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�.�. �¥á®¢
� â¥¬ â¨ç¥áª¨© ¨áâ¨âãâ ¨¬. �.�. �â¥ª«®¢  ���,

�®áª®¢áª¨© ä¨§¨ª®-â¥å¨ç¥áª¨© ¨áâ¨âãâ (£®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â)

�¥®à¥¬  ¢«®¦¥¨ï �®¡®«¥¢  ¤«ï  ¨§®âà®¯® ¥à¥£ã«ïàëå ®¡« áâ¥©1,2

�áâ ®¢«¥  â¥®à¥¬  ¢«®¦¥¨ï ¯à®áâà áâ¢  �®¡®«¥¢  W s
p (G) ¢ ¯à®áâà áâ¢® �¥¡¥£ 

Lq(G) ¤«ï  ¨§®âà®¯® ¥à¥£ã«ïàëå ®¡« áâ¥© G ⊂ Rn à §«¨çëå ª« áá®¢.

�«îç¥¢ë¥ á«®¢ : ¯à®áâà áâ¢® �®¡®«¥¢ , â¥®à¥¬  ¢«®¦¥¨ï, ¥à¥£ã«ïà ï ®¡« áâì.

�§¢¥áâ ï â¥®à¥¬  ¢«®¦¥¨ï �®¡®«¥¢ :
Wm

p (G) ⊂ Lq(G), å à ªâ¥à¨§ã¥¬ ï ¥à ¢¥áâ¢®¬
‖f |Lq(G)‖ 6 C‖f |W s

p (G)‖ =

= C

( ∑

|α|=s

‖Dαf |Lp(G)‖+ ‖f |Lp(G)‖
)

,

s ∈ N, 1 < p < q < ∞, (1)

ãáâ ®¢«¥  ¨¬ ¢ 1938 £. (á¬. [1]) ¤«ï ®¡« áâ¨ G ⊂
⊂ Rn á ãá«®¢¨¥¬ ª®ãá  ¯à¨

s− n

p
+

n

q
> 0. (2)

�®®â®è¥¨¥ (2) (®¯à¥¤¥«ïîé¥¥ ¬ ªá¨¬ «ì® ¢®§-
¬®¦®¥ § ç¥¨¥ q ¢ â¥®à¥¬¥ (1)) ï¢«ï¥âáï ¨ ¥®¡-
å®¤¨¬ë¬ ãá«®¢¨¥¬ ¢«®¦¥¨ï. �¥§ã«ìâ â �.�. �®-
¡®«¥¢  ¡ë« ¯¥à¥¥á¥   ®¡« áâ¨ ¡®«¥¥ ®¡é¥£®
¢¨¤ : ®¡« áâ¨ ª« áá®¢ Jn−1

n
, Ip, 1

p− 1
n

(�.�. � §ìï,
1960, 1975, á¬. [2]), ®¡« áâ¨ á ãá«®¢¨¥¬ �¦® 
(John domains; �.�. �¥è¥âïª [3, 4]), ®¡« áâ¨ á
ãá«®¢¨¥¬ £¨¡ª®£® ª®ãá  (�.�. �¥á®¢, 1983, á¬. [5]).

�¯à¥¤¥«¥¨¥ ([6]). �à¨ σ > 1 ®¡« áâì
G ⊂ Rn  §ë¢ ¥âáï ®¡« áâìî á ãá«®¢¨¥¬ £¨¡ª®£®
σ-ª®ãá , ¥á«¨ ¯à¨ ¥ª®â®àëå T > 0, 0 < κ0 6
6 1 ¤«ï «î¡®£® x ∈ G áãé¥áâ¢ã¥â ªãá®ç® £« ¤ª¨©
¯ãâì

γ = γx : [0, T ] → G, γ(0) = x, |γ′| 6 1 ¯.¢.,
â ª®©, çâ®

dist(γ(t),Rn \G) > κ0t
σ ¯à¨ 0 < t 6 T. ¤

� á«ãç ¥ σ = 1 â ªãî ®¡« áâì  §ë¢ îâ â ª¦¥
®¡« áâìî á ãá«®¢¨¥¬ £¨¡ª®£® ª®ãá . �¡« áâ¨, ¥
ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î £¨¡ª®£® ª®ãá , ¡ã¤¥¬
 §ë¢ âì ¥à¥£ã«ïàë¬¨.

�«ï ¥à¥£ã«ïà®© ®¡« áâ¨ (ª®â®à ï ¢ ®ªà¥áâ-
®áâ¨ ¥ª®â®à®© â®çª¨ £à ¨æë ¬®¦¥â, ¢ ç áâ-
®áâ¨, ¨¬¥âì ¢¨¤ ¢¥è¥£® ¯¨ª ) ¢«®¦¥¨¥ (1) ¬®-
¦¥â ®ª § âìáï ¥¢¥àë¬ ¨ ¯à¨ ª ª¨å á®®â®è¥-
¨ïå ¯ à ¬¥âà®¢ ¨«¨ ¡ëâì ¢¥àë¬ ¯à¨ ¥ª®â®àëå
¡®«¥¥ á¨«ìëå, ç¥¬ (2), ãá«®¢¨ïå, á¢ï§ë¢ îé¨å
n, s, p, q ¨ § ¢¨áïé¨å ®â £¥®¬¥âà¨ç¥áª¨å á¢®©áâ¢
®¡« áâ¨ G. �.�. � §ìï ¢ë¤¥«¨« ª« ááë ®¡« áâ¥©

Iα (1960), Jp,α (1975), ¤«ï ª®â®àëå ãáâ ®¢¨« á®-
®â¢¥âáâ¢¥® ¯à¨ p = 1 ¨ ¯à¨ p > 1 â¥®à¥¬ã ¢«®-
¦¥¨ï (1) ¤«ï s = 1 á ¬ ªá¨¬ «ì® ¢®§¬®¦ë¬ q.
�« ááë Iα, Jp,α ®¯à¥¤¥«ïîâáï ¢ â¥à¬¨ å ¨§®¯¥-
à¨¬¥âà¨ç¥áª¨å ¨«¨ ¥¬ª®áâëå ¥à ¢¥áâ¢.

� [6] ¯®ª § ®, ¢ ç áâ®áâ¨, çâ® ¤«ï ®¡« áâ¨ á
ãá«®¢¨¥¬ £¨¡ª®£® σ-ª®ãá  ¢«®¦¥¨¥ (1) á¯à ¢¥¤-
«¨¢® ¯à¨ á®®â®è¥¨¨ ¯ à ¬¥âà®¢

s− σ(n− 1) + 1
p

+
n

q
> 0. (3)

�â®â à¥§ã«ìâ â ¯à¨ s = 1 ¯à¨ ¤«¥¦¨â �¨«¯¥« ©-
¥ã ¨ � «ë [8]. �.�. � ¡ãâ¨ë¬ ãáâ ®¢«¥® [9],
çâ® ãá«®¢¨¥ (3) ï¢«ï¥âáï â ª¦¥ ¨ ¥®¡å®¤¨¬ë¬ ¤«ï
¤ ®£® ¢«®¦¥¨ï.

� [6{8] á®¤¥à¦ âáï ¨ ¢¥á®¢ë¥ ®¡®¡é¥¨ï ¥-
à ¢¥áâ¢  (1) ¤«ï ®¡« áâ¨ á ãá«®¢¨¥¬ £¨¡ª®£®
σ-ª®ãá .

�«ï ®¡« áâ¥© á¯¥æ¨ «ì®£® ¢¨¤  á ãá«®¢¨¥¬
σ-ª®ãá  â¥®à¥¬  ¢«®¦¥¨ï (1) á¯à ¢¥¤«¨¢  ¨
¯à¨ á®®â®è¥¨ïå ¯ à ¬¥âà®¢, ®â«¨çëå ®â (3),
ª ª ¯®ª § ® ¢ à ¡®â å �.�. � ¡ãâ¨  [10] ¨
�.�. � §ì¨ { �.�. �®¡®àç¥£® [11].

�.�. �àãè¨ë¬ [12, 13] ¢ë¤¥«¥ë á¯¥æ¨ «ì-
ë¥ ¯®¤ª« ááë ª« áá  ®¡« áâ¥© á ãá«®¢¨¥¬ £¨¡-
ª®£® σ-ª®ãá  ¨ ãáâ ®¢«¥  â¥®à¥¬  ¢«®¦¥¨ï �®-
¡®«¥¢  ¯à¨ ¥ã«ãçè ¥¬ëå á®®â®è¥¨ïå ¯ à ¬¥â-
à®¢, à §«¨çëå ¤«ï à §ëå ¯®¤ª« áá®¢.

� ¤ ®© à ¡®â¥ ¬ë à áè¨àï¥¬ áà ¢¨â¥«ì®
á [12] ª« ááë ®¡« áâ¥©, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢ 
â¥®à¥¬  ¢«®¦¥¨ï �®¡®«¥¢  ¢ ä®à¬ã«¨à®¢ª¥ [12],
®¡®¡é ï â¥¬ á ¬ë¬ á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë
�.�. �àãè¨ . �¥â®¤ à ¡®â [6, 7, 12, 13] ®¯¨à -
¥âáï, ¢ ç áâ®áâ¨,   ®æ¥ª¨ á« ¡®£® â¨¯  (1, 1)
¤«ï ¬ ªá¨¬ «ì®£® ®¯¥à â®à  � à¤¨{�¨ââ«¢ã¤  ¨
¥£®  ¨§®âà®¯®£®   «®£ . �¤¥áì ¬ë ¯à¨¢«¥ª ¥¬
®¡®¡é¥¨¥  ¨§®âà®¯®£® ¬ ªá¨¬ «ì®£® ®¯¥à -
â®à  � à¤¨{�¨ââ«¢ã¤ , ¯®áâà®¥®¥ ¯® ¤¨ää¥-
à¥æ¨ «ì®¬ã ¡ §¨áã, á®¤¥à¦ é¥¬ã ¯àï¬®ã£®«ì-
ë¥ ¯ à ««¥«¥¯¨¯¥¤ë, à¥¡à  ®¤¨å ¨§ ª®â®àëå ¥
®¡ï§ â¥«ì® ¯ à ««¥«ìë à¥¡à ¬ ¤àã£¨å.

1� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ 11-01-00744-
a), �à®£à ¬¬ë ��� ý�®¢à¥¬¥ë¥ ¯à®¡«¥¬ë â¥®à¥â¨ç¥áª®© ¬ â¥¬ â¨ª¨þ, £à â  �à¥§¨¤¥â  �� (¯à®¥ªâ ��-65772.2010.1),
£à â  ���� ý� §¢¨â¨¥  ãç®£® ¯®â¥æ¨ «  ¢ëáè¥© èª®«ëþ (¯à®¥ªâ 2.1.1/12136).

