluster decomposition principle. It is possible
to prove that a QFT satisfies the cluster decomposition principle providing an interaction
event between elementary particles is local, i.e. happens at a point in MS.
American physicist R.Feynman (1948) invented a beautifully intuitive graphical method
of representing interaction processes in quantum electrodynamics (QED) by diagrams, which
was quickly extended to any QFT. His method is based precisely on interaction locality. For
instance, consider the Feynman diagram in Fig. 14 depicting photon exchange between two
electrons. The first electron emits a photon at x1 and the second electron absorbs the photon
at x2 . At first, this seems impossible: a free electron can neither emit nor absorb a photon.
However, since the interaction event is localized in Minkowski space, the photon can no
longer be treated as plane wave. The photon energy and momentum do not obey the socalled on-shell relation E = c|p|. The corresponding uncertainties are ∆E ∼ h̄/(t2 − t1 ) and
∆p ∼ h̄/(x2 − x1 ), where t1 , t2 , x1 , and x2 are the coordinates of the interaction events. The

Рис. 14: Two electrons exchanging virtual photon.

photon exchanged between the electrons in Fig. 14 cannot be detected since it is off-shell
E 6= c|p|. An off-shell particle is called virtual. Although virtual particles cannot be detected
they result in observable effects.
For example, let us show that the exchange of virtual photon produces the Coulomb
force between electrons. Suppose that electrons are separated by a distance r. The photon
exchange shown on the diagram changes momentum of each electron by ∆p ∼ h̄/r. Time
interval between the absorption and emission events is ∆t ∼ c/r. The repulsive force between
the electrons is then proportional to ∆p/∆t times the probability of the process. According
to QED the probabilityp
amplitude of√
a photon emission/absorption equals the dimensionless
√
2
electron charge: α = e /h̄c ≈ 1/ 137 ∼ 0.1. Then
√
∆p
1 h̄ c
e2 h̄c
e2
F ∼ ( α)2 ×
∼
∼
∼
,
∆t
137 r r
h̄c r2
r2

(103)

This derivation illustrates the idea that in QED the electric field of an electron can be viewed
as a cloud of virtual photons surrounding the electron.
Consider another Feynman diagram representing photo-production process in the field
of atomic nucleus (see Fig. 15). The diagram is drawn in momentum space. A photon with
momentum pγ decays into electron with momentum pe and positron with momentum pγ −pe .
This is the first vertex on the diagram. The outgoing electron is on mass-shell, i.e. it is real
and can be detected. The positron is virtual since its energy and momentum are both offshell (remember that a free photon cannot decay into electron-positron pair). The positron
becomes real by exchanging a virtual photon with the nucleus. This is the second vertex of
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Рис. 15: Photo-production in electric field of atomic nucleus.

the diagram.
Exercise 8.2 Determine how much the positron energy and momentum in Fig. 14 are
off-shell. Calculate momentum Q2 = Eγ2 − p2γ transferred by the virtual photon.
In short, any Feynman diagram gives a graphical representation of a sequence of local
interaction events between real and virtual elementary particles. A diagram corresponds to
the certain analytical
expression. If the interaction amplitude (coupling constant) is small,
√
e.g. in QED α ∼ 0.1, the amplitude of physical process is effectively represented by a few
Feynman diagrams and the method provides powerful computational tool. Basic properties
of Feynman diagrams in momentum space are listed below:
• at each vertex the momentum is conserved;
• external particles are on mass shell, i.e. p2 = m2 ;
• internal particles are virtual (off-shell); for the off-shell momentum Q the separation
between emission/absorption events in MS is ∆x ∼ h̄/Q.
E.

Radiative corrections.

Another important example of a process that involves virtual particles is shown in Fig. 16.
Electron emits photon at x1 and absorbs it at x2 . Between these points both electron and
photon are off-shell. The initial and final quantum #s of the electron do not change [7].
However such a process contributes to electron mass and wave function normalization, it is
called radiative correction.
It is instructive to calculate the average spatial separation hδr2 i between the emission and
absorption events for a non-relativistic electron using quasiclassical arguments due to Velton.
Uncertainty principle forbids electric and magnetic fields E and B to remain constant even
in vacuum (the so-called zero fluctuations). Therefore electron propagating in empty space
interacts with randomly fluctuating electromagnetic field. For non-relativistic electron the
equation of motion is
mδr̈(t) = eE(t).
(104)
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Рис. 16: Electron self-energy.

Here m is electron mass and δr is the uncertainty in its position due to interaction with
random electric field E. The vacuum state is uniform, so the field is independent of x.
Time dependent random quantities r(t) and E(t) can be written as Fourier transforms:
Z ∞
Z ∞
dω
−iωt dω
δrω e
,
E(t) =
Eω e−iωt
(105)
δr(t) =
2π
2π
−∞
−∞
In the Fourier space the equation of motion (104) becomes:
δrω =

e
Eω .
mω 2

Time averaged quantity
1
hδr (t)i = lim
T →∞ T
2

Z

(106)

T /2

r2 (t)dt

(107)

−T /2

can be written in terms of the Fourier components of the electric field Eω (see, e.g.
Landau&Lifshitz, vol.2, ch.49):
 e 2 Z ∞ dω
2
hδr i =
hEω E−ω i.
(108)
m
πω 4
0

Now, the quantity hEω E−ω i is determined by comparing the classical and quantum
expressions for the energy density of electromagnetic field. The classical expression is
Z ∞

1  2
1
1
2
2
h E (x, t) + B (x, t) i =
hE (x, t)i = 2
hEω E−ω idω.
(109)
vac =
8π
4π
4π 0

Electric and magnetic fields contribute the same amount into the vacuum energy. The
quantum expression for the vacuum energy is obtained by summing up zero energies of
the field oscillators (each oscillator corresponds to a photon state with momentum h̄k and
two polarizations):
Z
Z ∞
h̄ωk d3 k
h̄ω 4πω 2 dω
vac = 2
=
2
.
(110)
2 (2π)3
2 (2π)3 c3
0
Equating (109) and (110) gives:

hEω E−ω i = 2
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h̄ω 3
.
c3

(111)

Substituting (111) into (108) gives finally
2 e2
hδr i =
π h̄c
2



h̄
mc

2 Z

ωmax

ωmin

dω
.
ω

(112)

The upper and lower frequencies ωmax and ωmin in this expression depend on the electron
state. For example, when calculating the radiative corrections to the energies of atomic
levels, ωmax can be set to ∼ mc2 and ωmin to the energy of a bound state ∼ α2 mc2 . Then
p
h̄
hδr2 i ∼ 0.2 .
(113)
mc
F.

Running parameters. Renormalization.

In a consistent relativistic calculation a quantity like (112) is finite but this comes at a
price: the parameters of QFT, like masses of elementary particles and their charges depend
on the energy of process involved. This dependence is logarithmic, i.e. very slow. For example,
the fine structure constant α measured via electron scattering is:
α(1MeV) ≈

1
,
137

α(100GeV) ≈

1
.
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(114)

Physically, the dependence of charge on energy is due to polarization of vacuum. When a
point-like electric charge is probed at the scale smaller than electron Compton length the
vacuum appears seething with electron-positron pairs which effectively screen the charge.
The closer one gets to the charge, the less is the screening, so the apparent electric charge
grows.
Energy dependence of the parameters is often referred to as running. One could ask,
is it possible to get rid of the running parameters and define the observables in terms
of fundamental constants like in non-relativistic quantum theory? The answer is no. Any
observable, like a scattering cross-section, can be always expressed in terms of matrix
elements (MEs) of the relevant operator taken between appropriate states. As for the MEs
themselves it is only possible to express MEs of a particular QFT theory in terms of some
basic MEs of the same theory. The basic set is not unique. Usually, the most simple MEs are
taken. The procedure of defining the MEs within a particular QFT is called renormalization.
If the basic set of MEs of a particular QFT is finite the theory is called renormalizable.
Otherwise it is ill-defined. For example, the standard model (SM) of particles and their
interactions is renormalizable. However, an attempt to define a QFT of gravity results in
non-renormalizable theory.
Fundamental constants listed in reference tables are obtained by means of some specified
measurement procedures. Another procedures would result in slightly different values of
electron charge, mass, etc. (although the difference would be small since the energy
dependence is only logarithmic).
VIII.

STANDARD MODEL OF PARTICLES AND INTERACTIONS.

Understanding the Standard Model of particles and interactions (SM) in any detail
requires extensive study. In this lecture the basic ingredients of the SM are reviewed very
briefly.
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A.

Fermions of the SM.

The SM incorporates 12 fermions: six leptons, including three charged leptons and three
neutrinos, and six quarks (plus 12 antiparticles). All fermions have spin 1/2 and all are
massive (the issue of neutrino masses is not yet settled but the observed neutrino oscillations
suggest neutrino masses ∼ 0.01eV). The fermions and their quantum #s are listed in table II.
Fermion masses lie in the range from mν ∼ 0.01eV for neutrinos to mt ≈ 175GeV for the
top quark t. It is impressive that the whole variety of physical phenomena in the energy
range spanning 1013 orders of magnitude can be reduced to interactions between 12 different
fermions. Experimental evidence hints that the DM consists of massive neutral particles not
in the SM. If such a particle is found it will not undermine the SM, but the latter would
have to be included in a broader conceptual framework.

Таблица II: Fermions of the 1-st generation of the SM and their quantum #s.
Generation Leptons Quarks
I
νe , e
u, d
II
νµ , µ
c, s
III
ντ , τ
t, b
2
El.charge, Q 0, -1 + 3 , − 13
Isospin, I3 12 , − 12 12 , − 12
Color
0
i=1,2,3.

B.

Gauge Bosons of the SM.

Fermion quantum numbers can be changed by interactions with gauge bosons. There are
three types of gauge bosons. All three change energy, momentum, and spin of a fermion.
The additional quantum #s are listed in table III
Таблица III: Interactions of the SM, and properties of the corresponding gauge bosons.
Interaction and Gauge bosons Quantum #s changed
the gauge group
in addition to pµ and s
El.-mag., U (1)Q
γ
Weak, SU (2)L W + , Z 0 , W −
Strong, SU (3)C g a , a = 1, . . . , 8

None
I3 and Q
Color

Comments

Interacts only with charged fermions
Interact with all fermions
and self-interact
Interact with quarks
and self-interact.

Photons and gluons are massless. Masses of the gauge bosons are large: mW ± ≈ 80GeV
and mZ 0 ≈ 91GeV.
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C.

Electromagnetic and weak interactions.

Electromagnetic interaction is long-ranged, i.e. the potential of an electric charge falls
with distance as |r|−1 . There are two reasons for this. Firstly, photons are massless, and,
secondly, electric charge e is small. In the so-called mass-dependent renormalization scheme
the value of the electric charge goes asymptotically to a constant value e ∼ 0.1, at a distance
l  h̄/me c. The relative interaction vertex is shown in Fig. 17.

Рис. 17: Electromagnetic vertex.

Since weak bosons are massive the weak interaction is short-ranged (recall Yukawa
interaction in nuclear physics), it falls exponentially with distance as exp(−|r|/lW )|r|−1 ,
where lW ∼ h̄/mW c ∼ 10−16 cm. All fermions participate in weak interactions, some relevant
vertices are shown in Fig. 18. In other words, weak interaction changes particle species, e.g.

