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�¨¬ ­  ï¢«ï¥âáï ¢®§¬®�­®áâì ¤®ª § âì, çâ® ç¨á«® � ï¢«ï¥âáï ¨àà -

æ¨®­ «ì­ë¬.

� áá¬®âà¨¬ ¨­â¥£à «ë

I

n

=

1

n!

�

2

Z

�

�

2

�

�

2

4

� t

2

�

n


os t dt; n = 0; 1; 2; : : : :

�¥£ª® ¢¨¤¥âì, çâ® I

0

= 2, I

1

= 4 ¨ ¨­â¥£à¨à®¢ ­¨¥¬ ¯® ç áâï¬ ¯®«ã-

ç ¥¬ à¥ªãàà¥­â­ãî ä®à¬ã«ã

I

n

= (4n� 2)I

n�1

� �

2

I

n�2

; n � 2:

�âáî¤  á«¥¤ã¥â, çâ® I

n

= P

n

(�

2

), £¤¥ P

n

|¬­®£®ç«¥­ áâ¥¯¥­¨ ­¥ ¡®«¥¥

n á æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨.

�®¯ãáâ¨¬, çâ® � à æ¨®­ «ì­®, â® ¥áâì � =

p
q

, £¤¥ ç¨á«  p ¨ q ­ âã-

à «ì­ë¥. �®£¤ 

P

n

�

p

2

q

2

�

=

1

n!

�

2

Z

�

�

2

�

�

2

4

� t

2

�

n


os t dt > 0; (2:2)

  â ª�¥

1

n!

�

2

Z

�

�

2

�

�

2

4

� t

2

�

n


os t dt �

2

n!

�

�

2

�

2n+1

;

9

â® ¥áâì

q

2n

P

n

�

p

2

q

2

�

�

2

�

�

2

�

2n+1

q

2n

n!

: (2:3)

� á¨«ã (2.2) ¨ á¢®©áâ¢ ¬­®£®ç«¥­  P

n

ç¨á«® q

2n

P

n

�

p

2

q

2

�

­ âãà «ì­®¥

¯à¨ ¢áïª®¬ n.

� ¤àã£®© áâ®à®­ë

lim

n!1

2

�

�

2

�

2n+1

q

2n

n!

= +0

(¯®ç¥¬ã?). �â ª, ¯à¨ ¡®«ìè¨å n ¢ ä®à¬ã«¥ (2.3) á«¥¢  áâ®¨â æ¥«®¥

¯®«®�¨â¥«ì­®¥ ç¨á«®,   á¯à ¢  | ç¨á«® ¨§ ¯à®¬¥�ãâª  (0; 1). Ǳà®â¨-

¢®à¥ç¨¥.

�¯à �­¥­¨¥ 1. �¯à¥¤¥«¨¬ ¨­â¥£à «ë

I

n

(x) =

1

n!

x

Z

�x

�

x

2

� t

2

�

n

e

t

dt:

�®ª �¨â¥, çâ® I

n

(x) = P

n

(x)e

x

+ Q

n

(x)e

�x

, £¤¥ P

n

¨ Q

n

| ¬­®£®-

ç«¥­ë á æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨ áâ¥¯¥­¨ ­¥ ¡®«¥¥ 2n+1. Ǳ®ª �¨â¥,

çâ® ®âáî¤  ¢ëâ¥ª ¥â ¨àà æ¨®­ «ì­®áâì e

x

¤«ï «î¡®£® à æ¨®­ «ì­®£®

ç¨á«  x.

2.3. �®à¬ã«ë � ««¨á  ¨ �â¨à«¨­£ 

�¯à �­¥­¨¥ 2. � áá¬®âà¨â¥ ¨­â¥£à «ë I

n

=

�

2

R

0

sin

n

x dx. �ë-

¢¥¤¨â¥ à¥ªãàà¥­â­ãî ä®à¬ã«ã I

n

=

n�1

n

I

n�2

(£¤¥ I

0

=

�

2

, I

1

= 1).

�®ª �¨â¥, çâ®

�

2

= lim

n!1

1

2n+ 1

�

(2n)!!

(2n� 1)!!

�

2

: (2:4)

�¤¥áì ¤«ï ­ âãà «ì­®£® n ç¥à¥§ n!! ®¡®§­ ç¥­® ¯à®¨§¢¥¤¥­¨¥ ¢á¥å

­ âãà «ì­ëå ç¨á¥«, ¬¥­ìè¨å ¨«¨ à ¢­ëå n ¨ ®¤­®© á ­¨¬ ç¥â­®áâ¨,

0!! = 1. �®à¬ã«  (2.4) ­ §ë¢ ¥âáï ä®à¬ã«®© � ««¨á .