2�£«¨©áª¨© ¯¥à¥¢®¤ ¤ ®© áâ âì¨ ®¯ã¡«¨ª®¢  ¢ Eurasian Mathematical Journal 2 (1), 32{51 (2011).
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�å¥¬  ¤ ®© à ¡®âë â ª®¢ . �«ï ®¡« áâ¨ G
®¯à¥¤¥«¥®£® â¨¯  áâà®¨âáï á¥¬¥©áâ¢® £¨¡ª¨å ª®-
ãá®¢ (á®¤¥à¦ é¨åáï ¢ G), ý¢ë¯ãé¥ëåþ ¨§ ª ¦-
¤®© â®çª¨ x ∈ G. �âà®¨âáï ¨â¥£à «ì®¥ ¯à¥¤-
áâ ¢«¥¨¥ äãªæ¨¨ f ç¥à¥§ ¥¥ ¯à®¨§¢®¤ë¥ Dαf ,
|α| = s, ¯® £¨¡ª®¬ã ª®ãáã, ¨§ ª®â®à®£® á«¥¤ãîâ
¯®â®ç¥çë¥ ®æ¥ª¨ äãªæ¨¨ ç¥à¥§ ¨â¥£à «ë, á®-
¤¥à¦ é¨¥ á®®â¢¥âáâ¢ãîé¨¥ ¯à®¨§¢®¤ë¥. �â¨¬
¯®«ãç¥¨¥ ®æ¥ª¨ ¢¨¤  (1) á¢®¤¨âáï ª ¯®«ãç¥¨î
®æ¥®ª á®®â¢¥âáâ¢ãîé¨å ¨â¥£à «ìëå ®¯¥à â®-
à®¢. �¢  ®á®¢ëå ¨â¥£à «ìëå ®¯¥à â®à  á -
ç «  ®æ¥¨¢ îâáï ç¥à¥§ ¬ ªá¨¬ «ìë© ®¯¥à â®à,
áâà®ïé¨©áï ¯® ¤¨ää¥à¥æ¨ «ì®¬ã ¡ §¨áã, á®®â-
¢¥âáâ¢ãîé¥¬ã § ¤ ®¬ã á¥¬¥©áâ¢ã £¨¡ª¨å ª®ã-
á®¢. �« ¡ ï (1, 1)-®£à ¨ç¥®áâì ¬ ªá¨¬ «ì®£®
®¯¥à â®à  ¢«¥ç¥â á« ¡ãî (p, q)-®£à ¨ç¥®áâì
ã¯®¬ïãâëå ®¯¥à â®à®¢. �®á«¥¤ïï ¢ á¨«ã ¨-
â¥à¯®«ïæ¨®®© â¥®à¥¬ë � àæ¨ª¥¢¨ç  ¢«¥ç¥â
(p, q)-®£à ¨ç¥®áâì íâ¨å ®¯¥à â®à®¢,   § ç¨â, ¨
®æ¥ªã â¥®à¥¬ë ¢«®¦¥¨ï.

� á¨«ã áª § ®£® à¥ «¨§ æ¨ï ãª § ®© áå¥¬ë
¤«ï ¤ ®© ®¡« áâ¨ G ¤®«¦   ç¨ âìáï á ¯®-
áâà®¥¨ï á®£« á®¢ ëå ¬¥¦¤ã á®¡®© á¥¬¥©áâ¢ 
£¨¡ª¨å ª®ãá®¢ ¨ ¤¨ää¥à¥æ¨ «ì®£® ¡ §¨á .
� ª®¥ ¯®áâà®¥¨¥ ®¯à¥¤¥«ï¥âáï £¥®¬¥âà¨ç¥áª¨¬¨
á¢®©áâ¢ ¬¨ ®¡« áâ¨ G.

I. � ¯®ªàëâ¨ïå â¨¯  �¥§¨ª®¢¨ç 
�¥§¤¥ ¤ «¥¥ N | ¬®¦¥áâ¢®  âãà «ìëå ç¨-

á¥«; n ∈ N, n > 2; Rn | n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâ-
à áâ¢®; ®¡« áâì G ⊂ Rn, G 6= Rn, χ | å à ªâ¥-
à¨áâ¨ç¥áª ï äãªæ¨ï ¨â¥à¢ «  (0, 1). �«ï ¨§¬¥-
à¨¬®£® ¯® �¥¡¥£ã ¬®¦¥áâ¢  E ⊂ Rn ç¥à¥§ |E|
®¡®§ ç ¥âáï ¥£® «¥¡¥£®¢  ¬¥à .

�à¨ 1 6 p < ∞
‖f‖p,E = ‖f |Lp(E)‖,

λ = (λ1, . . . , λn) ∈ [1,∞)n, min
16i6n

λi=1, |λ|=
n∑

i=1

λi,

x = (x1, . . . , xn) ∈ Rn, |x|λ = max
16i6n

|xi|1/λi ,

|x + y|λ 6 |x|λ + |y|λ.

�ë ¯¥à¥¥á¥¬ ¥ª®â®àë¥ á¢®©áâ¢  ¯®ªàëâ¨© ¬®-
¦¥áâ¢ ¢ Rn â¨¯  ¯®ªàëâ¨© �¥§¨ª®¢¨ç  (á¬. [14,
15]), ¨§¢¥áâë¥ ¤«ï á«ãç ¥¢ ¯®ªàëâ¨© è à ¬¨
¨«¨ ¯ à ««¥«¥¯¨¯¥¤ ¬¨ á à¥¡à ¬¨, ¯ à ««¥«ì-
ë¬¨ ª®®à¤¨ âë¬ ®áï¬,   á«ãç © ¯®ªàëâ¨© ¯®-
¢¥àãâë¬¨ ¯àï¬®ã£®«ìë¬¨ ¯ à ««¥«¥¯¨¯¥¤ ¬¨.

� «¥¥ ¡ã¤¥¬ áç¨â âì, çâ® ¢ Rn § ¤ ® ¥ª®â®-
à®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ ¯®¢®à®â  <0(x), § ¢¨áï-
é¨å ®â ¯ à ¬¥âà  x ∈ Rn (â.¥. «¨¥©ëå ¨§®¬¥â-
à¨ç¥áª¨å ®¯¥à â®à®¢ á det<0(x) = 1). �¥à¥§ <(x)
¡ã¤¥¬ ®¡®§ ç âì ®¯¥à â®à

<(x)y = x + <0(x)(y − x) ∀ y ∈ Rn,

ª®â®àë© ¡ã¤¥¬  §ë¢ âì ®¯¥à â®à®¬ ¯®¢®à®â  ®â-
®á¨â¥«ì® â®çª¨ x, á®®â¢¥âáâ¢ãîé¨¬ ®¯¥à â®àã
<0(x). �¯¥à â®à <0(x) (<(x)) ¬®¦¥â â ª¦¥ § -

¢¨á¥âì ®â ¤®¯®«¨â¥«ì®£® ¯ à ¬¥âà  d > 0; ¢
â ª®¬ á«ãç ¥ ¡ã¤¥¬ ®¡®§ ç âì ¥£® ç¥à¥§ <0(x, d)
(<(x, d)).

�¥à¥§ P (x) ¡ã¤¥¬ ®¡®§ ç âì ¯àï¬®ã£®«ìë©
¯ à ««¥«¥¯¨¯¥¤ á æ¥âà®¬ ¢ â®çª¥ x ¨ á à¥¡-
à ¬¨, ¥ ®¡ï§ â¥«ì® ¯ à ««¥«ìë¬¨ ª®®à¤¨ â-
ë¬ ®áï¬. �à¨ θ > 0 ç¥à¥§ θP (x) ¡ã¤¥¬ ®¡®§ -
ç âì ¯àï¬®ã£®«ìë© ¯ à ««¥«¥¯¨¯¥¤, ¯®¤®¡ë©
¤ ®¬ã, á æ¥âà®¬ ¯®¤®¡¨ï ¢ â®çª¥ x ¨ ª®íää¨-
æ¨¥â®¬ ¯®¤®¡¨ï θ.

�®«®¦¨¬ ¯à¨ d > 0

Qλ(x, d) := x +
n∏

i=1

[−dλi , dλi ].

�®¦¥áâ¢® ¢¨¤ 
<(x, d)Qλ(x, d) (1.1)

¡ã¤¥¬  §ë¢ âì λ-¯ à ««¥«¥¯¨¯¥¤®¬ á æ¥âà®¬ ¢
â®çª¥ x.

�¯à¥¤¥«¥¨¥ 1.1. �ãáâì E | ®£à ¨ç¥®¥
¬®¦¥áâ¢® ¢ Rn, ¨ ¯ãáâì ¤«ï ª ¦¤®£® x ∈ E § -
¤  ¯àï¬®ã£®«ìë© ¯ à ««¥«¥¯¨¯¥¤ P (x), ¯à¨ç¥¬
sup{diam P (x) : x ∈ E} < ∞. �ãáâì 0 < θ < 1 <
< κ < ∞.

�ã¤¥¬ £®¢®à¨âì, çâ® ¯®ªàëâ¨¥ {P (x)}x∈E ®¡-
« ¤ ¥â á¢®©áâ¢®¬ θ-®â¤¥«¨¬®áâ¨, ¥á«¨ ¨§

x, y ∈ E, P (x) ∩ P (y) 6= ∅,

y 6∈ P (x), |P (y)| 6 2|P (x)|
á«¥¤ã¥â, çâ® (θP (x)) ∩ (θP (y)) = ∅.

�ã¤¥¬ £®¢®à¨âì, çâ® ¯®ªàëâ¨¥ {P (x)}x∈E ®¡-
« ¤ ¥â á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï, ¥á«¨ ¨§

x, y ∈ E, P (x) ∩ P (y) 6= ∅,

y 6∈ P (x), |P (y)| 6 2|P (x)|
á«¥¤ã¥â, çâ® P (y) ⊂ κP (x). ¤

�¥®à¥¬  1.1. �ãáâì κ > 1 ¨ ¯ãáâì {P (x)}x∈E

| ¯®ªàëâ¨¥ ®£à ¨ç¥®£® ¬®¦¥áâ¢  E á®
á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï.

�®£¤  ¨§ ¥£® ¬®¦® ¢ë¡à âì ª®¥çãî ¨«¨
áç¥âãî ¯®á«¥¤®¢ â¥«ì®áâì ¯àï¬®ã£®«ìëå ¯ -
à ««¥«¥¯¨¯¥¤®¢ {Pk} = {P (x(k))}, ã¤®¢«¥â¢®àïî-
éãî ¯à¨ θ = 1

1 + 2κ ãá«®¢¨ï¬
(i) E ⊂ ⋃

Pk;

(ii) (θPk) ∩ (θPm) = ∅ ∀ k,m, k 6= m. ¤

�¥¬¬  1.1. �ãáâì {P (x)}x∈E | ¯®ªàëâ¨¥
®£à ¨ç¥®£® ¬®¦¥áâ¢  E ⊂ Rn á® á¢®©áâ¢®¬
θ-®â¤¥«¨¬®áâ¨, θ ∈ (0, 1). �®£¤  ¨§ ¥£® ¬®¦®
¢ë¡à âì ª®¥çãî ¨«¨ áç¥âãî ¯®á«¥¤®¢ â¥«ì-
®áâì ¯àï¬®ã£®«ìëå ¯ à ««¥«¥¯¨¯¥¤®¢ {Pk} =
= {P (x(k)}, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ i, ii. ¤

�®ª § â¥«ìáâ¢® «¥¬¬ë ¯à®¢®¤¨âáï ¯® áâ -
¤ àâ®¬ã ¯« ã ¤®ª § â¥«ìáâ¢  ¤«ï á«ãç ï ¯®-
ªàëâ¨© ªã¡ ¬¨ (á¬. [15]). �®«®¦¨¬ a0 =
= sup{|P (x)| : x ∈ E}. �ë¡¥à¥¬ ¯àï¬®ã£®«ìë©
¯ à ««¥«¥¯¨¯¥¤ P1 = P (x(1)) ∈ {P (x)}x∈E â ª¨¬,
çâ® |P (x)| > a0

2 . �ãáâì P1, . . . , Pm ã¦¥ ¢ë¡à ë.
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�á«¨ E \
m⋃

k=1

Pk = ∅, â® ¯à®æ¥áá ¢ë¡®à  § ª®ç¥.
� ¯à®â¨¢®¬ á«ãç ¥ ¯®«®¦¨¬

am = sup
{
|P (x)| : x ∈ E \

m⋃

k=1

Pk

}

¨ ¢ë¡¥à¥¬ ¯àï¬®ã£®«ìë© ¯ à ««¥«¥¯¨¯¥¤

Pm+1 = P (x(m+1)) ∈
{

P (x) : x ∈ E \
m⋃

k=1

Pk

}

â ª¨¬, çâ® |Pm+1| > am
2 .