Рис. 18: Some weak vertices.

muon turns into muon neutrino, b quark becomes u quark, etc. Unlike electromagnetic
and strong interactions weak interaction violates parity: only left-handed fermions exchange
weak bosons (a left-handed particle has its spin opposite to the direction of the particle
momentum). Weak bosons also self-interact, i.e. exchange their isospin and electric charges.
The gauge bosons were discovered in 1983 in CERN in pp̄-scattering. Figure 19 shows the
corresponding Feynman diagrams and the plot of σe+ e− cross-section versus the energy of
electron-positron pair in the center-of mass frame. The narrow resonance corresponds to a
weak boson.
All the SM fermions form the so-called SU (2) doublets, in table II the members of a
doublet are shown in one row. For example, electron neutrino and electron form an SU (2)
spinor:


ψν,L (x)
ψi,L (x) =
.
(115)
ψe,L (x)
Here ψL stands for a left-handed two-component Weyl spinor.
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Рис. 19: Discovery of weak bosons.

Gauge symmetry requires two spinors (115) related by an SU (2) transformation,
ψiL (x) → Uij (x)ψjL (x),

(116)

to describe the same physics. In other words, electron e and electron neutrino νe are two
states of the same particle of isospin I = 1/2! At first sight, this is nonsense. Electron and
neutrino have different masses and electric charges. The only neutrino species ever observed
are left-handed while electron can be both left-handed and right-handed. Moreover,
any gauge symmetry requires the corresponding gauge boson to be strictly massless,
which results in long-ranged interaction. But weak interaction is short-ranged. In late
1960’s a way was found to reconcile the gauge principle with the peculiar properties of
weak interaction by means of the concept of dynamical (or spontaneous) symmetry breaking.
Exercise 8.1 Hypercharge Y is defined as Q = I3 +Y /2, where Q is electric charge and I3
is the isospin listed in table II. Find the values of hypercharge for leptons, quarks, and their
antiparticles. Discovery of hypercharge in 1960’s lead to the idea of unification of the weak
and electromagnetic interactions, and eventually to the SM. Hint: Antiparticles are related
to particles by CP -operation, which reverses the sign of a particle charge and its handedness.

D.

Electroweak unification. Higgs Particle.

To explain what does it mean, consider any solid macroscopic object, e.g. a pencil.
The dynamical laws governing the interaction between atoms of the pencil are rotationally
invariant but the arrangement of the pencil atoms is not rotationally symmetric. To put it
formally, the ground state of constituent atoms does not have the symmetry of the dynamical
laws, it is said that the symmetry is dynamically broken. In the SM the original gauge
symmetry SU (2)L × U (1)Y (here Y stays for the hypercharge introduced above), which
mixes electron and its neutrino, is broken down to U (1)Q symmetry of electromagnetic
interactions, so that in the ground state electron acquires electric charge and becomes heavy
while neutrino remains neutral and very light. In the ground state of the SM only one gauge
boson (photon) out of four (3+1) originally massless gauge bosons remains massless while
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three bosons (W ± and Z 0 ) become heavy. Their masses correspond to the energy scale at
which the SM fermions are massless and differ only by the values of hypercharge Y .
The details of the electroweak breaking mechanism can be understood only in the
framework of QFT. It requires at least one more scalar particle to be included in the
SM model, the celebrated Higgs boson named after one of the inventors of the symmetry
breaking mechanism. In 2012 the scalar particle which properties match that of the Higgs
boson was discovered at LHC. The mass of the boson turns out to be mH ≈ 126 GeV. Such
a relatively small mass of the Higgs boson implies that the vacuum of the SM becomes
unstable at an energy scale of ∼ 1010÷12 GeV. At these energies the SM must be replaced
with something else. If we are lucky the LHC will give us a hint.

E.

Strong interaction. Hadrons.

Each quark has a discrete quantum # named color. The color takes three values: R, G, and
B (or 1,2,3). Two quarks can change their respective colors by exchanging 8 gluons. (There
are 9 possible color-color combinations, like 12, 32, 23, etc., but only 8 of them are linear
independent due to group structure of SU (3).) Unlike leptons, neither quarks, nor gluons
have ever been observed as free particles. This fact is often referred to as color confinement.
Quarks and gluons always come as constituent particles in colorless states, namely, mesons
(a quark plus an antiquark) and baryons (three quarks). Symbolically,
q i q̄i

(meson)

and

ijk q i q j q k

(baryon).

(117)

Here qi and q̄ i are quark/antiquark fields, respectively. An index i, j, k = 1, 2, 3 and ijk is
the Levi-Civita antisymmetric symbol. No other combination of quarks have been observed
either [8].
Unlike electromagnetic and weak coupling constants the strong coupling constant falls at
large energy transfer (small distance) and grows at small energy transfer (large distances).
This property is called asymptotic freedom. Quarks behave essentially like free particles when
the separation between them is small. However the gluon field of the quark-antiquark pair
does not extend to infinity unlike the electric field of an electric dipole. Because of selfinteraction between gluons, the field lines are confined in a region of ∼ 1fm (10−13 cm) in
size. Figure 20 illustrates what happens when one attempts to separate a quark-antiquark
pair. The field lines remain confined in the direction perpendicular to the force F, resulting in

Рис. 20: Separating a quark-antiquark pair.
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a chromo-electric string stretched between the quark q and the antiquark q̄. The asymptotic
value of the force is 14 tonne. When the string is long enough, so that it stores the energy
sufficient to create two mesons, the string breaks. A new quark-antiquark pair emerges from
the vacuum and attaches to the ends of the strings. As a result, there are two mesons and
no free quarks.
Although quarks are not observed as free particles, their existence can be inferred from
various observations. The most direct evidence is due to the phenomenon of deep inelastic
scattering observed in SLAC (1969). In the Appendix the phenomenon is considered in some
detail.
IX.

EARLY UNIVERSE

A.

Baryogenesis and Leptogenesis.

Our universe is made of matter. There is no evidence that an appreciable amount
of antimatter exists anywhere. Otherwise there would be clear signatures of annihilation
processes taking place where matter and antimatter collide. In the context of the BB theory
the absence of antimatter presents a problem. At the beginning of expansion when the
temperature was very high particle-antiparticle pairs emerged from vacuum in plenty due
to thermodynamic fluctuations. Therefore it is natural to assume that initially the universe
was completely neutral, any charge including baryon number was exactly zero. So, what is
the reason for the observed asymmetry between matter and antimatter?
It is believed that any excess of particles over antiparticles developed at the beginning of
the BB, most probably, at the temperatures higher than 100 GeV. Baryon-to-photon ratio
η (see Eq. (74)), which remained constant during the expansion, carries a signature of the
processes happened in early universe. There was one extra quark per ∼ 1010 quark/antiquark
pairs and when the latter annihilated into photons the remaining quarks combined into
baryons. So there are at least two questions: how the asymmetry between matter and
antimatter originated and how the observed value of η can be explained?
The first question was answered by Andrei Sakharov in 1967. He proposed that
the universe which expansion started from a completely neutral state could develop
matter/antimatter asymmetry if the following conditions (aka the Sakharov conditions) are
met:
• There is some physical process violating baryon and lepton conservation numbers.
Without such a process there would be no excess of baryons over antibaryons and
electrons over positrons.
• There is some physical process violating C and CP symmetries. C is the operation
of exchanging particles and antiparticles (charge conjugation). CP is a combined
operation of C and the parity operation P (reversal of a polar three-vector). A
completely neutral initial state is C and CP symmetric and if the evolution operator
is invariant under operations of C and CP , the baryon number B must remain exactly
zero since it is odd under C and CP .
• The universe must depart from a state of thermal equilibrium. If baryon B and lepton
L numbers are not conserved the corresponding chemical potentials must vanish, µB =
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µL = 0 [9]. The CP T symmetry implies that masses of particles and antiparticles are
equal, mA = mĀ . Therefore B = L = 0 in thermal equilibrium.
Although the observed value of η remains unexplained the Sakharov conditions are met
at least qualitatively in the SM of particles and interactions:
• There is a process violating both baryon and lepton numbers but preserving the
difference B −L due to tunnelling between different SM vacua. The rate of this process
becomes significant at energies higher than ∼ 100 GeV, although the predicted value
of η ≈ 10−19 is too small.
• The weak interactions of the SM violate both C and CP symmetries. Also since the
universe is expanding there is an arrow of time, i.e. T symmetry (time reversal) is
violated. It is believed that the combined operation of CP T holds true, which implies
violation of CP because of expansion.
• During expansion the universe undergoes a series of phase transitions, e.g. the
transition from quark-gluon plasma to baryonic matter, which implies departure
of thermodynamic equilibrium: different phases coexist during a transition → the
universe is not homogeneous → the expansion rate is not the same everywhere → no
thermodynamic equilibrium between different phases.
Exercise 9.1 Prove that if B and L are not conserved, the corresponding chemical
potentials must vanish, µB = µL = 0, which together with mA = mĀ results in B = L = 0.
B.

Radiation dominated epoch.

Exercise 9.2 Estimate the duration of radiation domination epoch in the benchmark
model by calculating the time passed from the BB to the time when the radiation energy
density became equal to that of matter.
According to Eq. (72 the entropy of the universe is dominated by the entropy of relativistic
particles (nowadays those are CMB photons and primordial neutrinos). In the early universe
the relativistic particles dominated also the energy density. The closer to the beginning of
expansion, the hotter and denser was the universe and the more and more particle species
were relativistic. So the history of the early universe can be visualized as a sequence of
progressive decoupling of the heavy SM particles, which went out of thermal equilibrium
with the rest of the primordial "particle soup"and cooled down.
Now let us briefly examine a condition at which a particle species decouples from the rest.
Although actual calculations require kinetic theory, the key idea is not difficult to grasp. For
example, consider neutrinos interacting with quarks and leptons by means of vector boson
exchange. At high temperature and density a reaction rate Γ significantly exceeds the Hubble
constant H, Γ  H, so there is enough time for neutrinos to exchange energy which brings
them into thermal equilibrium with the rest. As it follows from the Friedmann
√ equations the
scale factor in the radiation dominated epoch depended on time as a(t) ∼ t. Then Γ can
be estimated as
1
1
Γ ∼ hnσci ∼ 3 ∼ 3/2 ,
(118)
a
t
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where n ∼ a−3 is the particle density, σ is a cross section, and c is the particle speed. Two last
parameters are roughly constant. Since H ∼ t−1 the rate of any reaction eventually drops
below the Hubble constant, so neutrinos eventually decouple and their temperature follow the
simple law (65) afterwards. A calculation shows that neutrinos decouple at kT = 2.5 MeV.
To find a relation between time and temperature during the radiation epoch notice that
the energy density of a relativistic particle is
Z
(k)
d3 k
2


ρc = g
,
where (k) = h̄c|k|.
(119)
(2π)3
exp k(k)
±
1
BT
The minus and plus signs correspond to bosons and fermions, respectively. The factor g
equals the number of states with the same mass and momentum. For example, gγ = 2 for
a photon (two polarizations), gν = 2 for each of massless neutrino species (one left-handed
neutrino and one right-handed antineutrino) and ge = 2 × 2 = 4 for electron and positron
(two polarizations per particle and antiparticle). Calculating the integral (119), one finds:
gb
aB T 4 for bosons,
2
7 gf
aB T 4 for fermions.
(120)
8 2
Combining equations (120) gives the total energy density of relativistic particles as:
7
g?
aB T 4 ,
where g? = gb + gf .
(121)
2
8
Here gb and gf is the sum taken over g-factors of all the particle species, bosons and fermions,
which remain relativistic at a given temperature T . The second Friedmann equation then
gives a desired relation between time and temperature in the radiation dominated epoch:


1/2
2
4πG
1
3 c2
1
1.8 × 1010 K
1
2
4
H =
g? aB T = 2 , =⇒ t =
≈ 1/2
.
3 c2
4t
16πGg? aB
T2
T
g∗
(122)
ρ c2 =

Таблица IV: Thermal history
kT less than

Particles in equilibrium

g? = gb + 78 gf

1 eV
γ
2
7
+
−
me ∼ 1 MeV
γe e
2 + 8 (2 × 2) = 11
2
7
+
−
ΛQCD ∼ 100 MeV
γνe νµ ντ e e
2 + 8 (2 × 3 + 4) = 43
4 ≈ 11
247
mN c2 ∼ 1GeV
γ, leptons, g, u, d, s
4 ≈ 62
423
2
mW c ∼ 100GeV All particles of the SM
4 ≈ 100
c2

Table IV shows which particle species are relativistic and in thermal equilibrium at a given
energy. A detailed calculation based on kinetic theory gives a numerical relation between
time and temperature similar to (122):
 10 2
10 K
t = (1 ÷ 2)
sec.
(123)
T
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This simple formula spans the range from kB T ∼ 10 MeV to ∼ 5 yrs (106 K) when
non-relativistic matter sets in.
Exercise 9.3 Suppose that in a radiation dominated universe when temperature is T1
and scale factor is a1 the energy density is due to relativistic electrons, positrons, muons,
and neutrinos. At lower temperature T2 < T1 and scale factor a2 > a1 muons annihilated
but other particles are still relativistic. Find the relation between T1 , T2 , a1 , and a2 .
C.

Phase transitions in early universe.

Today it is still unknown what was the universe temperature TBB at the time of the Big
Bang. This temperature determines the phases through which the universe possibly passed
during the expansion. Observational data do not hint at any evidence that these phase
transitions (PT) really happened [? ]. Below we briefly discuss the phase transitions which
could possibly took place providing TBB was high enough.
• Transition from quark-gluon plasma (QGP) to hadrons. At kB Tc ≈ 150 MeV the
plasma of free quarks and gluons condenses into baryons and mesons. This PT is
experimentally observed.
• Electro-weak phase transition (EWPT). At kB Tc ≈ 100 GeV the original electro-weak
interaction separates into electromagnetic and weak interactions. The initially massless
particles become massive. This PT is predicted although not yet observed.
• Grand Unification. There are some reasons to believe that strong and electroweak
interactions unify at an energy ∼ 2 · 1016 GeV. The status of this PT is purely
speculative.
Now let us discuss these PTs in some detail.
D.

Transition from QGP to baryons.

Unlike the constants of electromagnetic α and weak interactions αw , the strong coupling
constant αs grows at small energies (large distance). At a distance ≥ 1 fm the coupling
constant is so large that the interaction pattern of quarks and gluons radically changes.
According to quantum chromodynamics (QCD) the physical vacuum is filled with a
condensate of virtual gluons and quarks wtih the energy density of B ≈ −200 MeV · fm−3
(negative sign means a bound state). A baryon can be visualized as three valence quarks
confined into a small bubble of radius r ∼ 1 fm from which the condensate is expelled (the
so-called bag model). In this (crude) approximation the baryon energy is equal to the kinetic
energy of the confined quarks ∼ 3h̄c/r and the bulk energy of the bubble ∼ −Br3 .
Baryon can be compared to a bubble of vapor in a liquid, i.e. a seed of another
phase which does not collapse because of the kinetic energy of the confined quarks. At a
temperature higher than the temperature of PT the pressure of free quarks and gluons
exceeds the condensate pressure and the gaseous phase instantly spreads over the whole
volume. This is PT of the first order.
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Exercise 9.4 Estimate the temperature kTc (in MeV) of QGP-hadrons PT using the
above analogy. Estimate the latent heat of the PT transition (in MeV·fm−3 ). Consider the
condensate as a liquid of zero entropy. Gluon has two polarizations like photon and 8 color
states, h̄c ≈ 200 MeV · fm.
Quark-gluon plasma was initially observed in the collision experiments at RHIC
(Relativistic Heavy Ion Collider) [10]. Nuclei of gold and lead were accelerated to the
energy of ∼ 200 GeV per nucleon. It was found that at the region of head-on collision the
temperature rises to kB T ∼ 170 MeV and QGP emerges for a very short time ∼ 10−23 sec.
The region of QGP expands, cools down and condenses into hadrons, mostly, to pions which
fly apart. By analysing the momentum distribution of the resulting hadrons it is possible to
deduce the QGP temperature and the temperature of the phase transition. The experimental
results match the results of numerical QCD calculations.
E.

EWPT

As it was already mentioned all particles of the SM are massless at a temperature higher
than kB Tew ∼ 100 GeV, and the ordinary electromagnetic and weak interactions are unified
at a single electroweak interaction based on U (1)Y × SU (2)W gauge group. At this phase
electron and electron neutrino become two different states of the same massless particle which
transformes into each other by exchanging massless SU (2)W gauge bosons. All particle of
the SM except gluons interact with the scalar massless Higgs boson [11]. Below Tew the PT
happens which is characterized by emergence of the condensate of Higgs bosons. According
to numerical calculations the EWPT is not actually a PT but rather a smooth crossover: all
parameters change continuously. This is similar to a continuous transition from gaseous to
liquid state above the critical point.
At zero temperature the condensate density is 246 GeV4 ≈ 130 GeV/fm−3 . By absorbing
a boson from the condensate a left-handed fermion changes its polarization and becomes
right-handed and vice versa. Since fermion mass is a coupling constant between left and
right-handed states, this means that fermions become massive. Gauge bosons acquire masses
via the Higgs mechanism and the Higgs boson itself becomes massive due to self-interaction.
F.

Grand Unification.

The success of unification of weak and electromagnetic forces in the early 1970s lead
to an attempt to employ the idea of spontaneous symmetry breaking to unify all three
interactions, strong, weak, and electromagnetic. The SM itself hints at such a unification.
Recall that coupling constants in QFT depend on energy (running). The coupling constant
g1 of electromagnetic interaction grows with energy while the strong and weak couplings
g2 and gs decrease. The closest approach of the curves is at the energy of ∼ 1015 GeV. In
1970’s the experimental uncertainty of gs (µ) was too large to tell exactly whether the curves
intersect at the same point or not (nowadays it is firmly established that they do not). So,
at the time it was reasonable to assume that three interactions unify at ∼ 1015 GeV.
In 1974 H. Georgi and S. Glashow proposed such a theory based on group SU (5) named
Grand Unified Theory (GUT). The theory predicts that all three coupling constants are
equal to α = 1/45 at the unification scale M ≈ 1.1 × 1015 GeV and at lower energies the
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Рис. 21: Unification of electromagnetic, weak, and strong interactions as predicted by GUT.

couplings diverge due to radiative corrections (see Fig. 21). At the unification scale masses
of the SM fermions are related as
md = me ,

m s = mµ ,

mb = mτ .

(124)

At lower energies the masses become different. Radiative corrections make quarks much
heavier than leptons because quarks participate in strong interactions. At least, there was a
hope that the radiative corrections would explain the masses of elementary particles.
Mathematically the GUT is a beautiful theory and it seems to be the only logical extension
of the ideas the SM is build upon. Unfortunately, the theory turned out to be wrong. It failed
to predict the precise values of quark masses and other parameters of the SM at low energies.
One could argue that the discrepancy was mostly due to imperfect calculation methods,
rather than the intrinsic flaws of the theory itself. After all, the theory is complicated. But
a decade later the GUT was falsified by the direct experiment. Figure 22 shows the process
predicted by the GUT and absent in the SM: proton decay into pion and positron mediated
by a heavy gauge boson of the GUT which mass is of the order of the unification scale M .
According to the GUT the proton lifetime is τp ∼ 1029 yrs. The current experimental bound
is τp ≥ 1031 yrs.

Рис. 22: Proton decay as predicted by GUT.

So, the original version of the GUT failed. Discovery of neutrino oscillations in 1990s
falsified the GUT based on SU (5) even more: a massive neutrino requires a right-handed state
and this state does not fit into the group representation of SU (5). Nowadays it is believed
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that the SM contains one more particle, the completely neutral right-handed neutrino which
must not participate in any interactions of the SM in order not to spoil the renormalizability
of the theory. Any GUT must contain this right-handed neutrino as well. A viable candidate
is the GUT based on group SO(10), the group of orthogonal rotations of ten-dimensional
Euclidean space. The fermion assignment of this model can be found in the Appendix.
Another popular GUT candidate is the Minimally Supersymmetric Standard Model. See
the Appendix for a brief introduction.
X.

INFLATION.

Nowadays there is a growing body of observational evidence that before the BB the
universe had undergone a period of exponential inflation [12]. The corresponding corpus of
ideas is called inflation theory for short.
A.

Flatness Problem.

The BB theory gives a consistent explanation of astronomical data however it does not
explain everything. There are, at least, three problems which are difficult to understand in
the BB framework. One of them is flatness problem.
According to the benchmark model (ΛCDM), ΩΛ + ΩM + ΩR = 1.000(7), so the curvature
parameter ΩK = −K c2 /ȧ2 (where K = ±1, 0) is consistent with being zero. In any case the
value of ΩK is small. However, ΛCDM predicts that in the past ΩK must have been even
smaller. To obtain a reasonable estimate it would suffice to assume that the expansion was
matter dominated since the last scattering, so a ∼ t2/3 . Then ΩK in that epoch is related to
the CMB temperature as

−2
1
1
d 2/3
ΩK ∼ 2 ∼
t
(see (65)).
(125)
∼ t2/3 ∼ a ∼ ,
ȧ
dt
T
Suppose ΩK (t0 ) ∼ 1 at present, then at the time of last scattering ΩK (tL ) ∼
(3K)/(3000K) ∼ 10−3 . Before the last scattering the universe expansion was (roughly)
radiation dominated, so a ∼ t1/2 and

−2
1
d 1/2
1
t
(126)
ΩK ∼ 2 ∼
∼ t ∼ a2 ∼ 2 .
ȧ
dt
T
Then from ΩK (tL ) ∼ 10−3 one obtains at the time of nucleosynthesis ΩK (tBBN ) ∼ 10−3 ×
(1eV)2 /(1MeV)2 ∼ 10−15 .
All of this suggests that when the BB expansion started the universe was almost flat.
Although logically there is nothing wrong with such an initial condition, it seems unnatural.
A more attractive alternative would be to have a mechanism that had flattened the universe
before the BB.
B.

Horizon Problem.