�ë¢¥¤¥¬ â¥¯¥àì ä®à¬ã«ã �â¨à«¨­£ , ª®â®à ï ¤ ¥â  á¨¬¯â®â¨ªã n!:

n! =

p

2�n

�

n

e

�

n

(1 + "

n

); £¤¥ lim

n!1

"

n

= 0: (2:5)
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Ǳ®áª®«ìªã

lnn! =

n

X
k=1

ln k �

n

Z

0

lnx dx = n lnn� n; n!1;

â®, ¯®â¥­æ¨àãï, ¯®«ãç ¥¬

n! = �

n

n

n

e

n

;

£¤¥ �

n

| ­¥ª®â®à ï ¯®á«¥¤®¢ â¥«ì­®áâì, ¨¬¥îé ï ¡®«ìè¨© ¯®àï¤®ª

¬ «®áâ¨, ç¥¬

n

n

e

n

. �áï ¯à®¡«¥¬  ¨ á®áâ®¨â ¢ ­ å®�¤¥­¨¨ �

n

. �«ï íâ®£®

­ ¬ ¯®âà¥¡ã¥âáï ãâ®ç­¨âì ­¥ª®â®àë¥ ®æ¥­ª¨ á äã­ªæ¨¥© «®£ à¨ä¬ .

Ǳãáâì x 2 (0; 1). Ǳ® â¥®à¥¬¥ � £à ­�  ® áà¥¤­¥¬ ­ ©¤¥âáï ç¨á«®

� 2 (0; x) â ª®¥, çâ®

ln

1 + x

1� x

= ln(1 + x)� ln(1� x) =

2x

1� �

2

> 2x;

®âªã¤ 

ln

1 + x

1� x

> 2x; 8x 2 (0; 1):

�«¥¤®¢ â¥«ì­®,

ln

�

1 +

1

n

�

= ln

 

1 +

1

2n+1

1�

1

2n+1

!

>

2

2n+ 1

¨

�

n+

1
2

�

ln

�

1 +

1

n

�

> 1;

¨«¨

�

1 +

1

n

�

n+

1
2

> e: (2:6)

� áá¬®âà¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì

x

n

=

n!e

n

n

n+

1
2

:

�§ ä®à¬ã«ë (2.6) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

x

n

x

n+1

=

1
e

�

1 +

1

n

�

n+

1
2

> 1;

11

â® ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì fx

n

g ­¥®âà¨æ â¥«ì­  ¨ ¬®­®â®­­® ã¡ë¢ ¥â.

�­ ç¨â, ¯® â¥®à¥¬¥ �¥©¥àèâà áá  áãé¥áâ¢ã¥â ¯à¥¤¥« lim

n!1

x

n

= a � 0.

Ǳ®ª �¥¬, çâ® a > 0.

�á¯®«ì§ãï â¥®à¥¬ã � £à ­�  ® áà¥¤­¥¬, «¥£ª® ¤®ª § âì (¤®ª -

�¨â¥!), çâ® ¤«ï ¢áïª®£® x 2 (0; 1) ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

ln

1 + x

1� x

< 2x+

2
3

x

3

1� x

2

:

Ǳ®íâ®¬ã, ¢§ï¢ x =

1

2n+1

, ¯®«ãç ¥¬, çâ®

ln

�

1 +

1

n

�

<

2

2n+ 1

+

2
3

�

1

2n+1

�

3

1�

1

(2n+1)

2

;

�

n+

1
2

�

ln

�

1 +

1

n

�

< 1 +

1

12n(n+ 1)

:

�âáî¤ 

x

n

x

n+1

=

1
e

�

1 +

1

n

�

n+

1
2

< e

1

12n(n+1)

:

�­ ç¨â,

x

n

e

�

1

12n

< x

n+1

e

1

12n(n+1)

�

1

12n

= x

n+1

e

�

1

12(n+1)

;

â® ¥áâì ¯®á«¥¤®¢ â¥«ì­®áâì y

n

= x

n

e

�

1

12n

­¥®âà¨æ â¥«ì­  ¨ ¬®­®â®­­®

¢®§à áâ ¥â. Ǳ®áª®«ìªã lim

n!1

e

�

1

12n

= 1, â® lim

n!1

y

n

= lim

n!1

x

n

= a. �®

â ª ª ª y

n

> 0 ¤«ï ¢á¥å n, â® a � y

1

> 0.

�â ª, ¨¬¥¥¬

x

n

=

n!e

n

n

n+

1
2

= a(1 + "

n

); "

n

! 0;

®âªã¤ 

n! =

an

n+

1
2

e

n

(1 + "

n

): (2:7)

� á¨«ã ä®à¬ã«ë (2.7)

(2n)!!

(2n� 1)!!

=

2

2n

(n!)

2

(2n)!