�®ª ¦¥¬, çâ® ¢ë¯®«ï¥âáï ãá«®¢¨¥ (i): E ⊂
⊂ ⋃

Pk. �á«¨ ¯à®æ¥áá ¢ë¡®à  ®¡àë¢ ¥âáï   ª®-
¥ç®¬ è £¥, â® ãá«®¢¨¥ (i), ®ç¥¢¨¤®, ¢ë¯®«¥®.
�ãáâì {Pk} | ¡¥áª®¥ç ï ¯®á«¥¤®¢ â¥«ì®áâì.
�®£¤  |Pk| → 0 ¯à¨ k → ∞, â ª ª ª {P (x)}x∈E

| θ-®â¤¥«¨¬®¥ ¯®ªàëâ¨¥, ¢ á¨«ã ç¥£®
∑ |θPk| <

< ∞. �á«¨  ©¤¥âáï x ∈ E \
∞⋃
1

Pk, â® áãé¥áâ-

¢ã¥â â ª®¥ ç¨á«® m + 1, çâ® |Pm+1| < 1
2 |P (x)|, çâ®

¯à®â¨¢®à¥ç¨â ¢ë¡®àã â®çª¨ x(m+1). �â¨¬ ãáâ -
®¢«¥® á¢®©áâ¢® (i). �¢®©áâ¢® (ii) á«¥¤ã¥â ¨§
θ-®â¤¥«¨¬®áâ¨ ¯®ªàëâ¨ï {P (x)}x∈E ¨ á¯®á®¡  ¯®-
áâà®¥¨ï ¯®á«¥¤®¢ â¥«ì®áâ¨ {Pk}.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1. �®áâ â®ç®
¯®ª § âì, çâ® á¢®©áâ¢® κ-¯®£«®é¥¨ï ¯®ªàëâ¨ï
{P (x)}x∈E ¢«¥ç¥â á¢®©áâ¢® θ-®â¤¥«¨¬®áâ¨ íâ®£®
¯®ªàëâ¨ï ¯à¨ θ = 1

1 + 2κ , ¨ ¢®á¯®«ì§®¢ âìáï «¥¬-
¬®© 1.1. �ãáâì x, y ∈ E, ¨ ¯ãáâì P (x), P (y) | ¤¢ 
â ª¨å ¯àï¬®ã£®«ìëå ¯ à ««¥«¥¯¨¯¥¤ , çâ®

P (x) ∩ P (y) 6= ∅, y /∈ P (x),
|P (y)| 6 2|P (x)|, κP (x) ⊃ P (y).

�®ª ¦¥¬, çâ® (θP (x)) ∩ (θP (y)) = ∅ ¯à¨ θ =
= 1

1 + 2κ . �®áâ â®ç® à áá¬®âà¥âì á«ãç © x = 0

¨ P (x) =
n∏

i=1

[−ai, ai]. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨
¡ã¤¥¬ áç¨â âì, çâ® y1 > a1. �ãáâì

θ ∈ (0, 1), (θP (x)) ∩ (θP (y)) 6= ∅,

z ∈ (θP (x)) ∩ (θP (y)).

�®áª®«ìªã P (y) ⊂ κP (x), ¨¬¥¥¬ |z1 − y1| 6 2κθa1.
�§ z ∈ θP (x) ¨¬¥¥¬ |z1 − y1| > (1 − θ)a1. �§ ¯®-
á«¥¤¨å ¤¢ãå á®®â®è¥¨© á«¥¤ã¥â, çâ® 2κθa1 >
> (1− θ)a1, ®âªã¤  θ > 1

1 + 2κ . �®íâ®¬ã (θP (x))∩
∩ (θP (y)) = ∅ ¯à¨ θ = 1

1 + 2κ . �â¨¬ â¥®à¥¬  ¤®ª -
§  .

�à¨¬¥à®¬ ¯®ªàëâ¨ï (®£à ¨ç¥®£®) ¬®-
¦¥áâ¢  E ⊂ Rn á® á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï ï¢-
«ï¥âáï ¯®ªàëâ¨¥ E è à ¬¨ ¨«¨ ¯ à ««¥«¥¯¨¯¥-
¤ ¬¨ ¢¨¤  (1.1) ¯à¨ <(x, d(x)) = Id, d(x) ∈
∈ (0, d0). �®«¥¥ ®¡é¨¬ ¯à¨¬¥à®¬ ¯®ªàë-
â¨ï á® á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï ï¢«ï¥âáï ¯®ªàë-
â¨¥ áà ¢¨¬ë¬¨ ¯àï¬®ã£®«ìë¬¨ ¯ à ««¥«¥¯¨¯¥-
¤ ¬¨ (á¬. [14, § 1, § ¬¥ç ¨¥ (5)]). � «¥¥ ¡ã-
¤¥¬ ¨¬¥âì ¤¥«® «¨èì á ¯®ªàëâ¨ï¬¨ ¬®¦¥áâ¢ 
λ-¯ à ««¥«¥¯¨¯¥¤ ¬¨ (1.1) ¯à¨ ä¨ªá¨à®¢ ®¬
λ = (λ1, . . . , λn) ∈ [1,∞)n, min λi = 1.

�ãáâì λ ∈ [1,∞)n, 0 < d0 < ∞, G | ®âªàë-
â®¥ ¬®¦¥áâ¢® ¢ Rn. �«ï ª ¦¤®£® x ∈ G ç¥à¥§
Bλ(x) ®¡®§ ç¨¬ á¥¬¥©áâ¢® λ-¯ à ««¥«¥¯¨¯¥¤®¢
<(x, d)Qλ(x, d) ¢¨¤  (1.1) ¯à¨ 0 < d < d0 < ∞.
�¡ê¥¤¨¥¨¥ íâ¨å á¥¬¥©áâ¢ Bλ =

⋃
x∈G

Bλ(x) ¡ã-
¤¥¬  §ë¢ âì ¤¨ää¥à¥æ¨ «ìë¬ ¡ §¨á®¬   ¬®-
¦¥áâ¢¥ G (á¬. [14]). �à¨ κ > 1 ¡ã¤¥¬ £®¢®à¨âì, çâ®
¤¨ää¥à¥æ¨ «ìë© ¡ §¨á Bλ ®¡« ¤ ¥â á¢®©áâ¢®¬
κ-¯®£«®é¥¨ï, ¥á«¨ ¨§
x, y ∈ G, <(x, d1)Qλ(x, d1) ∩ <(y, d2)Qλ(y, d2) 6= ∅,

y /∈ <(x, d1)Qλ(x, d1), |Qλ(y, d2)| 6 2|Qλ(x, d1)|
á«¥¤ã¥â, çâ® κ<(x, d1)Qλ(y, d1) ⊃ <(y, d2)Qλ(y, d2).
�¢¥¤¥¬ ¬ ªá¨¬ «ìë© ®¯¥à â®à, ¯®áâà®¥ë© ¯®
Bλ   ¬®¦¥áâ¢¥ G ¤«ï f ∈ L(G, loc):

Mλ,<f(x) := sup
0<d<d0

1
|<(x, d)Qλ(x, d) ∩G| ×

×
∫

<(x,d)Qλ(x,d)∩G

|f(y)| dy.

�¥®à¥¬  1.2. �ãáâì ¤¨ää¥à¥æ¨ «ìë©
¡ §¨á Bλ   ¬®¦¥áâ¢¥ G ®¡« ¤ ¥â á¢®©áâ¢®¬
κ-¯®£«®é¥¨ï ¯à¨ ¥ª®â®à®¬ κ > 1. �®£¤  ¤«ï
ª ¦¤®£® τ > 0 ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®

|{x ∈ G : Mλ,<f(x) > τ} 6 C

τ
‖f |L1(G)‖, (1.2)

£¤¥ C ¥ § ¢¨á¨â ¨ ®â f , ¨ ®â τ . ¤
�®ª § â¥«ìáâ¢® â¥®à¥¬ë   «®£¨ç® ¤®ª -

§ â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥£® ãâ¢¥à¦¤¥¨ï â¥®-
à¥¬ë 1 ¨§ [15, § 1].

�à¨¢¥¤¥¬ ¢ á«ãç ¥ n = 2 ¯à¨¬¥à ®¡« áâ¨ G ∈
∈ R2 ¨ á¢ï§ ®£® á ¥© ¤¨ää¥à¥æ¨ «ì®£® ¡ -
§¨á  ¢¨¤  {<(x, d)Qλ(x, d)}x∈G, 0<d<d0 á® á¢®©áâ-
¢®¬ κ-¯®£«®é¥¨ï. �ãáâì λ = (2, 1), Qλ(x, d) =
= x + [−d2, d2]× [−d, d]. �¯¨è¥¬ á ç «  ®¡« áâì
G ⊂ Rn ¨ ¯®áâà®¨¬   ¥© á¥¬¥©áâ¢® (ãá¥ç¥-
ëå) £¨¡ª¨å ª®ãá®¢ (ª®â®àë¥ ¢¯®á«¥¤áâ¢¨¨ ¡ã-
¤ãâ á«ã¦¨âì ®á¨â¥«ï¬¨ ¨â¥£à «ì®£® ¯à¥¤áâ ¢-
«¥¨ï äãªæ¨© ç¥à¥§ ¯à®¨§¢®¤ë¥). �®áâà®¨¬ § -
â¥¬ âà¥¡ã¥¬ë© ¤¨ää¥à¥æ¨ «ìë© ¡ §¨á, á®£« -
á®¢ ë© á íâ¨¬¨ £¨¡ª¨¬¨ ª®ãá ¬¨. � ç¥¬ á
¥ª®â®àëå ¢á¯®¬®£ â¥«ìëå ¯®áâà®¥¨©.

�ãáâì k ∈ (0, 1), R ∈ (1
2 , 1

)
. �®áâà®¨¬ ªà¨¢ãî

γ̂(k, R) = γ̂1(k, R) ∪ γ̂2(k,R),

£¤¥ γ̂1(k,R) ï¢«ï¥âáï ç áâìî ®ªàã¦®áâ¨ à ¤¨-
ãá  R á æ¥âà®¬ ¢ â®çª¥

(xk,R, yk,R) =
(

1−R√
1 + k2

,
k(1−R)√

1 + k2

)
,

«¥¦ é¥© ¢ ã£«¥ {(x, y) : x > xk,R, yk,R < y < kx},  
γ̂2 | ¢¥àâ¨ª «ìë¬ «ãç®¬, ¨áå®¤ïé¨¬ ¨§ ¨¦¥©
â®çª¨ ¤ã£¨ ˆγ1(k, R) ¨  ¯à ¢«¥ë¬ ¢¨§. �®ç¥¥
£®¢®àï,
γ̂1(k, R) =

{
(x, y) : (x− xk,R)2 + (y − yk,R)2 = R2,

yk,R 6 y < kx
}
,

γ̂2(k, R) =
{
(x, y) : x = xk,R + R, y 6 yk,R

}
.