According to Planck satellite data the typical size of the CMB fluctuations is ∆T /T ∼
10−5 , suggesting that at the time of last scattering the universe must had been almost
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homogeneous. It is natural to assume that before tL various regions of the universe had
enough time to exchange energy and come to thermal equilibrium. However, according to
ΛCDM this is not so!
Let us estimate an angle subtended by a region that was in causal contact at the time of
last scattering. This angle can be found as the ratio of the horizon size at tL , dH (tL ), (the
maximum distance at which past events can be observed, see (53)) to the angular diameter
distance from the origin to the surface of last scattering at tL , dA (tL ) (see Fig. 23). The

Рис. 23: Angular size of the surface of last scatering.

surface of last scattering is a spherical surface of radius rL around the origin from which
a light emitted at tL reaches the origin at present; dA (tL ) is the proper distance from the
origin to this surface at tL . Using (28) and (49) (assuming K = 0) gives:
Z 1
Z t0
c
dx
cdt
√
=
dA (tL ) = a0 rL = a0
.
(127)
4
H0 1/(1+zL ) ΩΛ x + ΩM x + ΩR
tL a(t)
Since zL ≈ 1100, ΩR ∼ 10−5 , and ΩM ∼ ΩΛ ∼ 1 the integrand in the whole integration
range is dominated by ΩM x, so
Z 1
dx
c
c
2
√
≈
.
(128)
dA (tL ) ≈
1/2
1/2
H0 1/(1+zL ) ΩM x1/2
H0 ΩM 1 + zL
The horizon size at tL is the greatest proper distance from which an observer is able to
receive signals at tL (see (51)):
dH (tL ) = a0

Z

0

tL

cdt
c
=
a(t)
H0

Z

1/(1+zL )

√

0

dx
.
ΩΛ x4 + ΩM x + ΩR

(129)

Again, replacing the argument of the square root in the integrand with ΩM x gives
c
dH (tL ) ≈
H0

Z

1/(1+zL )

dx
1/2
ΩM x1/2

0

≈2

c
1/2

.

(130)

H0 ΩM

One can see that a region that remained in causal contact at tL now subtends only the
angle
dH (tL )
1
θ=
≈√
≈ 1.60 .
(131)
dA (tL )
1 + zL
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This is called the horizon problem: why the regions which never exchanged energy and
therefore could not come into thermal equilibrium have almost the same temperature?
Again, the problem can be circumvented by assuming that at the time of the BB the
universe was almost uniform – another unnatural assumption in addition to the initial
flatness of the universe. It would be more attractive to have a mechanism that brought the
universe to homogeneity at the time of the BB.

C.

Entropy Problem.

The entropy of the observed universe can be estimated as the entropy of CMB (see
Eq. (72) and the discussion there). Estimating the size of the universe as the size of event
horizon and the CMB entropy density as the photon density one obtains:
3
S ∼ s0 RH
∼ (103 cm−3 ) × (5 · 1028 cm)3 ∼ 1088 .

(132)

This is a huge number since it is assumed that the entropy of the universe remained roughly
constant during the expansion and the initial size of the universe was very small. Where did
this entropy come from? The BB theory does not give an answer to this question, rather it
requires one more initial condition which seems even more unnatural than the previous two.
D.

Inflationary Solution.

A. Guth (1981) suggested an elegant solution to the flatness and horizon problems (and
a plausible way to explain the entropy problem although the details are still debatable). He
has proposed that before the BB the universe expansion was exponential, i.e. the energy
density was dominated by a large cosmological constant, about one hundred orders of
magnitude greater than the present one. Before discussing possible physical implications
of the inflationary hypothesis let us see how the flatness and horizon problems are solved.
According to the first Friedmann equation the Hubble constant in a vacuum dominated
universe is constant. Then
ȧ
≈ HI ,
a

=⇒

a(t) ≈ a? eHI (t−t? ) .

(133)

Here HI stands for the Hubble constant during inflation, t? refers to the onset of inflation,
and a? is the scale factor at t? .
The curvature parameter in the inflationary epoch is
ΩK ∼

1
1
1
∼ 2 2 ∼ 2 ∼ e−2HI (t−t? ) .
2
ȧ
a HI
a

(134)

One can see that if at the onset of inflation ΩK ∼ 1 then at the end of inflation ΩK ∼
e−2HI (tI −t? ) ≡ e−2N . Here N is the so-called # of e-foldings, the natural unit of progress
during the inflationary epoch. (Recall that energy and temperature are the natural units in
< 1 the # of
the radiation dominated universe.) In order for ΩK to have the present value ∼
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e-foldings must be:
1
1
ΩK (t0 ) ∼ 2 2 ∼ 2 2
a0 H0
aI HI



aI HI
a0 H0

2

∼e

−2N

=⇒



aI HI
a0 H0

2

<
∼ 1.

> aI HI .
eN ∼
a0 H0

(135)

Now let us figure out how many e-foldings is necessary to solve the horizon problem. With
inflation preceding the BB the horizon size at the time of last scattering becomes (compare
with (129)):
Z tL Z tI 
Z tL
cdt
cdt
dH (tL ) = a0
= a0
.
(136)
+
a(t)
t? a(t)
tI
t?

The integral in (136) consists of two contributions. The first integral remains finite at the
lower limit and equals to the integral (129) which is small. On the other hand the integral
from t? and tI can be made as large as necessary. In other words if the BB was preceded by
rapid inflation the horizon size grew exponentially with time. So,
Z tI
cdt
ca0 HI (tI −t? )
ca0 N
ca0
dH (tL ) ≈ a0
≈
e
≡
e .
(137)
≈
H
(t−t
)
?
I
a? HI
aI HI
aI HI
t? a? e
The angular diameter distance dA (tL ) to the surface of last scattering is given by the same
equation (128) which is not affected by the inflation:
c
dA (tL ) ≈
.
(138)
H0
Now for different regions to be in causal contact at the time of last scattering the horizon
size at tL must exceed the distance to the surface of last scattering:
> dA (tL )
dH (tL ) ∼

=⇒

> aI HI ,
eN ∼
a0 H0

(139)

which is also the # of e-foldings (135) required to flatten the universe before the BB.
To summarize: during the inflation the single causally connected patch (therefore almost
homogeneous and isotropic) was inflated and flattened, so at least to the time of last
scattering the universe remained under the event horizon, i.e. causally connected and
therefore in thermal equilibrium, and so flat that it remains almost flat at the present
time.
E.

Estimating the # of e-foldings.

Let us estimate the # of e-foldings required by the ΛCDM assuming that the scale
factor and the Hubble constant at the start of the BB are equal to those at the end of
inflationary epoch. In order to simplify the estimation let us show that the Hubble constant
varied mostly during the radiation dominated epoch. Firstly, one can set ΩK = 0 for reasons
already discussed and discard ΩΛ as well since it become significant only recently. Then the
second Friedmann equation becomes
r
 1/2
 a 3
 a 4
ȧ
ρ
0
0
= H0
≈
H
Ω
+
Ω
.
(140)
0
M
R
a
ρ0cr
a
a
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Let us introduce an intermediate scale factor aeq corresponding to the short period of
expansion when the density of radiation became equal to the√energy density, i.e. ΩM =
ΩR a0 /aeq . The Hubble constant at that moment was Heq = H0 2ΩR (a0 /aeq )2 . Using these
quantities one can rewrite Eq. (140) as
r
ȧ
Heq  aeq 3  aeq 4
= √
+
.
(141)
a
a
a
2

Obviously aI  aeq , since ΩR is only 5 orders of magnitude less than ΩM and aeq is less than
a0 by the same factor. Therefore at the BB the first term under the square root in Eq. (141)
is negligible compared to the second, so
 2
 2
 1/2
ȧI
Heq aeq
a0
ρI
1/2
HI =
≈ √
= H0 ΩR
≈ H0
.
(142)
aI
aI
ρ0cr
2 aI
Then:
> aI HI ∼ Ω1/2 a0 ∼ Ω1/2 Ω−1/4
e ∼
R
R
R
a0 H0
aI
N



ρI
ρ0cr

1/4

1/4

1/4
ρI
ρI
.
∼ ΩR
≈
ρ0c
0.026eV

(143)

Thus the # of e-foldings required to solve the flatness and horizon problems is determined
by the energy density of the universe at the BB. Currently we do not know when and how
the inflation ended, so the value of ρI is still a subject of speculation. Table V shows the
# of e-foldings versus the energy density of the universe depending on a particular inflation
scenario.
Таблица V: Plausible # of e-foldings
ρI

Inflation ended at

Nucleosynthesis
[1 MeV]4
Electroweak phase transition [246 GeV]4
The SM vacuum instability
[1011 GeV]4
MSSM Grand Unification [2 × 1016 GeV]4
Planck Scale
[1019 GeV]4

# of e-foldings
N=17
N=34
N=50
N=62
N=68

Exercise 7.2 How long does it take to inflate the universe from the proton size ∼ 10−13 cm
to the marble size ∼ 1 cm? Assume the energy density at the BB be [2 × 1016 GeV]4 .
F.

Slow-Roll Inflation.

Currently inflation has the status of a theory confirmed by observations although its
particular scenario is still a subject of debates. To get an idea of how inflation could proceed
consider the simplest model scenario which is not very different from the original approach
by A.Guth.
Assume that prior to the BB the energy content of the universe was due to a real scalar
field named inflaton. The Lagrangian of inflaton field includes the regular kinetic energy
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term and some inflaton potential V (φ). In the homogeneous and isotropic RW universe the
inflaton field depends only on time, its energy density ρ and pressure p are (below c = 1 for
simplicity):
1
1
p = φ̇2 − V (φ).
(144)
ρ = φ̇2 + V (φ),
2
2
Substituting (144) into the first and second Friedmann equations (35) and (40) one obtains:
φ̈ + 3H φ̇ + V 0 (φ) = 0,

Ḣ = −4πGφ̇2 .

(145)

Now back to inflation. According to Eq. (145) the Hubble constant HI remains constant
providing φ̇ ≈ 0. Then Eqs. (144) and the second Friedmann equation give
ρ ≈ −p,

HI2 ≈

8πG
V (φ).
3

(146)

Here the first equation is the equation of state of vacuum and the second says that the
Hubble constant is proportional to the field potential V (φ). Consider the potential shown
in Fig. 24. It has wide almost horizontal plato with a small slope and the steep valley

Рис. 24: Slow-roll inflation followed by the Big Bang.

near φ = φ0 , where the potential drops to zero. The first of Eqs. (145) is the equation of
motion of a particle which coordinate is the inflaton field value. The particle is subjected to
the downward pull V 0 (φ) and the friction force proportional to particle velocity φ̇ with the
Hubble constant HI ∼ V (φ) as a drag coefficient. The particle slowly rolls towards the plato
edge and then quickly plunges into the valley. After violent oscillations the inflaton field
settles at the point of equilibrium φ = φ0 transferring its energy to ultrarelativistic matter
and radiation and generating entropy and temperature of the universe. This brief transition
period from the inflationary to the BB cosmological expansion is called reheating.
G.

Spectrum of CMB fluctuations.

The above scenario receives an experimental support. The inflation theory predicts the
spectrum of the CMB fluctuations in a fair agreement with observations.
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Namely, WMAP satellite has produced the detailed map of the CMB temperature T (n),
where n is unit vector pointing at a particular point of the sky. The map is used to study
various correlators of T (n)’s, the simplest of them is
Z
1
0
h∆T (n)∆T (n )i,
∆T (n) = T (n) − T0 ,
T0 =
d2 n T (n).
(147)
4π
Since the average in (147) is rotationally invariant, the correlator can be expanded as a series
in Legendre polynomials Pl (n · n0 ) as
∞
X
2l + 1
0
Pl (n · n0 ).
(148)
h∆T (n)∆T (n )i =
Cl
4π
l=0
The set of coefficients Cl (see Fig. 25) encodes important information about the nature of
the CMB fluctuations. It turns out that the spectrum of fluctuations is consistent with the
assumption that the fluctuations have developed from the original quantum fluctuations of
the inflaton field.

Рис. 25: Power spectrum of CMB fluctuations. (Wikipedia)

XI.

GRAVITATIONAL COLLAPSE. BLACK HOLE.

A simple estimate (see Eq. (90)) shows that the degeneracy pressure of relativistic matter
cannot withstand gravity provided a compact object is large enough. Sooner or later such a
clump will collapse creating a singularity in the space-time. Although the subject of black
holes (BH) is an old one and much progress in understanding of their properties have been
made since their prediction in 1916 by Schwarzschild, the nature of the singularity remains
mysterious. Nowadays there is a firm experimental evidence that supermassive BHs exist at
the centers of large galaxies including ours. The mass of the BH at the center of the Milky
Way is currently estimated as 4.3 × 106 MJ . In this lecture we discuss the basic properties
of BH including some quantum effects.
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A.

Gravitational Collapse.

Let us start with classical mechanics. Consider a compact gravitating object of mass M
and radius R. If the escape velocity is greater than the speed of light,
GM
c2
≥ ,
R
2

(149)

such an object appears completely black (John Michell and Pierre Laplace, late 18th
century). In other words, light cannot escape a gravitating spherical object if its radius
R ≤ rs ≡

2GM
.
c2

(150)

This argument does not take into account relativity but the conclusion remains valid even
in the GR framework although the equality between (150) and the Schwarzschild radius rs
(see Eq. (153)) is accidental.
Now consider collapse of a thin shell of DM [13] according to GR (see Fig. 26). It

Рис. 26: Gravitational collapse of a thin spherical shell of DM particles moving radially to the origin
where a small beacon is placed.

is assumed that the shell remains spherical and uniform during the collapse, so every
particle goes radially to the origin where a small beacon is placed. In Fig. 27 one can see
the space-time diagram of the collapse. The world line of the shell ends at ts , when the
singularity forms. According to the Birkhoff theorem the MS under the spherical shell is
flat, so three light rays shown in the diagram travel along straight geodesics before crossing
the sphere of DM particles. Afterwords their paths are affected by the shell gravity. The
ray emitted before th is deflected to the origin and redshifted when it reaches a distant
observer. The ray emitted exactly at th is deflected so much that it stays at r = rs forever.
According to the distant observer this ray is redshifted to nothing. In three dimensions such
rays form a light-like surface called the event horizon. Finally, the ray emitted after th never
crosses r = rs and ends up at the singularity. The interior region of space-time under the
event horizon is not accessible to an outside observer. Sometimes this statement is called
the principle of cosmic censorship: bare singularity cannot be seen by a distant observer. It
was introduced by Stephen Hawking and Roger Penrose.
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Рис. 27: Space-time diagram of the gravitational collapse. Event horizon forms at th .

B.

LHC black hole

Before discussing in some detail the nontrivial geometry of BH let us pause and consider
the possibility of creating a tiny BH at the LHC, the most powerful particle collider to
date. This issue was widely debated in the media before the launch of LHC in 2009. Let
us estimate the minimum amount of colliding matter required to create a BH. Protons at
the LHC are collided at the energy of several TeV, so they are highly relativistic. In this
case the region of proton localisation is of the order of its wavelength λ. This is the minimal
size of accelerated beam of protons, it cannot be squeezed more because of the uncertainty
principle. If the Swarzschild radius of the beam exceeds its size ∼ λ, the beam is bound to
collapse. So,
GE
λ ≤ rs ∼ 4 ,
(151)
c
where E is the beam energy. Then
E≥

λc4
λ h̄c 4 EP2 l
∼
c ∼
,
G
h̄c G
Ep

(152)

where Ep ∼ h̄c/λ is the proton energy. Substituting EP l ∼ 1019 GeV and Ep ∼ 103 GeV one
obtains E ∼ 1035 GeV. The rest energy of the accelerated protons is less by the Lorentz
factor γ ∼ 10−3 , so the rest energy of accelerated protons ∼ 1032 GeV and the corresponding
mass ∼ 109 g ∼ 103 tons. So, in order to create a BH at the energy accessible at the LHC one
has to accelerate a couple of huge rocks! Their mass is actually a grossly underestimated
because we implicitly assumed that the rock material is spread over a spherical shell which
is then uniformly accelerated to the shell center, like in the previous subsection.
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Exercise 10.1 Estimate the minimum energy of a radially moving shell of photons which
is bound to collapse.
C.

Schwarzschild Coordinates.

Consider a point-like like mass M sitting in empty space. In 1916 German physicist Karl
Schwarzschild solved Einstein equations for this case and found the corresponding metric of
MS. In the so-called Schwarzschild coordinates the metric is

rs  2 2 
rs −1 2
2GM
ds2 = 1 −
c dt − 1 −
dr − r2 dΩ2 ,
rs =
.
(153)
r
r
c2

Here rs is the Schwarzschild radius. At r > rs equation (153) describes the metric of
a gravitating body of mass M . At a large distance, r  rs , the metric reproduces the
Newtonian gravity with corrections ∼ (rs /r)n indicating how Newtonian gravitational
potential deviates from 1/r. Einstein showed that these corrections are responsible for
perihelion precession of the Mercury orbit which is equal to 43 arc seconds per century.
The region r ≤ rs is special for a distant observer. According to Eq. (153) the coefficient
at dt2 is negative and the coefficient at dr2 is positive. The distant observer would claim that
time and space are interchanged at r ≤ rs . In other words, inside a BH it is not possible to
stop a motion toward the singularity although it is possible to stop time!
It should be emphasised that the Schwarzschild metric (153) represents the so-called
static or eternal BH. A real BH is the result of gravitational collapse of matter and the
corresponding MS consists of two patches: the space described by (153) and the flat MS
joined together. (For details see [7].)
D.

Distant Observer vs Infalling Observer.

The above statement about the region r ≤ rs is a paradox because it appears for the
distant observer that causality is violated under the horizon. To understand what is going on
requires further analysis. Suppose there are two observers: a distant observer (DO) orbiting
a black hole so far away that she remains practically at rest and an infalling observer (IFO)
heading directly toward the BH. Suppose the radius of the DO orbit is R and this is also the
distance from which the IFO starts his journey to the BH. Solving the equation of motion of
a particle in the Schwarzschild metric one finds the coordinates of the IFO in the DO frame
(in the Schwarzschild coordinates). The solution can be parameterized as follows:
r=

R
(1 + cos η),
2

0<η<π

1/2
R
1/2

−1
+ tan η/2
R
rs
ct = cτ + rs
−1
η + rs ln 
.
1/2
rs
R
−1
− tan η/2
rs

(154)

Here τ is the IFO proper time:
R
cτ =
2



R
rs

1/2
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(η + sin η).

(155)

According to the IFO there is no singularity at r = rs . Components of a curvature
tensor calculated in the rest frame of the IFO are ∼ rs /r3 , so they are singular only at
r = 0. Starting his journey from the rest the IFO reaches the origin after a finite interval
 1/2
πR R
τ=
according to his clock. Of course, he will be destroyed by the tidal forces
2 c rs
when approaching the singularity but he does not see time and space interchanged.
Exercise 10.2 Suppose the mass of a BH is 106 MJ . An IFO starts his journey to the
BH from the distance where free fall acceleration is g = 10 m/sec2 . Find this distance and
calculate the time it takes the IFO to reach the singularity according to his clock.
The DO will tell a different story. According to Eq. (154) when the IFO approaches the
coordinate r = rs its time coordinate t diverges because the argument of the logarithm blows
up when η tends to π. So, according to the DO the IFO never reaches rs . Now, can the IFO
report to the DO about his experience?
Suppose the DO communicates with the IFO by exchanging signals at a constant
frequency. When the IFO gets closer to the BH intervals between the signals will grow and
their frequency decay because of redshift in the gravitational well of the BH (see Fig. 28).
It turns out the DO never sees the IFO crossing the surface at r = rs : according to the DO
clock it takes infinite time for the IFO to reach the surface r = rs . This resolves the paradox.
For the DO nothing, even light, ever crosses the surface r = rs , so the region below the event
horizon, r < rs is not accessible to him.

Рис. 28: The DO and IFO world lines. The shaded line is event horizon.
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E.

Kruskal-Szekeres Coordinates

The Schwarzschild coordinates of BH metric have a serious flaw because they describe
only the region of BH outside the event horizon and cannot be continued below the horizon.
In this section we build a set of coordinates which can be used both inside and outside
of the horizon, the so-called Kruskal-Szekeres coordinates. The analysis is restricted by
radial motion only, so the remaining MS is 1+1-dimensional. The first step is to define the
coordinates R and ω as follows


rs −1 2
ct
rs  2 2 
2
c dt − 1 −
ω=
.
(156)
ds = 1 −
dr = F (R) R2 dω 2 − dR2 ,
r
r
2rs

Functions R(r) and F (R(r)) are found from Eq. (156) by simple integration, the result is:

s


r − rs
r − rs
rs − r
R = 2rs exp
sgn(r − rs ).
(157)
,
F = exp
2rs
rs
rs

Notice that at r = rs the coordinate R vanishes and the factor F changes sign but otherwise
metric coefficients are everywhere finite.
The second step is to introduce the so-called light-cone coordinates U and V [14], so that
ds2 = F dU dV ≥ 0 everywhere.

(158)

This is accomplished by defining light-cone coordinates U and V separately in each of four
quadrants of U V -plane. The table (VI) provides the definition. At r = rs the variable R
vanishes, so the sign can be changed without violating the continuity. One can easily check
that ds2 ≥ 0 everywhere. Basic feature of light-cone coordinates is that light rays always
Таблица VI: Definition of light-cone coordinates U and V in four quadrants. The last line shows
the sign of F in a quadrant.
I
II
II
IV
−ω
−ω
−ω
U −Re
Re
Re
−Re−ω
ω
ω
ω
V Re
Re −Re −Reω
F
+
+
-

remain parallel to the coordinate axes, which simplifies analysis.
The space-time diagram in Fig. (29) shows the geometry of BH in Kruskal-Szekeres
coordinates. Notice that now there are two event horizons: one at infinite past and the other
one at the distant future. Lines of constant r on the diagram are represented by hyperbolas
U V = const, lines of constant t by straight lines drawn from the origin. Quadrant I is the
region of MS accessible to DO for whom the horizon of events at r = rs is located both at
the distant past and the future. Quadrant II is the region under the event horizon which
is not accessible to the DO. The second feature of the Kruskal-Szekeres coordinates is that
the MS has doubled: quadrants III and IV correspond to the regions of MS which are not
accessible to the DO. The MS shown in Fig. (29) describes extended BH geometry.
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2

U V = (M G)

(1.4.29)

The entire maximal analytic extension of the Schwarzschild geometry is
easily described in Kruskal–Szekeres coordinates. It is shown in Figure 1.4.
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infalling shell divides the Penrose diagram
into two regions, A and B. The
Region A is interior to the shell and represents the initial flat space-time

points of real axis (−∞, +∞) and the segment (−1, +1). For instance, the function tanh(x)
maps the flat MS into interior of a triangle (see [7] for details).
Now we are ready to return to the DO and IFO. The diagram in Fig. (31) shows the world
lines of the DO and IFO introduced above. The DO forever remains outside the horizon while
the IFO crosses it. Notice that the DO and IFO can communicate until the IFO remains
in the region I. Under the horizon the IFO can receive information from the DO while he
cannot send a signal to him: any signal sent remains under the horizon and eventually ends
up at the future singularity.