����� ����. | 2011. | �®¬ 3, ü 1 21

x

y

Gk

y

x

G

�¨á. 1

�â¬¥â¨¬, çâ® «ãç γ̂2(k, R) ª á ¥âáï ¤ã£¨
γ̂1(k, R) ¢ â®çª¥ (xk,R + R, yk,R). �®«®¦¨¬

Gk =
⋃

1
2 <R<1

γ̂(k,R) ⊂
{

(x, y) :
1√

1 + k2
< x < 1

}

(á¬. à¨á. 1), â ª çâ® Gk «¥¦¨â ¢ ¢¥àâ¨ª «ì®© ¯®-
«®á¥ è¨à¨ë ¬¥ìè¥ 1

2 k2.
�ãáâì R2

− := {(x, y) : y < 0}, e1 = (1, 0). � á-
á¬®âà¨¬ ®¡« áâì

G :=
( ∞⋃

j=1

(Gkj − 2−je1)

)
∪ R2

−,

£¤¥ 2−j−1 6 k2
j < 2−j .

�â¬¥â¨¬   ®¡« áâ¨ G á¥¬¥©áâ¢® ªà¨¢ëå

γ̂j(R) := γ̂(kj , R)− 2−je1, £¤¥ j ∈ N,
1
2

< R < 1,

á ¯®¬®éìî ª®â®àëå ¯®áâà®¨¬   G ¤¨ää¥à¥æ¨-
 «ìë© ¡ §¨á. � á®áâ®¨â ¨§ ¢á¥å ¯àï¬®ã£®«ì¨-
ª®¢ ¢¨¤ 
<((x, y), d)Qλ((x, y), d) =

= <((x, y), d)
(
(x, y) + [−d2, d2]× [−d, d]

)
,

(x, y) ∈ G, 0 < d < d0 < 1,

à á¯®«®¦¥ëå á«¥¤ãîé¨¬ ®¡à §®¬. ��®«ìè ï
áâ®à®  ¯àï¬®ã£®«ì¨ª  «¨¡® ¢¥àâ¨ª «ì , «¨¡®
®âª«®ï¥âáï ®â ¢¥àâ¨ª «¨   ã£®«, ¥ ¯à¥¢®áå®-
¤ïé¨© π

4 . �á«¨ â®çª  (x, y) «¥¦¨â   ªà¨¢®©
γ̂j(R) ¨ y > 0, â® á¥à¥¤¨  ¨¦¥© ¨§ ¬ «ëå áâ®-
à® ¯àï¬®ã£®«ì¨ª  â ª¦¥ «¥¦¨â   íâ®© ªà¨-
¢®© ¢ â®çª¥ ¥¥ á ®à¤¨ â®©, ¬¥ìè¥© ç¥¬ y. � -
ª¨¬ ®¡à §®¬, ¡®«ìè ï ¯®«ã®áì ¯àï¬®ã£®«ì¨ª 
<((x, y), d)Qλ((x, y), d), à á¯®«®¦¥ ï ¨¦¥ ¥£®
æ¥âà , ï¢«ï¥âáï å®à¤®© ªà¨¢®© γ̂j(R). �á«¨ ¦¥
y < 0, â® <((x, y), d) = Id. �¥®¬¥âà¨ç¥áª¨ ¤®-
¢®«ì® ïá® (¬®¦® ã¡¥¤¨âìáï ¨   «¨â¨ç¥áª¨),
çâ® ¯®áâà®¥ë© ¤¨ää¥à¥æ¨ «ìë© ¡ §¨á ®¡« -

¤ ¥â á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï ¯à¨ ¥ª®â®à®¬ κ >
> 1.

�®áâà®¨¬ á¥¬¥©áâ¢® (ãá¥ç¥ëå) £¨¡ª¨å ª®ã-
á®¢ ¯à¥¤áâ ¢«¥¨ï äãªæ¨©.

�ãáâì (x0, y0) ∈ G. �®áâà®¨¬ ®áì ª®ãá  c ¢¥à-
è¨®© ¢ â®çª¥ (x0, y0). �ãáâì á ç «  (x0, y0) ∈
∈ R2

−. �®£¤  ¢ ª ç¥áâ¢¥ ®á¨ ª®ãá  ¢®§ì¬¥¬ ªà¨-
¢ãî

γ(x0, y0) := {(x0, y) : y = y0 − t, 0 6 t 6 T},
  ¢ ª ç¥áâ¢¥ ãá¥ç¥®£® £¨¡ª®£® ª®ãá  ¯à¥¤áâ ¢-
«¥¨ï äãªæ¨©

⋃
0<t<T

Qλ

(
(x0, y0 − t), t

2

)
.

�ãáâì â¥¯¥àì (x0, y0) ∈ G \ R−2. �®£¤  ¢ ª -
ç¥áâ¢¥ ®á¨ £¨¡ª®£® ãá¥ç¥®£® ª®ãá  ¢®§ì¬¥¬ ªà¨-
¢ãî

γ(x0, y0) = γ0(x0, y0) ∪ γ̂j(xj , y0)

á  ç «®¬ ¢ â®çª¥ (x0, y0), £¤¥ γ0(x0, y0) | £®à¨-
§®â «ìë© ®âà¥§®ª, á®¥¤¨ïîé¨© â®çªã (x0, y0) ¨
â®çªã (xj , y0) ªà¨¢®© γ̂j(3

4 ),   ªà¨¢ ï γ̂j(xj , y0) ï¢-
«ï¥âáï ¤ã£®© ª®¥ç®© ¤«¨ë ªà¨¢®© γ̂j(3

4 ), ¨¬¥¥â
 ç «® ¢ â®çª¥ (xj , y0) ¨ à á¯®«®¦¥  ®â íâ®©
â®çª¨ ¢¨§. �à¨¢ãî γ(x0, y0) ¯ à ¬¥âà¨§ã¥¬ á ¯®-
¬®éìî ¯ à ¬¥âà  t, ª¢ ¤à â ª®â®à®£®   γ0(x0, y0)
á®¢¯ ¤ ¥â á ¤«¨®© ®âà¥§ª  γ0(x0, y0), ®âáç¨âë¢ -
¥¬®© ®â â®çª¨ (x0, y0) (0 6 t 6 t(x0, y0)),    
γ̂j(xj , y0) t = t(x0, y0) + u, £¤¥ u | ¤«¨  ¤ã£¨
γ̂j(xj , y0), ®âáç¨âë¢ ¥¬ ï ®â â®çª¨ (xj , y0) ¢ áâ®-
à®ã ã¬¥ìè¥¨ï ®à¤¨ âë y ªà¨¢®© γ̂j(xj , y0),
¯à¨ç¥¬ 0 6 u 6 T − t(x0, y0) (â ª ï á¯¥æ¨ «ì ï
¯ à ¬¥âà¨§ æ¨ï ã¦ , çâ®¡ë ¢ë¯®«ï«¨áì ãá«®-
¢¨ï ®¯à¥¤¥«¥¨© á«¥¤ãîé¥£® à §¤¥« ).

�®çªã ªà¨¢®© γ(x0, y0) á® § ç¥¨¥¬ ¯ à -
¬¥âà  t ¡ã¤¥¬ ¤«ï ªà âª®áâ¨ ®¡®§ ç âì γ(t), 0 6
6 t 6 T . �¡®§ ç¨¬ ç¥à¥§ Q

(t)
λ ¯àï¬®ã£®«ì¨ª

Qλ, ¯®¢¥àãâë©   ã£®«, ý¤®áâ â®ç® ¡«¨§ª¨©þ ª
ã£«ã ®âª«®¥¨ï ª á â¥«ì®© ª ªà¨¢®© γ (  ¥¥ ¥-
£®à¨§®â «ì®¬ ãç áâª¥) ®â ¢¥àâ¨ª «¨, ¥ ª®ªà¥-
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â¨§¨àãï á¥©ç á ®¯¥à â®à ¯®¢®à®â  <t : Qλ(γ(t)) →
→ Q

(t)
λ (γ(t)) (  £®à¨§®â «ì®¬ ãç áâª¥ ã£®« ¯®-

¢®à®â  à ¢¥ ã«î). �®áâà®¨¬ £¨¡ª¨© ãá¥ç¥ë©
ª®ãá ¯à¥¤áâ ¢«¥¨ï äãªæ¨© ¢ ¢¨¤¥

⋃

0<t6T

Q
(t)
λ

(
γ(t), r(x0, y0) + εt

)
,

£¤¥ r(x0, y0) > 0, ε > 0 áâ®«ì ¬ «ë, çâ®
⋃

0<t6T

Q
(t)
λ

(
γ(t), 2(r(x0, y0) + εt)

) ⊂ G.

II. �« áá à áá¬ âà¨¢ ¥¬ëå ®¡« áâ¥©
¨ ®á®¢ ï â¥®à¥¬ 

�¯à¥¤¥«¥¨¥ 2.1. �ãáâì G0, G | ®âªàëâë¥
¬®¦¥áâ¢  ¢ Rn, G0 ⊂ G, λ = (λ1, . . . , λn) ∈
∈ [1,∞)n, min

1616n
λi = 1, d0 ∈ (0,∞), κ > 1.

�ãáâì   G0 § ¤  ¤¨ää¥à¥æ¨ «ìë© ¡ §¨á
á® á¢®©áâ¢®¬ κ-¯®£«®é¥¨ï ¨ á® á¢®©áâ¢®¬ ¬®®-
â®®áâ¨:
<(x, h)Qλ(x, h) ⊂ <(x, d)Qλ(x, d) ¯à¨ h < d.

�ãáâì ¤«ï ª ¦¤®£® x ∈ G0 § ¤ ë ªãá®ç®
£« ¤ª¨© ¯ãâì γ = γx : [0, tx] → G, γ(0) =
= x, ¥¯à¥àë¢ ï ªãá®ç® £« ¤ª ï äãªæ¨ï r =
= rγ : [0, tx] → (0,∞), á¥¬¥©áâ¢® ®¯¥à â®à®¢ ¯®¢®-
à®â  <t = <t(γ(t)) ¨ á¥¬¥©áâ¢® á®¯à®¢®¦¤ îé¨å
γ λ-¯ à ««¥«¥¯¨¯¥¤®¢ {<tQλ(γ(t), rγ(t))}06t6tx á®
á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨.
1◦. �á¥ç¥ë© £¨¡ª¨© ª®ãá⋃

06t6tx

(
2<tQλ(γ(t), rγ(t))

)
«¥¦¨â ¢ G.

2◦. ∃ ε0 ∈ (0, 1) : r(tx) > ε0 ∀x ∈ G0.
3◦. γx(t) ∈ <(x, t)Qλ(x, t) ∀ t ∈ [0, tx].
4◦. � âà¨æ  ¯à¥®¡à §®¢ ¨ï <t = <t(γ(t)) ¥¯à¥-

àë¢  ¨ ªãá®ç® ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã-
¥¬  ¯® t. �à®¨§¢®¤ë¥ ¯® t ®â r, γ ¨ ª®íää¨æ¨-
¥â®¢ ¬ âà¨æë ¯à¥®¡à §®¢ ¨ï <t ®£à ¨ç¥ë
ç¨á«®¬, ¥ § ¢¨áïé¨¬ ®â x, t, ¯à¨ç¥¬ |γ′| 6 1.

5◦. ∃ ε1 > 0: <tQt(γ(t), rγ(t)) 6⊂ <(x, d)Qλ(x, d) ⇒
⇒ rγ(0) + t > ε1d.

6◦. ∃C0 > 0:
∫ 1

rγ(t)
χ
( |<−1

t y − γ(t)|λ
rγ(t)

)
dt 6 C0

∀x ∈ G0, ∀ y ∈ G.