Рис. 31: Penrose diagram for BH geometry. World lines of DO and IFO are shown.

XII.

GR & QM.

Up to date there is not known a consistent theory combining GR and quantum mechanics
and at the same time having direct ties with experiment. The most popular candidate of this
so-called theory of everything (ToE) is the theory of superstrings (string theory, for short).
In this section we briefly describe the Hawking radiation, then move on to discuss where
conventional QFT is incompatible with GR, and consider some interesting features of the
string theory which make it so attractive.
A.

Hawking radiation.

In 1974 S. Hawking derived his famous result concerning BH. It turns out a BH is not
completely black but is the source of thermal radiation with temperature
kB T =

1 h̄c
.
4π rs

(159)

The original derivation of this result is complicated, here we give a qualitative explanation
of the effect. For the semi-qualitative derivation of Eq. (159) see [7].
Consider the Penrose diagram of BH shown in Fig. (32). Let the light-like world-line
originated at the past singularity be a path of photon emitted from the singularity. Under
the horizon the photon goes against the arrow of time (according to DO), so this part of
the world-line corresponds to anti-photon [15] going toward the singularity. The part of the
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world-line in the DO quadrant corresponds to photon emerged at the horizon and going to
the light-like infinity. The diagram makes it obvious that this photon can be detected both
by the DO and IFO. The photon world-line as a whole can be interpreted as a process of pair
creation at the past horizon, where the antiparticle (antiphoton) is getting absorbed by the
singularity and the photon is emitted by the BH. Such a process is inevitable if the photon

Рис. 32: Penrose diagram of BH where a path of particle-antiparticle pair created at the past event
horizon is shown.

wavelength exceeds rs , the Schwarzschild radius. Indeed, the photon wavelength is the region
of photon delocalisation. Consider a virtual photon-antiphoton pair of this wavelength which
happens to be near the BH. A pair component can be found both under the horizon and
above it. The photon (or antiphoton) under the horizon must be absorbed by the BH since
nothing can escape the region under the horizon. Its companion then becomes real particle.
According to the DO energy in this process is conserved since the energy of antiphoton
is negative and by absorbing it the BH becomes lighter, which is indistinguishable from
radiating real photon by the BH.
Thus the typical wavelength of radiation emitted by BH is of the order of rs and
the corresponding temperature kB T ∼ h̄c/rs in accord with Eq. (159). This argument
also implies that a BH viewed in its own light appears fuzzy because the source and the
wavelength of radiation emitted are of the same size.
Exersize 12.1 Estimate the mass of a BH with the temperature of 6000K.
B.

Bekenstein-Hawking entropy.

If BH has temperature then it must have entropy as well. Indeed, let us apply the second
law of thermodynamics to BH:
T dS = dM c2 = drs

c4
.
2G

(160)

Substituting here the temperature from Eq. (159) and integrating over rs one obtains for
the entropy
kB 4πrs2
S=
.
(161)
4 lP2 l
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This formula was first conjectured by J. Bekenstein and then corrected by S. Hawking. The
Bekenstein conjecture was based on the Hawking theorem which states that the area of the
event horizon of two merging BHs cannot be less than the total area of event horizons of
the parent BHs, so the horizon area can be associated with BH entropy.
Equation (161) can be also understood from a different perspective. Suppose one grows a
BH by feeding it with energy (e.g. photons) and at the same time making sure that the BH
entropy in the process remains at maximum. To achieve this every bit of energy absorbed
by the BH must bring no information with it because information is equivalent to negative
entropy. Then each extra bit of information brought by the incoming energy would reduce
the BH entropy. To ensure that an incoming photon does not bring information about the
direction it comes from, the photon wavelength must always remain greater than rs . Then
δE ∼

δrs c4
h̄c
∼ ,
G
rs

whence rs δrs ∼

h̄G
= lP2 l ,
c3

(162)

in accord with Eq. (161).
C.

Extended event.

As we have already seen QFT rests upon the fundamental assumption that particle
detection is a local event, i.e. it happens at a point in MS. The locality creates ultraviolet
divergences but they do not present a serious problem in renormalisable QFTs. However, a
simple argument shows that when gravity is taken into account the principle of locality is not
valid anymore. Consider Fig. 33 which represents an extended event, i.e. particle detection in
a small region of MS of the size ∆t and ∆x. The diagram reflects real experimental situation:
any measurement is limited by experimental uncertainty.

Рис. 33: Extended event in MS.

Due to uncertainty principle the detection event of duration ∆t costs the energy
∆E ≥ h̄/2∆t. The energy is equivalent to mass, ∆E = ∆M c2 , which is gravitating due to
equivalence principle. If the mass is concentrated in the region smaller than the corresponding
Schwarzschild radius, it will collapse. This seems weird: if MS is composed of point-like events
it collapses under its own weight! To prevent the event from gravitational collapse its spatial
extent must exceed its Schwarzschild radius:
∆x ≥

2G∆M
2G∆E
2G h̄
∼
≥ 4
.
2
4
c
c
c 2∆t
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(163)

Thus to reconcile quantum theory with gravity one must impose the uncertainty relation
between spatial and temporal extent of an event:
c∆t∆x ≥

Gh̄
= lP2 l .
c3

(164)

This argument shows that QFT, at least in its traditional local formulation, can not
incorporate gravity: a local theory is unstable. Quantum fluctuations of fields at Planck
scale initiate gravitational collapse. If there is a way to combine quantum theory and GR,
it will result in a non-local theory. Let us discuss how it could be possibly done.
D.

Path Integral

Consider a free scalar particle of mass m. One can define a probability amplitude for the
sequence of particle detection events at points xi ≡ (ti , xi ) in MS (see Fig. 34). R. Feynman

Рис. 34: Random path in Minkowski space.

showed that the probability amplitude (aka propagator) to detect the particle at x1 and
then at x2 is given by the sum over all paths connecting x1 and x2 (path integral) in which
every path has the probability amplitude:


Z
mc x2
exp i
ds ,
(165)
h̄ x1
where ds is the particle proper time. The exponent in (165) is the classical action of the
particle divided by h̄, the minimal action exerted on physical system by measurement.
Notice that the path integral with the measure (165) also has geometric interpretation.
Each path contributes the amplitude expressed in terms of the path length measured in units
of the Compton wavelength [16]. It should be emphasised that there is equivalence between
a path integral and the corresponding QFT, e.g. the path integral based on amplitude (165)
and the QFT of neutral scalar particle give the same result for the propagator. At least,
conceptually the approaches based on path integral and QFT are equivalent, so one is
tempted to assume a non-trivial relation between geometry and physics.
The path integral (165) (and its counterparts for particles of spins 1/2 and 1) is local: it
is taken over world lines connecting points in MS. Is it possible to define a similar integral
over extended objects? Consider integral over p-branes, i.e. objects of a higher dimension
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than one-dimensional path (1-brane.) Each p-brane presumably contributes the amplitude
given by

 Z
i
p
dσ ;
(166)
exp p
lP l ∂σ

the integral sums the amplitudes due to all possible p-branes σ with the same boundary
∂σ. It turns out that the branes with p≥ 3 result in a non-renormalisable quantum theory.
However, the remaining 2-branes bounded by one-dimensional strings yield an extremely rich
mathematical structure which has been a subject of intensive research since late 1960s [17].
Figure 35 shows a random surface Σ (world sheet) with the boundary ∂Σ (string) with
insertions of the so-called vertex operators Vi corresponding to different particles.

Рис. 35: World sheet Σ bounded by string ∂Σ with insertions of vertex operators Vi .

E.

Closed Bosonic String

To be specific let me briefly outline the properties of closed bosonic string. The classical
action of bosonic string is simply the area of a world sheet parameterised by functions X µ (σ),
where X µ is the Minkowski coordinate of a point on the world sheet and σ = (τ, σ) is a
two-dimensional domain. The action integral in these variables is:
s
2 
2 
2
Z
1
∂X µ
∂X µ ∂Xµ
∂X ν
2
S=
−
(167)
dσ
4πα0
∂τ ∂σ
∂τ
∂σ
In this section all quantities are measured in Planck units, so the dimensionless quantity α0
corresponds to lP2 l , the factor (4π)−1 is conventional.
Using the action (167) it is possible to derive the quantum Hamiltonian which turns out
to be quite simple:
α0
H = pI pI + N ⊥ + N̄ ⊥ − 2,
(168)
2
where
∞ X
25
∞ X
25
X
X
I† I
⊥
I
⊥
N =
nan an ,
and N =
nāI†
(169)
n ān .
n=1 I=2

n=1 I=2

Here the operators aIn and aI†
n are the annihilation and creation operators corresponding
to vibrational modes propagating along the string to the left. The operators āIn and āI†
n
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correspond to the right moving modes. The energy of n-th mode is proportional to n.
Operator pI is the momentum of the center of mass of the string (zero mode). The index
I corresponds to vibrations perpendicular to the world sheet. Only these vibrations are
physical, the other two are just displacements along the world sheet and can be identified
with its reparametrizations. The striking feature which makes string theory so different from
ordinary QFT is: string Hamiltonian (169) corresponds to the Lorentz covariant and unitary
theory only in the 26-dimensional Minkowski space.
As any quantum system string theory has the spectrum of eigenstates, or vibrational
modes. Each eigenstate carries quantum #’s including mass, momentum pµ , and spin thereby
allowing one to identify string eigenstates with quantum particles. The mass operator of the
closed bosonic string is
2
M 2 = 0 (N ⊥ + N̄ ⊥ − 2).
(170)
α
Exersize 12.2 Show that that the eigenvalues of M 2 are proportional to integers.
The string eigenstates are
"

∞ Y
25
∞ Y
25
Y
Y
+
I† λn,I
λ̄n,J
p , p~⊥ , λ, λ̄ =
(an )
×
(āJ†
n )
n=1 I=2

n=1 J=2

#

p+ , p~⊥ .

(171)

Here vector |p+ , p~⊥ i corresponds to the ground state of the string, the state in which no
vibrational mode is excited. The set of integers λn,I and λ̄n,J is the list of occupation numbers
of excited vibrational modes. The set of numbers λ must satisfy the following condition:
N ⊥ = N̄ ⊥ , which means that the numbers of left and right moving modes are equal.
Consider the string states corresponding to the first lowest values of mass operator
2
M listed in Table VII. The mass scale in string theory is determined by Planck mass
Таблица VII: Ground state and first excited states of closed bosonic string
1 0
2
N ⊥ , N̄ ⊥
λ, λ̄
2α M
+
0, 0
|p , p~⊥ i
−2
I† J† +
1, 1 a1 ā1 |p , p~⊥ i
0
...
...
...

Γ
1
242
...

MP l ∼ 1019 GeV, so only the massless states, M 2 = 0, of the string spectrum could possibly
correspond to the elementary particles of the SM. The table shows that the ground state of
closed bosonic string is tachyon, the particle which travels faster than light. For many years
the bosonic string was regarded as inconsistent because of that, however, around 2000 it was
shown that in the context of the field theory of strings the tachyon corresponds to a false
vacuum while the true vacuum is tachyon free.
A low-energy limit of a string theory corresponds to a QFT that incorporates the fields
corresponding to the massless states of the string. The latter can be written as:
X
J†
+
RIJ aI†
~⊥ ,
(172)
1 ā1 p , p
IJ
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where RIJ is an arbitrary 24 × 24 matrix. Such a matrix can be represented as the sum of
symmetric traceless matrix ŜIJ , antisymmetric matrix AIJ , and identity matrix multiplied
by a number S 0 :
RIJ = ŜIJ + AIJ + S 0 δIJ .
(173)
Exercise 12.3 Find explicit expressions for the matrices ŜIJ and AIJ , and for the
number S 0 in terms of RIJ .
The decomposition (173) can be identified with quantum fields corresponding to the
massless states of (172). Namely, a massless state of closed bosonic string is a superposition
of quantum states of graviton (S=2), photon (S=1), and scalar boson (S=0). These particles
live in the 26-dimensional MS. It is possible to define a consistent QFT of these particles,
which is Lorentz-invariant and unitary (probability sums up to 1). The consistency conditions
for the QFT are non-trivial: fields of graviton gµν (X), photon Bµν (X), and scalar boson Φ(X)
must satisfy the Euler-Lagrange equations of the following action:


Z
 
1
1
2
µ
µνρ
26 √ −2Φ
(174)
+ o α0 .
S = − 2 d x ge
R − 4Dµ ΦD Φ + Hµνρ H
2κ
12

Here o α0 2 corresponds to the contribution of virtual massive states of the string, which
can be consistently calculated order by order in α0 2 . The constant κ2 is the gravitational
constant.
Let us pause for a moment to take a look at the action (174). Although the field theory it
describes does not correspond to the real world, it provides a very recognisable caricature. It
describes massless scalar and vector particles propagating in a curved 26-dimensional spacetime. The Euler-Lagrange equations for gµν are just the Einstein equations of GR. Moreover,
string theory predicts corrections to the Einstein equations organised as a series in inverse
powers of lP2 l . So, string theory indeed unifies gravity and quantum theory, however, the
unification is achieved in the 26-dimensional space.
F.

Gravitational Collapse.

String theory incorporates BH as a quasiclassical solution thereby providing some insight
into gravitational collapse. In order to understand what corresponds to BH singularity in
string theory consider the density of the string spectrum of states. Unlike in QFT where a
density of states grows with energy according to power law, the density of states in a string
theory grows exponentially. For instance, the density of states of closed bosonic string grows
as
ρ(E) ∼ E −25/2 exp (4πE) ,
E  1,
(175)
where E is a state energy in Planck units. Integrating the density of states over energy one
obtains the volume of phase space Γ(E) occupied by excited string as a function of its energy
E. According to Eq. (175) Γ(E) → exp(4πE) at high energy, so string entropy S = ln Γ
grows as
S → 4πE,
E → ∞.
(176)
Then the string temperature at high energy tends to a finite value
T =

dE(S)
1
→
= TH .
dS
4π
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(177)

This relation says that at large energy the heat capacity of string tends to infinity because
string temperature remains constant no matter how much energy the string absorbs.
Figure 36 shows what could happen during the gravitational collapse from the string
theory perspective. Consider an object falling into a BH. Temperature of Hawking radiation

Рис. 36: Gravitational collapse as percolation transition.

increases when the object approaches the BH singularity (notice that the value (159)
correspond to the temperature of redshifted photons which have climbed out of the BH
gravitational well). When T ≤ TH the particles of infalling object correspond to massless
string states. When the temperature approaches TH massive states are excited and separate
strings begin to merge. Finally at T = TH the object strings merge and become the single
string of “singularity” [18]. This is called percolation transition, the string unfolds, there is
no difference between space-time and matter anymore and no singularity.
G.

String Landscape. Multiverse.

Field theory (174) does not incorporate fermions, so to obtain a better caricature of reality
one incorporates supersymmetry and considers the theory of superstrings propagating in 10dimensional Minkowski superspace. (Superstring theory is Lorentz-invariance and unitary
only when D=10.) If one takes the theory of superstrings seriously they must explain why
six extra spatial dimensions are not observed. It is hypothesised that the extra six spatial
dimensions are folded into a compact manifold of Planck size:
d10 x = d 6 y d 4 x,

y ∼ lP l .

(178)

Not any manifold can be used because symmetries of the string action must be preserved,
otherwise the whole theory goes astray. It is known that a so-called Calabi-Yao manifold
preserves supersymmetry. A number of various allowed Calabi-Yao manifolds is roughly
estimated as ∼ 10500 (although currently there more restrictive estimates).
According to popular belief each of the manifolds corresponds to a universe with a unique
set of particles and fundamental constants specified by the manifold parameters. The variety
of the universes is referred to as a string landscape or multiverse which incorporates all
possible universes including ours. The paradigm implies that almost all of the possible
universes cannot sustain sentient life. The paradigm gives some nontrivial sense to the famous
anthropic principle, the cosmological principle that theories of the universe are constrained
by the necessity to allow human existence.
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XIII.
A.

APPENDIX.
Newtonian Cosmology.

In the matter dominated epoch when both DM and BM were non-relativistic Newtonian
theory gravity can be applied. The matter is considered as a fluid of zero pressure with mass
density ρ and velocity v in a gravitational potential φ. The set of equations includes the
equation of continuity, the Euler equation, and the Poisson equation:
∂ρ
+ ∇ · (vρ) = 0,
∂t
∂v
+ (v · ∇)v = −∇φ,
∂t
∆φ = 4πGρ.

(179)

It is strongly recommended to check that these equations have a spatially homogeneous
solution of the form:
 a 3
2π
ȧ
0
ρ = ρ0
φ=
Gρx2 ,
(180)
,
v = x,
a
a
3
where a0 and ρ0 are constants and the time-dependent scale factor a(t) satisfies (40):
8πG
ȧ2 Kc2
+ 2 =
ρ.
2
a
a
3

(181)

Here K = ±1, 0 and c is a parameter having dimension of speed. Solution (180) describes
the RW universe. Indeed, writing down the second equation in (180) as
ȧ
dx
= x,
dt
a

gives

x(t) =

a(t)
x0 ,
a0

(182)

where x0 is a constant that should be interpreted as a co-moving coordinate.
As we will see shortly the solution (180) is unstable, i.e. small perturbations δρ, δv,
and δφ added to ρ, v, and φ given by (180) will grow with time. One is advised to check
that substitution of (180) with the perturbations added back into (179) gives in the linear
approximation:
∂δρ
+ 3Hδρ + Hx · ∇δρ + ρ∇ · δv = 0,
∂t
∂δv
+ Hx · ∇δv + Hδv = −∇δφ,
∂t
∆δφ = 4πGδρ,

(183)

where H = ȧ/a.
It is convenient to rewrite the obtained equations in the Fourier basis with momentum
vector q conjugate to the co-moving coordinate:


Z
d3 q
q·x
δρ(x, t) =
exp i
δρq (t), etc.
(184)
(2π)3
a(t)
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In so doing the underlying spatial homogeneity becomes explicit (can you explain why?):
ρ
dδρq
+ 3Hδρq + i q · δvq = 0,
dt
a
dδvq
i
+ Hδvq = − qδφq ,
dt
a
q2 δφq = −4πGa2 δρq .

(185)

The set of linear equations (185) has four independent solutions for δρq and δvq . (The
function δφq is not independent.) Two of them correspond to transversal modes δvqT for
which iq · δvqT = 0. It easy to see that the transversal modes satisfy
dδvqT
+ HδvqT = 0
dt

and δρq = 0.

(186)

Since a ∼ t2/3 the Hubble constant H = 2(3t)−1 and the transversal modes decay. The
instability we are looking for is due to the longitudinal modes for which δv is a gradient
(with respect to x/a) of the velocity potential δu. In the Fourier basis:
δvq = iq · δuq .

(187)

Substituting (187) into (185) gives finally the equations for small deviations from
homogeneity in the matter dominated RW universe:
dδρq
ρ
+ 3Hδρq − q2 · δuq = 0,
dt
a
δφq
dδuq
+ Hδuq = −
,
dt
a
q2 δφq = −4πGa2 δρq .
B.

(188)

Jeans Mass.

The matter density ρ in (179) is a sum of two terms: ρB (BM) and ρD (cold DM).
Since equations (179) are linear in ρ, the perturbation δρ in the third equation of (188) is
also a sum of δρB and δρD . The first and the second equations of (188) should be written
separately for the DM and BM with different velocity potentials, δuB and δuD . The Euler
1
equation for BM in (179) includes the pressure term − ∇p on the right-hand side. This
ρB
term was omitted in (179) because we were interested in the homogeneous solution (180) in
which both BM and DM follow the same geodesics. A formal justification for discarding the
pressure term is that the gradient of gravitational potential in (180) grows indefinitely with
distance and therefore dwarfs the pressure term which is finite. (The solution (180) is not
physical in Newtonian mechanics without appropriate boundary conditions. It is amazing
that it makes perfect sense in the broader framework of the GR!) Now we are looking for
small deviations from homogeneity and include the pressure term on the right-hand side of
the second equation of (183) as small perturbation:
 
v2
1
1 ∂p
− ∇p ≈ −
∇δρB = − s ∇δρB ,
(189)
ρB
ρB ∂ρ s
ρB
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where vs is the speed of sound for BM.
One is advised to check the equations for δρD , δρB , δuD , and δuB following from (188)
and (189) (subscript q is dropped):
ρD 2
dδρD
+ 3HδρD −
q · δuD = 0,
dt
a
dδρB
ρB 2
+ 3HδρB −
q · δuB = 0,
dt
a
dδuD
4πGaδ
+ HδuD =
[δρD + δρB ] ,
dt
q2
4πGaδ
dδuB
vs2
+ HδuB =
δρB .
(190)
[δρ
+
δρ
]
−
D
B
dt
q2
aρB
It is convenient to work with fractional density perturbations δ ≡ δρ/ρ and eliminate the
velocity potentials. Using the unperturbed solution (180), ρ ∼ a−3 ∼ t−2 , it is possible to
reduce (190) to the form:
4
2
δ̈D + δ̇D = 2 [βδB + (1 − β)δD ],
3t
3t
2α
2
4
(191)
δ̈B + δ̇B = − 2 δB + 2 [βδB + (1 − β)δD ],
3t
3t
3t
where α and β are defined as
q2 vs2
ρB
ΩB
,
β=
=
≈ 0.17,
ρ M = ρB + ρD .
(192)
2
4πGρM a
ρM
ΩM
When BM and radiation are coupled, i.e. for z > 150, they have the same temperature,
so vs2 ∼ T ∼ a−1 . Therefore during this era α is time independent and it is possible to look
for power-law solutions of (191):
α=

δD ∼ tν ,

δB = ξδD .