�®£¤  ¡ã¤¥¬ ¯¨á âì G0 ∈ G(G,λ). ¤

�¯à¥¤¥«¥¨¥ 2.2. �ãáâì G =
k0⋃
1

Gk, Gk ∈
∈ G(G,λk), Λ := max

16k6k0
|λk|. �®£¤  ¡ã¤¥¬ ¯¨á âì

G ∈ G(Λ). ¤
�¯à¥¤¥«¥¨¥ 2.3. �ãáâì λ ∈ [1,∞)n, min λi =

= 1, σ > 1. �ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® G0

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î λ- ¨§®âà®¯®£® £¨¡ª®£®
σ-ª®ãá  ®â®á¨â¥«ì® ¬®¦¥áâ¢  G, ¨ ¯¨á âì
G0 ∈ G(G,λ, σ), ¥á«¨ G0 ∈ G(G, λ), ¨ ¯à¨ íâ®¬ ¤«ï
ª ¦¤®£® x ∈ G0 ¤«ï äãªæ¨¨ rγ ¨§ ®¯à¥¤¥«¥¨ï
ª« áá  G(G, λ) á¯à ¢¥¤«¨¢  ®æ¥ª  rγ(t) > c0t

σ ¯à¨
t ∈ (0, tx], £¤¥ c0 > 0 ¥ § ¢¨á¨â ®â x ∈ G0. ¤

�¯à¥¤¥«¥¨¥ 2.4. �ãáâì G =
k0⋃

k=1

Gk, Gk ∈
∈ G(G,λk, σ) ¯à¨ k = 1, . . . , k0, Λ = max |λk|.
�®£¤  ¡ã¤¥¬ £®¢®à¨âì, çâ® ¬®¦¥áâ¢® G ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨î £¨¡ª®£® (Λ, σ)-ª®ãá , ¨ ¯¨á âì G ∈
∈ G(Λ, σ). ¤

�à¨ δ > 0 ¢¢¥¤¥¬ Gδ := {x ∈ G : dist(x, ∂G) >
> δ}.

�¥®à¥¬  2.1. �ãáâì σ > 1, G ∈ G(Λ, σ), 1 <
< p < q < ∞,

s− σ(Λ− 1) + 1
p

+
Λ
q

> 0.

�®£¤  ¤«ï f ∈ W s
p (G) á¯à ¢¥¤«¨¢  ®æ¥ª 

‖f |Lq(G)‖ 6 C

( ∑

|α|=s

‖Dαf |Lp(G)‖+ ‖f |Lp(Gδ)‖
)

,

δ = εΛ
0 , (2.1)

£¤¥ ¯®áâ®ï ï C ¥ § ¢¨á¨â ®â f .
�á«¨ ¯à¨ íâ®¬ s − σ(Λ− 1) + 1

p + Λ
q > 0, â®

ãâ¢¥à¦¤¥¨¥ á¯à ¢¥¤«¨¢® ¯à¨ 1 6 p < q < ∞. ¤
�®ª § â¥«ìáâ¢® â¥®à¥¬ë ¡ §¨àã¥âáï   ¢á¥å ¯®-

á«¥¤ãîé¨å à áá¬®âà¥¨ïå ¨ ¡ã¤¥â ¯à¨¢¥¤¥® ¢
ª®æ¥ à ¡®âë.

III. �â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥
äãªæ¨© ¨ ¯®â®ç¥çë¥ ®æ¥ª¨

�à¨ ¢ë¢®¤¥ ¨â¥£à «ì®£® ¯à¥¤áâ ¢«¥¨ï
äãªæ¨¨ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®  ¡¥áª®¥ç®
¤¨ää¥à¥æ¨àã¥¬    ®âªàëâ®¬ ¬®¦¥áâ¢¥ | ®¡-
« áâ¨ á¢®¥£® ®¯à¥¤¥«¥¨ï.

�ãáâì x ∈ G0, Γ = (Γ1, . . . , Γn) : [0, tx] → G,
r = (r1, . . . , rn) : [0, tx] → (0,∞)n | ¥¯à¥àë¢ë¥
ªãá®ç® £« ¤ª¨¥ äãªæ¨¨, |Γ′| 6 1, ri(0) = 0, 0 <
< ri(t) 6 t ¯à¨ t > 0 (i = 1, . . . , n), ®¯¥à â®à
<t = <t(Γ(t)) ¯®¢®à®â  ®â®á¨â¥«ì® â®çª¨ Γ(t)
| ¥¯à¥àë¢®¥ ªãá®ç® £« ¤ª®¥ ¯® ¯ à ¬¥âàã t
¯à¥®¡à §®¢ ¨¥. �®«®¦¨¬ <0

t (y) := <t(Γ(t) + y)−
− Γ(t). �ãáâì {ei}n

1 | áâ ¤ àâë© ¡ §¨á ¢ Rn,
<0

t ei =
n∑

j=1

aij(t)ej ,

<0
t y = <0

t

(
n∑

i=1

yiei

)
=

n∑

i=1

yi<0
t ei =

=
n∑

i=1

n∑

j=1

yiaij(t)ej =
n∑

j=1

(
n∑

i=1

aij(t)yi

)
ej .

�ãáâì
ω ∈ C∞0 (R1), supp ω ∈ [0, 1],

∫
ω(t) dt = 1, Ω(y) =

n∏

i=1

ω(yi).

�®«®¦¨¬

ft(x) =
∫ n∏

i=1

1
ri(t)

ω

(
yi

ri(t)

)
f(Γ(t) + <0

t y) dy =
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=
∫

Ω(y)f
(
Γ(t) + <0

t (r(t)y)
)
dy, (3.1)

£¤¥ r(y) := (r1(t), . . . , rn(t)). � ¬¥â¨¬, çâ® ft(x) →
→ f(x) ¯à¨ t → 0,
∂

∂t
ft(x) =

∫
Ω(y)

n∑

j=1

Djf
(
Γ(t) + <0

t (r(t)y)
)×

×
{

Γ′j(t) +
n∑

i=1

[
a′ij(t)ri(t)yi + aij(t)r′i(t)yi

]
}

dy =

=
∫ n∏

i=1

1
ri(t)

ω

(
yi

ri(t)

) n∑

j=1

Djf(Γ(t)+

+<0
t y)

{
Γ′j(t) +

n∑

i=1

[
a′ij(t)yi + aij(t)

r′i(t)
ri(t)

yi

]}
dy.

�âáî¤ 
∣∣∣∣
∂

∂t
ft(x)

∣∣∣∣ 6 C

∫ n∏

i=1

1
ri(t)

∣∣∣∣ω
(

yi

ri(t)

)∣∣∣∣×

×
n∑

j=1

∣∣Djf(Γ(t) + <0
t y)

∣∣ dy. (3.2)

� á¨«ã â¥®à¥¬ë �ìîâ® {�¥©¡¨æ :

|f(x)| 6 C

tx∫

0

n∏

i=1

ri(t)−1

∫

06yi6ri(t),
i=1,...,n

n∑

j=1

∣∣Djf(Γ(t) +

+<0
t y)

∣∣ dy dt + |ftx(x)|. (3.3)

� «¥¥ ®£à ¨ç¨¬áï á«ãç ¥¬ r(t) = (r(t)λ1 , . . . ,
r(t)λn) ¯à¨ ä¨ªá¨à®¢ ®¬ λ = (λ1, . . . , λn) ∈
∈ [1,∞)n, min λi = 1.

�¥¬¬  3.1. �ãáâì ®¡« áâì G ⊂ Rn, R > 0,
λ ∈ [0,∞)n, min λi = 1, x ∈ G, Γ: [0, tx] → G | ªã-
á®ç® £« ¤ª¨© ¯ãâì, Γ(0) = x, r : [0, tx] → [0,∞) |
¥¯à¥àë¢ ï ªãá®ç® £« ¤ª ï äãªæ¨ï, r(0) = 0,
r(t) > 0 ¯à¨ t > 0. �ãáâì <tQλ(Γ(t), r(t)) ⊂ G,
|r′(t)| 6 C1, |Γ′(t)| 6 1 ¤«ï ¯.¢. t ∈ [0, tx], ª®íä-
ä¨æ¨¥âë aij ¬ âà¨æë ¯à¥®¡à §®¢ ¨ï <0

t | ¥-
¯à¥àë¢ë¥ ªãá®ç® £« ¤ª¨¥ äãªæ¨¨ ®â t, ¯à¨ç¥¬
|a′ij | 6 C2.

�®£¤ 

|f(x)| 6 C

tx∫

0

ts−1r(t)−|λ|
∫

|y|<r(t)

∑

|α|=s

|Dαf(Γ(t)+

+<0
t y)| dy dt + C

∫

|y|λ<r(tx)

|f(Γ(tx) + <0
tx

y)| dy, (3.4)

£¤¥ C = C(C1, C2) ¥ § ¢¨á¨â ®â f ¨ x ∈ G. ¤
�®ª § â¥«ìáâ¢®. �áâ ®¢¨¬ á ç « , çâ® ¢

ãá«®¢¨ïå «¥¬¬ë

|f(x)| 6 C

tx∫

0

ts−1r(t)−|λ|
∫

|y|<r(t)

∑

|α|=s

|Dαf(Γ(t)+

+<0
t y|) dy dt + C

∑

|β|6s−1

|(Dβf)tx(x)|, (3.5)

£¤¥ C ¥ § ¢¨á¨â ®â f ¨ x ∈ G.

� ¬¥â¨¬, çâ® ¯à¨ s = 1 ®æ¥ª  (3.5) á®¢¯ -
¤ ¥â á (3.3). �®¯ãáâ¨¬, çâ® ¯à¨ ¥ª®â®à®¬ s >
> 2 ®æ¥ª  (3.5) ¢¥à  ¯à¨ § ¬¥¥ ¢ ¥© s   s −
− 1. �®ª ¦¥¬, çâ® â®£¤  ®  ¢¥à  ¢ ¢¨¤¥ (3.5).
� ä¨ªá¨àã¥¬ t ¨ y,   § ç¨â, ¨ <0

t ¢ ¥¥ ¯®¤ëâ¥£-
à «ì®¬ ¢ëà ¦¥¨¨ (y ∈ Q

(t)
λ (Γ(t), r(t))). �à¨ y 6=

6= Γ(t) ¯®áâà®¨¬ ¯ãâì Γt : [0, tx − t + r(t)] → G ¨
¢¥ªâ®à-äãªæ¨î ρ = (ρλ1 , . . . , ρλn), £¤¥ ρ : [0, tx −
− t + r(t)] → [0,∞).