(193)

Exercise A.1 Verify (191) and find all four power-law solutions.
It turns out three of the solutions decay and one corresponds to a growing perturbation.
In the limit β → 0 one finds for this solution:
1
.
(194)
ν = 2/3,
ξ=
1+α
Since there is the growing mode among the solutions of (190), the solution (180) is unstable
as we have argued at the beginning of the chapter. The ratio of BM to DM can be expressed
via the total mass enclosed in a volume ∼ q−3 :
3

2πa
.
(195)
M ≡ ρM
|q|
Then
 π 3/2 v 3
δρB /ρB
1
s
=ξ=
,
where MJ =
.
(196)
1/2
2/3
δρD /ρD
1 + (MJ /M )
G
ρM
> MJ the BM collapses together with
This relation suggests that in large clumps with M ∼
the DM while small clumps are baryon depleted. A detailed numerical analysis leads to the
same conclusion.
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C.

Some Definitions and Facts of Group Theory

• A set of elements G is called group if it satisfies the group axioms:
∀U1 , U2 ∈ G,

U1 U2 = U3 ∈ G,

∀U ∈ G ∃U −1 ∈ G,
∀U1 , U2 , U3 ∈ G,

so that U U −1 = 1,

(U1 U2 )U3 = U1 (U2 U3 ).

• Suppose there is a group of continuous transformations with generators Xi and group
parameters ai (i = 1, . . . , N ) which form the continuous group manifold G of dimension
N , so every point of the manifold corresponds to a group element. Suppose also that
the generators form Lie algebra:
[Xi , Xj ] = ifijk Xk ,

(197)

where the set of antisymmetric constants fijk is called the structure constants. Then
any group element can be written as the exponent:
g(a) = exp (iXi ai ) .

(198)

The theorem was proved by Swedish mathematician S.Lie in 1876.
• An irreducible representation of group G is a linear space I such that for any |ii ∈ I
vector G |ii spans the whole space I when G goes over the elements of the group G.
D.

Deep Inelastic Scattering. The parton distribution functions.

Collision between energetic proton and electron (with the center-of-mass energy ∼ 10GeV
per particle) creates a lot of debris, mostly pions. What is an angular distribution pattern
of the pions? In early 60-s the results of scattering experiments at low energies (less than
1GeV) suggested that protons were “soft” and can be understood as the states of some
extended object, a string. For soft protons one would expect that the energy transfer in
the perpendicular direction would be ∼ 1GeV and therefore the pions created in energetic
proton-electron collision would fly apart approximately along the collision axis (see Fig. 37).

Рис. 37: Proton and electron collision predicted by the model of soft proton.
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Рис. 38: Proton and electron collision observed in the SLAC experiments.

However the experiment produced another scattering pattern, shown in Fig. 38. Some
pions (and other hadrons) received a large transversal momentum that was a sizable fraction
of P . This can be explained by assuming that, at least, the charged proton constituents (since
the electrons interact only with electrically charged particles) are point-like. R. Feynman
called them partons. When an energetic electron approaches a parton, the latter receives a
momentum p⊥ ∼ h̄/|r|, where |r| is the closest quark-electron separation, limited only by
the electron momentum P . The outgoing energetic parton initiates a jet of pions flying at
an arbitrary angle with respect to the collision axis. Essentially, deep inelastic scattering is
very similar to the recoil of alpha-particles from atomic nuclei observed by E. Rutherford in
his famous 1911 experiment. Later the partons were identified as quarks.

Рис. 39: Feynman diagram of deep inelastic scattering of electrons on protons.

Figure 39 shows the Feynman diagram used to calculate the angular cross-section of the
process e− p → e− X, where X stands for particles of the hadron jet. The corresponding
analytic expression is
!
X

2παem s 
d2 σ −
1 + (1 − y)2 .
(199)
(e p → e− X) =
xff (x)Q2f
4
dxdy
q
f
The parameters x and y are defined via the momenta P , k, and q (see the diagram), which
can be measured directly:
−q 2
P ·q
x=
y=
.
(200)
2P · q
P ·k
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Рис. 40: Proton structure functions.

The parameter x is the fraction of the total momentum P carried by the parton, p = xP .
The function ff (x), called structure function, is the probability that the parton species f
carries the fraction of the total momentum x, Qf is the electric charge of the species in units
of electron charge. The sum is taken over all species. The parameter s is the invariant mass of
the electron and the proton, s2 = (k+P )2 , αem is the electromagnetic coupling constant. The
expression in the square brackets is the so-called Callan-Gross relation specific for spin-1/2
particles.
Equation (199) is derived from the assumption of asymptotic freedom of quarks and
gluons. At a distance ≤ 1fm any quark interacts with energetic electron essentially as a free
particle independently of other partons. Therefore each quark contributes independently to
the total cross-section, the forces binding quarks and gluons together are incorporated in
structure functions ff (x). Their shapes derived from experimental data are shown in Fig. 40,
although their derivation from the QCD remains the challenge for theorists.
E.

Fermion assignment of GUT based on SU (10)

All 32 fermion states of a single generation of the SM (16 left-handed particles and 16
right-handed antiparticles) can be fit in the fundamental spinor representation of SO(10).
The latter is a tensor product of 5 fundamental spinor representations of SO(3), the
orthogonal group of rotations of ordinary 3-dimensional Euclidian space:
|f i ∼ |±, ±, ±, ±, ±i ,

(201)

where |±i is SO(3) spinor with ± corresponding to the upper and lower components. The
assignment of the first generation of the SM particles is shown in Table VIII. The assignment
of the second and the third generation is similar. The theory does not suggest an explanation
why there are three generations of fermions.
The SO(10) spins are grouped into color and weak spins, corresponding to the gauge
groups SO(3)C and SU (2)L of the SM which are subgroups of SO(10). The value of the SM
hypercharge is simply:
X
2X
Y =
(color spins) −
(weak spins).
(202)
3
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The right-handed antineutrino state ν̄e has all spins up and therefore it is completely
neutral under the gauge transformations of the SM. The left-handed positron is neutral
under color and weak rotations but its hypercharge is 2, so it participates in e-m interactions.
The doublet of red ur and dr quarks participate in color and weak rotations which change
one value of color and weak spin, respectively. Next two doublets of blue and green quarks
are similar. Then comes the color triplet of antiquark ūi which is weak singlet and the similar
triplet of d¯i . The neutrino νe and electron e− states have the same hypercharge and form an
SU (2) doublet.
Таблица VIII: Left-handed fermions of the SM as states of fundamental spinor of SO(10)
State
ν̄e
e+
uR
dR
uB
dB
uG
dG
ūR
ūB
ūG
d¯R
d¯B
d¯G
νe
e−

F.

Y
0
2
1/3
1/3
1/3
1/3
1/3
1/3
-4/3
-4/3
-4/3
2/3
2/3
2/3
-1
-1

Color
+++
+++
–++
–++
+–+
+–+
++–
++–
+––
–+–
––+
+––
–+–
––+
–––
–––

Weak
++
––
+–
–+
+–
–+
+–
–+
++
++
++
––
––
––
+–
–+

MSSM

There is a non-trivial extension of the SM, the so-called Minimally Supersymmetric
Standard Model (MSSM). Its motivation is mostly based on a beautiful mathematical idea
rather than on any physical arguments, so we will not discuss it here (see, e.g. [? ]). Notice
only that the Poincare group can be extended by including a symmetry operation which
converts bosons to fermions and vice versa. From the formal perspective the extension looks
quite logical, although the same can be said about the GUT by Georgi-Glashow.
In a supersymmetric theory any particle has the partner of the same mass and the spin
different by 1/2. For example, electron in the MSSM has a scalar partner of the same mass
– selectron. The supersymmetric partner of photon is massless photino with spin 1/2. Higgs
boson (there are two of them in the MSSM) has a spin-1/2 partner higgsino, etc. The number
of particle species in the MSSM is twice as large compared to the SM. To explain why the
superpatners of the SM particles are not observed the supersymmetry must be broken at
some energy scale MSU SY , so that the masses of the superpatners became of the order of
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∼ MSU SY . If MSU SY ≤ 103 TeV there is a hope to discover some of the superpatners at the
LHC.
Currently there is an indirect evidence in favor of the MSSM. In this theory all three
coupling constants of the SM become exactly equal at M ≈ 2.2 × 1016 GeV (and MSU SY 
M ). Besides the MSSM predicts the precise value of sin2 θ = 0.231, the parameter of the
SM which relates the coupling constants g1 and g2 to the value electron charge at Mz :
g2 (Mz ) sin θ = e(Mz ).

(203)

The proton lifetime in the MSSM τp ≈ 2×1031 yrs, which is still consistent with experimental
bounds.
The MSSM also suggests a DM candidate. For example, neutralino, a linear combination
of the superpartners of Higgs boson and gauge boson. Its mass is estimated on cosmological
grounds as ∼ 100 − 1000 GeV [? ]. Neutralino participates only in weak interactions, so there
a little hope to discover it at the LHC, the search is mostly performed at the dark matter
detectors (DAMA/LIBRA and others).
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[1] The reason why a geodesic corresponds to the longest path is due to minus sign in (1). In any
Euclidean space locally dx2 = dx2 + dy 2 , e.g. on a spherical surface dx2 = R02 (dθ2 + sin2 θdφ2 ),
and geodesic has the shortest length among all paths connecting two points on the surface.
[2] For example, near Earth surface φ = gz, where g is the gravitational acceleration, or φ =
−GM/r for a spherical mass M , etc.
[3] To verify Eq. (14) use that |ξ|  r and expand to the first order in ξ.
[4] This is here where I am cheating: the potential energy (38) is obtained in Newtonian physics by
calculating the work required to bring the particle from infinity to the sphere surface through
empty space. The RW universe is filled with energy density, which invalidates the derivation.
Nevertheless, the second Friedmann equation comes out right.
[5] Whatever the fate of theory of quantum gravity the Planck mass has already its legitimate
place in physics.
[6] Arguably it is the most counterintuitive and still debated notion of quantum theory.
[7] This effect is already present in Maxwell’ theory where point-like electron interacts with its
own field.
[8] Strictly speaking the statement is true only for hadrons made of light quarks (u, d, and s)
which masses are much smaller than the scale of strong interactions ΛQCD ∼ 300MeV. There
are reports of observation of tetraquark and pentaquark states which include at least one heavy
quark and/or antiquark (b and b̄). The experimental status of tetraquarks is still debatable.

82

[9] Chemical potential is the energy required to add one more particle to a system. If the number
of particles is not conserved, the relevant thermodynamic potential must be at minimum in
equilibrium, so the chemical potential vanishes.
[10] The results were officially recognised at 2005.
[11] Or rather there is an isospin doublet of Higgs bosons I3 = ±1/2 and hyperchrge YH = 1
[12] Notice that usually the BB is understood as the beginning of expansion which includes the
inflationary epoch as well. In these lectures I prefer to name the end of the inflationary epoch
and the ensuing reheating of the universe as the BB. Please, don’t be confused.
[13] The DM particles do not participate in the SM interactions, so their motion is due to gravity
only.
[14] In flat MS u = ct − r and v = ct + r
[15] Recall that photon is a neutral particle, so photon and antiphoton are identical.
[16] It is also possible to define path integrals for a massless particle (photon) and for spin-1/2
particle (Dirac electron), the latter propagates in the superspace (xµ , θµ ). These integrals also
have geometric meaning.
[17] A rigorous proof of existence of the path integral over all possible random surfaces (2-branes)
is still to be found!
[18] Of course, there is no singularity in string theory simply because MS is a quasiclassical limit of
massless vibrations of the string. When higher string states are excited any difference between
space-time and matter disappears.

83