�®«®¦¨¬ u∗ = |y − Γ(t)|λ, u∗ := tx − t + r(t),
Γt(u) =

=





y + <0
t

[( u
u∗

)λ×
×(<0

t )
−1(y − Γ(t))

]
, 0 6 u 6 u∗,

Γ(t), u∗ 6 u 6 r(t),
Γ(t + u− r(t)), r(t) 6 u 6 u∗,

(3.6)

ρ(u) =
{

u ¯à¨ 0 < u < r(t),
r(t + u− r(t)) ¯à¨ r(t) 6 u 6 u∗. (3.7)

�æ¥ª  (3.3) ¤«ï y ∈ Q
(t)
λ (Γ(t), r(t)), ¯ãâ¨ Γt, äãª-

æ¨¨ Dβf ¢¬¥áâ® f ¯à¨ |β| = s−1 ¨ ¢¥ªâ®à-äãªæ¨¨
ρ ¤ ¥â
|Dβf(y)| 6

6 C

u∗∫

0

u−|λ|
∫

|z|λ<u

∑

|α|=s

|Dαf(Γt(u) + <0
t z)| dz du+

+C

r(t)∫

u∗

u−|λ|
∫

|z|λ<u

∑

|α|=s

|Dαf(Γ(t) + <0
t z)| dz du+

+C

u∗∫

r(t)

r(t−r(t)+u)−|λ|
∫

|z|λ6r(t−r(t)+u)

∑
|α|=s

∣∣Dαf
(
Γ(t−r(t)+u)+

+<0
t−r(t)+uz

)∣∣ dz du + |(Dβf)tx(x)|. (3.8)

�¥à¢ë© ¨§ ¨â¥£à «®¢ ¯® z ¢ (3.8):

I1 =
∫

|(<0
t )−1(z−Γt(u))|λ<u,

|(<0
t )−1(z−Γ(t))|λ<r(t)

∑

|α|=s

|Dαf(z)| dz.

�®

(<0
t )
−1(z−Γt(u)) = (<0

t )
−1

(
z−y−

( u

u∗

)λ

(y−Γ(t))
)
,

â ª çâ® ¥à ¢¥áâ¢® |(<0
t )−1(z−Γt(u))|λ < u ¢«¥ç¥â

¥à ¢¥áâ¢®

|(<0
t )
−1(z − y)|λ 6

∣∣∣
( u

u∗

)λ

(<0
t )
−1(y − Γ(t))

∣∣∣
λ

+ u 6

6 u

u∗
|(<0

t )
−1y − Γ(t)|λ + u 6 2u,

®âªã¤ 

I1 6
∫

|(<0
t )−1(z−y)|λ62u,

|(<0
t )−1(z−Γ(t))|λ<r(t)

∑

|α|=s

|Dαf(z)| dz.

�â®à®© ¨§ ¨â¥£à «®¢ ¯® z ¢ (3.8)

I2 =
∫

|(<0
t )−1(z−Γ(t))|λ<u

∑
|α|=s

|Dαf(z)| dz, u ∈ [u∗, r(t)].
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�® (<0
t )−1(z − Γ(t)) = (<0

t )−1(z − y) + (<0
t )−1(y −

− Γ(t)), ®âªã¤  ¯à¨ |(<0
t )
−1(z − Γ(t))|λ < u ¨¬¥¥¬

|(<0
t )
−1(z − y)|λ 6

6 u + |(<0
t )
−1(y − Γ(t))|λ = u + u∗ 6 2u.

� ª çâ®

I2 6
∫

|(<0
t )−1(z−y)|λ62u,

|(<0
t )−1(z−Γ(t))|λ<r(t)

∑

|α|=s

|Dαf(z)| dz.

�«¥¤®¢ â¥«ì®, ¨§ (3.8) ¨¬¥¥¬

|Dβf(<0
t y)| 6

6 C

r(t)∫

0

u−|λ|
∫

|z−y|λ62u,

|z−Γ(t)|λ<r(t)

∑
|α|=s

|Dαf(<0
t z)| dz du +

+C

tx∫

t

r(u)−|λ|
∫

|z|λ<r(u)

∑

|α|=s

|Dαf(Γ(u) + <0
uz)| dz du+

+|(Dβf)tx(x)|.
�âáî¤  ¯à¨ |y − Γ(t)|λ < r(t)

|Dβf(<0
t y)| 6 C1

∫

|z−y|λ62r(t),

|z−Γ(t)|λ<r(t)

|z − y|1−|λ|λ

∑

|α|=s

|Dαf(<0
t z)| dz +

+C

tx∫

t

r(u)−|λ|
∫

|z|λ<r(u)

∑
|α|=s

|Dαf(Γ(u) + <0
uz)| dz du+

+|(Dβf)tx(x)|. (3.9)

�à®¨â¥£à¨àã¥¬ íâ® ¥à ¢¥áâ¢® ¯® y ∈ {y : |y −
− Γ(t)|λ < r(t)} ⊂ {y : |y − z|λ 6 2r(t)}. � ¬¥â¨¬
¯à¥¤¢ à¨â¥«ì®, çâ®

∫

|y−Γ(t)|λ<r(t)

|z − y|1−|λ|λ dy 6
∫

|w|λ62r(t)

|w|1−|λ|λ dw 6 C2r(t).

�®£¤ 
∫

|y−Γ(t)|λ<r(t)

|Dβf(<0
t y)| dy 6

6 C3r(t)
∫

|z−Γ(t)|λ<r(t)

∑
|α|=s

|Dαf(<0
t z)| dz+

+Cr(t)|λ|
tx∫

t

r(u)−|λ|
∫

|z|λ<r(u)

∑
|α|=s

|Dαf(Γ(u)+

+<0
uz)| dz du + r(t)|λ||(Dβf)tx(x)|.

�®¤áâ ¢«ïï íâã ®æ¥ªã ¢ ¥à ¢¥áâ¢® (3.5), ¢ ª®-
â®à®¬ s § ¬¥¥®   s− 1, ¯®«ãç¨¬ ®æ¥ªã

|f(x)| 6

6 C4

tx∫

0

ts−2r(t)1−|λ|
∫

|z|λ<r(t)

∑
|α|=s

|Dαf(Γ(t)+<0
t z)| dz dt+

+C4r(t)|λ|
tx∫

0

ts−2

tx∫

t

r(u)−|λ|×

×
∫

|z|λ<r(u)

∑

|α|=s

|Dαf(Γ(u) + <0
uz)| dz du dt+

+C
∑

|β|6s−1

|(Dβf)tx(x)|. (3.10)

�¥ïï ¯®àï¤®ª ¨â¥£à¨à®¢ ¨ï ¢® ¢â®à®¬ á« £ -
¥¬®¬ ¨ ¢ëç¨á«ïï ¨â¥£à « ¯® t, á ãç¥â®¬ ®£à ¨-
ç¥®áâ¨ r(t) ¯®«ãç ¥¬ ®æ¥ªã (3.5).

�æ¥¨¬ á« £ ¥¬ë¥ |Dβ |, |β| 6 s − 1, ¨§ ¯à ¢®©
ç áâ¨ (3.5). �á¯®«ì§ãï ®¯à¥¤¥«¥¨¥ ft ¨ ¯à¨¬¥ïï
¯à¨ 0 < |β| 6 s − 1 ¨â¥£à¨à®¢ ¨¥ ¯® ç áâï¬,
¯®«ãç ¥¬

|(Dβf)tx
(x)| 6 cβ

∫

|y|λ<r(tx)

|f(Γ(tx) + <0
t y)| dy. (3.11)

�§ (3.10), (3.11) á«¥¤ã¥â (3.4).
�¥¬¬  3.2. �ãáâì G0, G | ®âªàëâë¥ ¬®-

¦¥áâ¢  ¢ Rn, G0 ∈ G, λ = (λ1, . . . , λn) ∈ [1,∞),
min λi = 1.

�ãáâì ¤«ï ª ¦¤®£® x ∈ G0 § ¤ ë ªãá®ç®
£« ¤ª¨© ¯ãâì γ = γx : [0, tx] → G, γ(0) = x, ¥¯à¥-
àë¢ ï ªãá®ç® £« ¤ª ï äãªæ¨ï r = rγ : [0, tx] →
→ (0,∞) ¨ á¥¬¥©áâ¢® á®¯à®¢®¦¤ îé¨å γ
λ-¯ à ««¥«¥¯¨¯¥¤®¢ {<tQλ(γ(t), r(t))}06t6tx á®
á¢®©áâ¢ ¬¨ 1, 2, 4 ¨§ ®¯à¥¤¥«¥¨ï 2.1.

�®£¤  ¤«ï f ∈ C∞(G), x ∈ G0 á¯à ¢¥¤«¨¢ 
®æ¥ª 

|f(x)| 6 CA1

( ∑

|α|=s

|Dαf |
)

(x)+

+CA2

( ∑

|α|=s

|Dαf |
)

(x) + CA3f(x), (3.12)

£¤¥

A1g(x) =

rγ(0)∫

0

ts−1−|λ|
∫

|y|λ<t

g(x+<0
0y) dy dt, (3.13)

A2g(x) =

tx∫

0

(t + rγ(0))s−1rγ(t)−|λ|×

×
∫

|y|λ<rγ(tx)

|g(γ(t) + <0
t y)| dy dt, (3.14)

A3f(x) =
∫

|y|<rγ(tx)

|f(γ(t) + <0
tx

y)| dy, (3.15)

  ¯®áâ®ï ï C ¥ § ¢¨á¨â ®â f , x, γ, rγ . ¤
�®ª § â¥«ìáâ¢®. �® ¤ ®¬ã ¯ãâ¨ γ ¨ äãª-

æ¨¨ r = rγ ¯®áâà®¨¬ ¯ãâì Γ:

Γ(t) =
{

γ(0) ¯à¨ 0 6 t 6 r(0),
γ(t− r(0)) ¯à¨ r(0) 6 t 6 tx + r(0).
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�¢ï¦¥¬ á ¯ãâ¥¬ Γ ªãá®ç® £« ¤ªãî äãªæ¨î rΓ:

rΓ(t) =
{

t ¯à¨ 0 6 t 6 r(0),
r(t− r(0)) ¯à¨ r(0) 6 t 6 tx + r(0)

¨ ®¯¥à â®à ¯®¢®à®â 
<t(Γ(t)) =

=
{<0(γ(0)) ¯à¨ 0 < t 6 r(0),
<t−r(0)(γ(t− r(0))) ¯à¨ r(0) 6 t 6 tx + r(0).

� ¬¥¨¢ ¢ (3.4) Γ, rΓ, <t(Γ(t)) ¨å ¢ëà ¦¥¨ï¬¨
ç¥à¥§ γ, r, <t(γ(t)), ¯®«ãç¨¬ âà¥¡ã¥¬®¥.

IV. �¥ª®â®àë¥ ®æ¥ª¨ ¨â¥£à «ìëå
®¯¥à â®à®¢

�ãáâì G0, G | ®âªàëâë¥ ¬®¦¥áâ¢  ¢ Rn,
G0 ⊂ G. � áá¬®âà¨¬ ®¯¥à â®à

Kf(x) =
∫

G

k(x, y)f(y) dy, x ∈ G0, (4.1)

£¤¥ k : G0×G → R | ¨§¬¥à¨¬ ï ¥®âà¨æ â¥«ì ï
äãªæ¨ï.

�¢¥¤¥¬

k(x, y, d) :=
(

1−χ

( |(<0(x, d))−1(y − x)|λ
d

))
k(x, y)

¯à¨ x ∈ G0, y ∈ G, d > 0,
|||k|||p,q := sup

x∈G0,
0<d<∞

‖k(x, ·, d)|Lp′(G)‖ |<Qλ(x, d)| 1q .

�¥¬¬  4.1. �ãáâì 1 6 p < q < ∞, K | ¨-
â¥£à «ìë© ®¯¥à â®à (4.1) á ï¤à®¬ k. �®£¤  ¤«ï
x ∈ G0

|Kf(x)| 6 4
(

1
p
− 1

q

)− p
q

×

×|||k|||p,q‖f |Lp(G)‖1− p
q Mλ,<(|f |p)(x)

1
q . ¤ (4.2)

�â  «¥¬¬  ®¡®¡é ¥â ¥¢¥á®¢ë¥ à¥§ã«ìâ âë
�.�. �®ª¨« è¢¨«¨, �.�. � ¡¨¤§ è¢¨«¨ [16, 17]
¨ �.�. �àãè¨  [12] ¢ ®â®è¥¨¨ ¢¨¤  ¯®ªàë-
â¨ï â¨¯  �¥§¨ª®¢¨ç  ¨ á®®â¢¥âáâ¢ãîé¥£® ¥¬ã ¢¨¤ 
¬ ªá¨¬ «ì®£® ®¯¥à â®à .

�®ª § â¥«ìáâ¢®. �®¦® áç¨â âì, çâ®
‖f |Lp(G)‖ > 0 ¨ çâ® ¯à ¢ ï ç áâì (4.2) ª®-
¥ç . �®«®¦¨¬ à ¤¨ ªà âª®áâ¨ ®¡®§ ç¥¨©
<Qλ(x, d) := <(x, d)Qλ(x, d). � áá¬®âà¨¬ ¯®-
á«¥¤®¢ â¥«ì®áâì {di}∞0 : d0 = d, |Qλ(x, di)| =
= 2−i|Qλ(x, d)|. �à¥¤áâ ¢¨¬ Kf(x) ¢ ¢¨¤¥

Kf(x) =
∫

G\<Qλ(x,d)

k(x, y)f(y) dy+

+
∞∑

i=0

∫

<Qλ(x,di)\<Qλ(x,di+1)

k(x, y)f(y) dy.

�à¨¬¥¨¢ ¥à ¢¥áâ¢® �ñ«ì¤¥à  á ¯®ª § â¥-
«ï¬¨ p, p′ ª ª ¦¤®¬ã ¨§ á« £ ¥¬ëå ¯à ¢®© ç áâ¨,
¯®«ãç¨¬
|Kf(x)| 6

6 |||k|||p,q|Qλ(x, d)|− 1
q ‖f |Lp(G \ <Qλ(x, d))‖+

+
∞∑

i=0

|||k|||p,q|Qλ(x, di)|−
1
q×

×
∥∥f

∣∣Lp

(<Qλ(x, di) \ <Qλ(x, di+1)
)∥∥ 6

6 |||k|||p,q|Qλ(x, d)|− 1
q×

×
[
‖f |Lp(G \ <Qλ(x, d))‖+ 2

1
p
(
2

1
p− 1

q − 1
)−1×

×(
Mλ,<(|f |p)(x)

) 1
p |Qλ(x, d)| 1p

]
.

�§ á®®¡à ¦¥¨© ¬®®â®®áâ¨ ¨ ¥¯à¥àë¢-
®áâ¨ ¯à¨ ¨§¬¥¥¨¨ d ïá®, çâ® ¯à¨ ¥ª®â®à®¬ d
®¡  á« £ ¥¬ëå ¢ ª¢ ¤à â®© áª®¡ª¥ ®ª ¦ãâáï à ¢-
ë¬¨ ¤àã£ ¤àã£ã. �¡®§ ç¨¬ ¨å ®¡é¥¥ § ç¥¨¥
ç¥à¥§ κ. �®§¢¥¤ï ¯¥à¢®¥ á« £ ¥¬®¥ ¢ áâ¥¯¥ì 1

p− 1
q ,

  ¢â®à®¥ ¢ áâ¥¯¥ì 1
q ¨ ¯¥à¥¬®¦¨¢ ¨å, ¯®«ãç¨¬

2κ = 21+ 1
q ‖f |Lp(G \ <Qλ(x, d))‖1− p

q×
×(

2
1
p− 1

q
) p

q
(
Mλ,<(|f |p)(x)

1
q |Qλ(x, d)| 1q )

,

®âªã¤  á«¥¤ã¥â (4.2).
�¥¬¬  4.2. �ãáâì 1 6 p < q < ∞, K | ®¯¥-

à â®à (4.1) á ï¤à®¬ k. �®£¤  ¯à¨ |||k|||p,q < ∞ ®¯¥-
à â®à K ¨¬¥¥â á« ¡ë© â¨¯ (p, q). ¤

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ ®æ¥®ª (4.1)
¨ (1.2).

V. �æ¥ª¨ ¤«ï ®¯¥à â®à®¢ A1, A2,
A3 ¨ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1
�ã¤¥¬ áç¨â âì, çâ® G ∈ G(Λ, σ), â ª çâ® G =

=
k0⋃

k=1

Gk, Gk ∈ G(G,λk, σ) ¯à¨ k = 1, . . . , k0. �à®-

¨§¢®«ì®¥ ¨§ ®âªàëâëå ¬®¦¥áâ¢ Gk (1 6 k 6 k0)
®¡®§ ç¨¬ ç¥à¥§ G0, λk ç¥à¥§ λ ¨ à áá¬®âà¨¬ ®¯¥-
à â®àë Ai : Lp(G) → Lq(G0) ¨§ (3.13) { (3.15) (i =
= 1, 2, 3).

�æ¥¨¬ á ç «  A3. �ç¨âë¢ ï, çâ® ¯à¨ γ = γx

|x− (γ(tx) + <txy)| 6 |x− γ(tx)|+ |<txy| 6
6 R0 + |<txy|λ 6 R0 + C0,

¨¬¥¥¬

|A3f(x)| 6 A3f(x) :=
∫

Gδ

χ

(
y − x

R0 + C0

)
|f(y)| dy.

�à¨¬¥ïï ¥à ¢¥áâ¢® �£ , ¯®«ãç ¥¬
‖A3f |Lq(G0)‖ 6 C‖f |Lp(Gδ)‖ (5.1)

¯à¨ 1 6 p < q < ∞.
�æ¥¨¬ Aif , i = 1, 2. � ¯¨è¥¬ Aif ¢ ¢¨¤¥

Aif(x) =
∫

G

ki(x, y)f(y) dy, x ∈ G0, i = 1, 2.

�æ¥¨¬ |||k1|||p,q, áç¨â ï, çâ® s− |λ|
p + |λ|

q > 0. � -
¯®¬¨¬, çâ® <0 = <(x, rγ(0)). �¬¥¥¬
|k1(x, y, d)| = χ

(
d|<−1(x, d)(y − x)|−1

λ

)×

×
rγ(0)∫

0

ts−1−|λ|χ
( |<−1

0 (y − x)|λ
t

)
dt 6
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6 C1χ
(
d|<−1(x, d)(y − x)|−1

λ

)×
×χ

(
rγ(0)−1|<−1(x, rγ(0))(y − x)|λ

)×

×
rγ(0)∫

0

t
|λ|
p − |λ|q −1−|λ| dt.

�âáî¤ 

‖k1(x, ·, d)|Lp′(G)‖p′ 6

6 C1

∫

d<|<−1(x,rγ(0))(y−x)|λ<rγ(0)

|<−1(x, rγ(0))×

×(y − x)|(
|λ|
p −λ

q−|λ|)p′

λ dy =

= C1

∫

d<|y|λ<rγ(0)

|y|(
|λ|
p − |λ|q −|λ|)p′

λ dy 6 C2d
− |λ|q p′ ,

â ª çâ®
|||k1|||p,q 6 C3. (5.2)

�«ï ï¤à  k2 ¯à¨ 1 6 p < ∞, s − σ(|λ| − 1) + 1
p +

+ |λ|
q > 0 ¨¬¥¥¬

|k2(x, y, d)| = χ
(
d|<−1(x, d)(y − x)|−1

λ

)×

×
tx∫

0

(t + rγ(0))s−1rγ(t)−|λ|χ
( |<−1

t y − γ(t)|λ
rγ(t)

)
dt.

�à¨¬¥ïï (¢ á«ãç ¥ p > 1) ¥à ¢¥áâ¢® �ñ«ì¤¥à ,
¯®«ãç ¥¬

|k2(x, y, d)|p′ 6 χ
(
d|<−1(x, d)(y − x)|−1

λ

)×

×
tx∫

0

χ
(
rγ(t)−1|<ty − γ(t)|λ

)×

×(t + rγ(0))(s−1)p′rγ(t)(
1
p−|λ|)p′dt×

×



tx∫

0

1
rγ(t)

χ
(
rγ(t)−1|<−1

t y − γ(t)|λ
)
dt




p′
p

.

�ç¨âë¢ ï á¢®©áâ¢® 6◦ à §¤. 2, ¨¬¥¥¬ ®âáî¤ 

‖k2(x, ·, d)|Lp′(G)‖p′ 6

6 Cp′
1

∫

G\<Qλ(x,d)

tx∫

0

χ
(
rγ(t)−1|<−1

t (y − γ(t))|λ
)×

×(t + rγ(0))(s−1)p′rγ(t)(
1
p−|λ|)p′ dt dy.

�§ á¢®©áâ¢  5◦ à §¤. 2 á«¥¤ã¥â, çâ® ¥á«¨

y /∈ <(x, d)Qλ(x, d), y ∈ <tQλ(γ(t), rγ(t)),

â® ε1d 6 rγ(0) + t. �®íâ®¬ã

‖k2(x, ·, d)|Lp′(G)‖p′ 6

6 C1

tx∫

0

χ

(
d

c2 max{rγ((0), t}
)
×

×(t + rγ(0))(s−1)p′rγ(t)(
1
p−|λ|)p′+|λ| dt =

= C1

yx∫

0

χ

(
d

c2 max{rγ(0), t}
)
×

×(t + rγ)(0)(s−1)p′rγ(t)(1−|λ|)
p′
p dt.

�®£¤ , áç¨â ï, çâ® tγ(t) > ctσ, σ > 1, ¨¬¥¥¬

|||k2|||p
′

p,q 6 C2 sup
x∈G0,0<d6d0

(Ip′
1 (x, d) + Ip′

2 (x, d)),

£¤¥ ¯à¨ τx = min{tx, rγ(0)}
I1(x, d)p′ =

= d
|λ|
q p′

τx∫

0

χ

(
d

c3rγ(0)

)
r(0)(s−1+

1−|λ|
p )p′ dt 6

6 C4rγ(0)
|λ|
q p′+(s−1+

1−|λ|
p )p′+1 6

6 C5rγ(0)[s−|λ|(
1
p− 1

q )]p′ 6 C6,

I2(x, d)p′ = d
|λ|
q p′

tx∫

τx

χ

(
d

c4t

)
t[s−

σ(|λ|−1)+1
p ]p′−1dt 6

6 C7d
|λ|
q p′

tx∫

τx

χ

(
d

c4t

)
t−

|λ|
q p′−1 dt 6 C8.

�¡ê¥¤¨ïï à¥§ã«ìâ âë, ¯®«ãç ¥¬
|||k2|||p,q < ∞

¯à¨ s− σ(|λ| − 1) + 1
p

+
|λ|
q

> 0.
(5.3)

�¥¬¬  5.1. 1◦. �ãáâì s ∈ N, λ ∈ [1,∞)n,

min λi = 1, 1 6 p < q < ∞, s− |λ|
p + |λ|

q > 0.
�®£¤  ®¯¥à â®à A1 ¨¬¥¥â á« ¡ë© (p, q)-â¨¯.
�á«¨ ¦¥ ¯à¨ íâ®¬ p > 1 ¨«¨ s − |λ|

p + |λ|
q > 0,

â® ®¯¥à â®à A1 ¨¬¥¥â á¨«ìë© (p, q)-â¨¯.
2◦. �ãáâì s ∈ N, λ ∈ [1,∞)n, min λi = 1, 1 6

6 p < q < ∞, σ > 1, s − σ(|λ| − 1) + 1
p + |λ|

q > 0,
G0 ∈ G(G,λ, σ). �ãáâì ®¯¥à â®à A2 ¯®áâà®¥ ¯®
γ, rγ , ã¤®¢«¥â¢®àïîé¨¬ âà¥¡®¢ ¨ï¬ 1{6 ¨§ ®¯à¥-
¤¥«¥¨ï 2.1.

�®£¤  ®¯¥à â®à A2 : Lp(G) → Lq(G0) ¨¬¥¥â á« -
¡ë© (p, q)-â¨¯.

�á«¨ ¦¥ ¯à¨ íâ®¬ p > 1 ¨«¨ s− σ(|λ| − 1) + 1
p +

+ |λ|
q > 0, â® ®¯¥à â®à A2 ¨¬¥¥â á¨«ìë©

(p, q)-â¨¯. ¤
�®ª § â¥«ìáâ¢®. �§ ®æ¥®ª (5.2), (5.3) á ¯®-

¬®éìî «¥¬¬ë 4.2 § ª«îç ¥¬, çâ® ª ¦¤ë© ¨§ ®¯¥-
à â®à®¢ A1, A2 ¨¬¥¥â á« ¡ë© (p, q)-â¨¯. �âáî¤ 
á ¯®¬®éìî ¨â¥à¯®«ïæ¨®®© â¥®à¥¬ë � àæ¨-
ª¥¢¨ç  ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨ï «¥¬¬ë ® á¨«ì®¬
(p, q)-â¨¯¥.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2.1. �ãáâì ®¡-
« áâì G ∈ G(Λ, σ). �®£¤  G =

k0⋃
k=1

Gk, ¯à¨ç¥¬

Gk ∈ G(G,λk, σ). �ãáâì f ∈ C∞(G). �à¨ ª ¦-
¤®¬ k = 1, . . . , k0 ¤«ï ª ¦¤®£® x ∈ Gk á¯à ¢¥¤«¨¢ 
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®æ¥ª  (3.11). � á¨«ã ®æ¥ª¨ (5.1) ¨ «¥¬¬ë 5.1 ®¯¥-
à â®àë Ai : Lp(G) ∩ C∞(G) → Lq(Gk) (i = 1, 2, 3)
®£à ¨ç¥ë. �«¥¤®¢ â¥«ì®, ¯à¨ 1 6 k 6 k0 ¤«ï
f ∈ W s

p (G) ∩ C∞(G) á¯à ¢¥¤«¨¢  ®æ¥ª 

‖f |Lq(Gk)‖ 6 C

( ∑

|α|=s

‖Dαf |Lp(G)‖+‖f |Lp(Gδ)‖
)

,

¨§ ª®â®à®© á«¥¤ã¥â ®æ¥ª  (2.1) ¤«ï f ∈ C∞(G). �
á¨«ã ¯«®â®áâ¨ C∞(G) ¢ W s

p (G) ®æ¥ª  (2.1) ®áâ -
¥âáï ¢¥à®© ¤«ï ¯à®¨§¢®«ìëå äãªæ¨© f á ª®¥ç-
®© ¯à ¢®© ç áâìî (2.1).

�¨â¥à âãà 
1. �®¡®«¥¢ �.�. �¥ª®â®àë¥ ¯à¨¬¥¥¨ï äãª-

æ¨® «ì®£®   «¨§  ¢ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¥. {
�.: � ãª , 1988. �£«. ¯¥à.: S.L. Sobolev, Some
applications of functional analysis in mathematical
physics // Transl. Math. Monogr. 90, Amer. Math.
Soc., Providence, RI, 1991.

2. � §ìï �.�. �à®áâà áâ¢  �.�. �®¡®«¥¢ . {
�.: �§¤-¢® ���, 1985. �£«. ¯¥à.: Sobolev spaces.
{ Springer Ser. Soviet Math., Springer-Verlag, Berlin
1985.

3. �¥è¥âïª �.�. �â¥£à «ìë¥ ¯à¥¤áâ ¢«¥-
¨ï ¤¨ää¥à¥æ¨àã¥¬ëå äãªæ¨© ¢ ®¡« áâïå á ¥-
£« ¤ª®© £à ¨æ¥© // �¨¡. ¬ â¥¬. ¦ãà. { 1980. {
�. 21:6. { �. 108{116. �£«. ¯¥à.: Yu.G. Reshet-
nyak, Integral representation of di�erentiable func-
tions in domains with nonsmooth boundary, Siberian
Math. J. { 1981. { V. 21:6. { P. 883{839.

4. �®«ì¤èâ¥© �.�., �¥è¥âïª �.�. �¢¥¤¥-
¨¥ ¢ â¥®à¨î äãªæ¨© á ®¡®¡é¥ë¬¨ ¯à®¨§¢®¤-
ë¬¨ ¨ ª¢ §¨ª®ä®à¬ë¥ ®â®¡à ¦¥¨ï. { �.: � -
ãª , 1983.

5. �¥á®¢ �.�., �«ì¨ �.�., �¨ª®«ìáª¨© �.�.
�â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï äãªæ¨© ¨ â¥®-
à¥¬ë ¢«®¦¥¨ï. { �.: � ãª , 1996. �£«. ¯¥à.:
O.V. Besov, V.P. Il'in, S.M. Nikol'skii, Integral rep-
resentations of functions and imbedding theorems. {
V.H. Winston & Sons, Washington, DC; J. Wiley &
Sons, New York, 1978, 1979. Vols. 1, 2.

6. �¥á®¢ �.�. �¥®à¥¬  ¢«®¦¥¨ï �®¡®«¥¢  ¤«ï
®¡« áâ¨ á ¥à¥£ã«ïà®© £à ¨æ¥© // � â¥¬. á¡. {
2001. { �. 192:3. { �. 3{26; �£«. ¯¥à.: O.V. Besov,
Sobolev's embedding theorem for a domain with ir-
regular boundary // Sb. Math. { 2001. { V. 192:3. {
P. 323{346.

7. �¥á®¢ �.�. �â¥£à «ìë¥ ®æ¥ª¨ ¤¨ää¥à¥-
æ¨àã¥¬ëå äãªæ¨©   ¥à¥£ã«ïàëå ®¡« áâïå //
� â¥¬. á¡. { 2010. { �. 201:12. { �. 69{82; �£«.
¯¥à.: O.V. Besov, Integral estimates for di�erentiable
functions on irregular domains // Sb. Math. { 2010.
{ V. 201:12. { P. 1777{1790.

8. Kilpel�ainen T., Mal�y J. Sobolev inequalities on
sets with irregular boundaries // Ztschr. Anal. und
Anwend. { 2000. { V. 19:2 { P. 369{380.

9. � ¡ãâ¨ �.�. �¥ã«ãçè ¥¬®áâì ¥à ¢¥áâ¢
�®¡®«¥¢  ¤«ï ª« áá  ¥à¥£ã«ïàëå ®¡« áâ¥© //

�à. ����. { 2001. { �. 232. { P. 218{222. �£«.
¯¥à.: D.A. Labutin, Sharpness of Sobolev inequali-
ties for a class of irregular domains // Proc. Steklov
Inst. Math. { 2001. { V. 232. { P. 211{215.

10. � ¡ãâ¨ �.�. �«®¦¥¨¥ ¯à®áâà áâ¢ �®-
¡®«¥¢    £ñ«ì¤¥à®¢ëå ®¡« áâïå // �à. ����.
{ 1999. { �. 227. { �. 170{179. �£«. ¯¥à.:
D.A. Labutin, Embedding of Sobolev Spaces on
H�older Domains // Proc. Steklov Inst. Math. { 1999.
{ V. 227. { P. 163{172.

11. � §ìï �.�., �®¡®àç¨© �.�. �¥®à¥¬ë ¢«®-
¦¥¨ï ¯à®áâà áâ¢ �®¡®«¥¢  ¢ ®¡« áâ¨ á ¯¨ª®¬ ¨
¢ £ñ«ì¤¥à®¢®© ®¡« áâ¨ // �«£¥¡à  ¨   «¨§. { 2006.
{ �. 18:4. { �. 95{126.

12. �àãè¨ �.�. �¥®à¥¬ë ¢«®¦¥¨ï �®¡®«¥¢ 
¤«ï ¥ª®â®à®£® ª« áá   ¨§®âà®¯ëå ¥à¥£ã«ïà-
ëå ®¡« áâ¥© // �à. ����. { 2008. { �. 260. {
�. 297{319. �£«. ¯¥à.: B.V. Trushin, Sobolev Em-
bedding Theorems for a Class of Anisotropic Irregu-
lar Domains // Proc. Steklov Inst. Math. { 2008. {
V. 260. { P. 287{309.

13. �àãè¨ �.�. �¥¯à¥àë¢®áâì ¢«®¦¥¨© ¢¥-
á®¢ëå ¯à®áâà áâ¢ �®¡®«¥¢  ¢ ¯à®áâà áâ¢  �¥-
¡¥£     ¨§®âà®¯® ¥à¥£ã«ïàëå ®¡« áâïå // �à.
����. { 2010. { �. 269. { �. 271{289. �£«. ¯¥à.:
B.V. Trushin, Continuity of Embeddings of Weighted
Sobolev Spaces in Lebesgue Spaces on Anisotropi-
cally Irregular Domains // Proc. Steklov Inst. Math.
{ 2010. { V. 269. { P. 265{283.

14. �ãá¬  �. �¨ää¥à¥æ¨à®¢ ¨¥ ¨â¥£à -
«®¢ ¢ Rn. { �.: �¨à, 1978. �¥à. á  £«.:
M. de Guzm�an. Di�erentiation of integrals in Rn.
Berlin: Springer, 1975.

15. �â¥© �. �¨£ã«ïàë¥ ¨â¥£à «ë ¨ ¤¨ä-
ä¥à¥æ¨ «ìë¥ á¢®©áâ¢  äãªæ¨©. { �.: �¨à,
1973; ¯¥à. á  £«. Ellas M. Stein. Singular integrals
and di�erentiability properties of functions. { Prince-
ton univ. press, 1970.

16. �®ª¨« è¢¨«¨ �.�., � ¡¨¤§ è¢¨«¨ �.�. �
¢¥á®¢ëå ¥à ¢¥áâ¢ å ¤«ï  ¨§®âà®¯ëå ¯®â¥æ¨-
 «®¢ ¨ æ¥«ëå äãªæ¨© // ��� ����. { 1985. {
�. 282:6. { �. 1304{1306; �£«. ¯¥à.: V.M. Koki-
lashvili, M.A. Gabidzashvili, On weighted inequalities
for anisotropic potentials and maximal functions //
Sov. Math. Dokl. { 1985. { V. 31:3. { P. 583{585.

17. � ¡¨¤§ è¢¨«¨ �.�. �¥á®¢ë¥ ¥à ¢¥áâ¢ 
¤«ï  ¨§®âà®¯ëå ¯®â¥æ¨ «®¢ // �à. �¡¨«¨á-
áª®£® ¬ â¥¬. ¨áâ¨âãâ . { 1986. { �. 82. { �. 25{36.

18. �¥á®¢ �.�. �«®¦¥¨ï ¯à®áâà áâ¢ ¤¨ää¥-
à¥æ¨àã¥¬ëå äãªæ¨© ¯¥à¥¬¥®© £« ¤ª®áâ¨ //
�à. ����. { 1997. { �. 214. { �. 25{58. �£«.
¯¥à.: O.V. Besov, Embedding of spaces of di�er-
entiable functions of variable smoothness // Proc.
Steklov Inst. Math. { 1996. { V. 214. { P. 19{53.

�®áâã¯¨«  ¢ à¥¤ ªæ¨î 14.02.2011