=

a

p

n(1 + "

n

)

2

p

2(1 + "

2n

)

:

Ǳà¨¬¥­ïï ä®à¬ã«ã � ««¨á  (2.4), ¯®«ãç ¥¬, çâ®

�

2

= lim

n!1

1

2n+ 1

a

2

n

2

(1 + "

n

)

4

(1 + "

2n

)

2

=

a

2

4

;
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¯®íâ®¬ã a =

p

2�, ¨

n! =

p

2�n

�

n

e

�

n

(1 + "

n

):

2.4. �­â¥£à¨àã¥¬®áâì áã¯¥à¯®§¨æ¨¨ äã­ªæ¨©

Ǳãáâì äã­ªæ¨ï f : [0; 1℄ ! [0; 1℄ ­¥¯à¥àë¢­  ¨ ­¥ ¯®áâ®ï­­ ï,  

g : [0; 1℄ ! [0; 1℄ ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã. �â® ¬®�­® áª § âì ®¡ ¨­-

â¥£à¨àã¥¬®áâ¨ ¯® �¨¬ ­ã äã­ªæ¨© f(g(x)) ¨ g(f(x))? �¥á¬®âàï ­ 

ª § «®áì ¡ë ýá¨¬¬¥âà¨ç­ãîþ ¯®áâ ­®¢ªã ¢®¯à®á , äã­ªæ¨ï f(g(x))

¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã,   äã­ªæ¨ï g(f(x)) | ­¥ ®¡ï§ â¥«ì­®. �®ª -

�¥¬ íâ®.

�¥¬¬  2.1. �ã­ªæ¨ï f(g(x)) ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã.

�®ª § â¥«ìáâ¢®.�â¢¥à�¤¥­¨¥ áà §ã ¢ëâ¥ª ¥â ¨§ ªà¨â¥à¨ï ¨­â¥£-

à¨àã¥¬®áâ¨: äã­ªæ¨ï ¨­â¥£à¨àã¥¬  ­  ®âà¥§ª¥ â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ®­  ®£à ­¨ç¥­  ¨ ¬­®�¥áâ¢® ¥¥ â®ç¥ª à §àë¢  ¨¬¥¥â �¥¡¥£®¢ã

¬¥àã ­®«ì ­  íâ®¬ ®âà¥§ª¥ [2, £« ¢  13, x2.5, á. 193℄. �ë ¤ ¤¨¬ ¤®ª -

§ â¥«ìáâ¢®, ­¥ ¨á¯®«ì§ãîé¥¥ íâ®â à¥§ã«ìâ â (ª®â®àë© ­¥ ¤®ª §ë¢ «áï

­  «¥ªæ¨ïå).

Ǳãáâì !

f

| ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f , â.¥.

!

f

(Æ) = sup

jx�tj<Æ

(f(x)� f(t)); Æ > 0; !

f

(0) = 0:

�¥£ª® ¢¨¤¥âì, çâ® !

f

­¥áâà®£® ¬®­®â®­­® ¢®§à áâ ¥â ¨ ­¥ ª®­áâ ­â 

(¯®ç¥¬ã?) ¨ !

f

: [0; 1℄ ! [0; !

f

(1)℄. �®£¤  áãé¥áâ¢ã¥â ®¡à â­ ï äã­ª-

æ¨ï !

�1

f

ª äã­ªæ¨¨ !

f

, !

�1

f

: [0; !

f

(1)℄ ! [0; 1℄. �â®ç­¨¬, ª ª íâ 

äã­ªæ¨ï ãáâà®¥­ . �®-¯¥à¢ëå, !

�1

f

(0) = 0. � á«ãç ¥ ¥á«¨ äã­ªæ¨ï !

f

¨¬¥¥â à §àë¢ ¢ â®çª¥ x

0

2 (0; 1℄, â® ¤«ï ¢á¥å t 2 [f(x

0

� 0); f(x

0

+ 0)℄

®¯à¥¤¥«¨¬ !

�1

f

¯® ¯à ¢¨«ã !

�1

f

(t) = x

0

. �á«¨ ­  ¯à®¬¥�ãâª¥ (¯à®-

¨§¢®«ì­®¬: ®âªàëâ®¬, § ¬ª­ãâ®¬, ¨ â.¤.) á ª®­æ ¬¨ x

1

; x

2

2 (0; 1℄,

x

1

< x

2

, äã­ªæ¨ï !

f

¯®áâ®ï­­  ¨ à ¢­  t

0

(¨ ¯à¨ x < x

1

f(x) < t

0

,

  ¯à¨ x > x

2

f(x) > t

0

), â® ®¯à¥¤¥«¨¬ !

�1

f

(t

0

) = x

1

. � ¬¥â¨¬, çâ®

!

�1

f

(t) > 0 ¤«ï ¢á¥å t 2 (0; !

f

(1)℄ ¨ ­¥áâà®£® ¬®­®â®­­® ¢®§à áâ ¥â

(¯®ç¥¬ã?).

�¯à¥¤¥«¨¬

h

1

(x) =

x

Z

0

!

�1

f

(t) dt; x 2 [0; !

f

(1)℄;

13

h

2

(x) =

x

Z

0

h

1

(t) dt; x 2 [0; !

f

(1)℄:

�ã­ªæ¨ï h

2

­¥¯à¥àë¢­ , áâà®£® ¢®§à áâ ¥â ¨ ¢ë¯ãª«  (h

0
2

(x) = h

1

(x)

¨ h

1

| ¢®§à áâ îé ï äã­ªæ¨ï).

Ǳ® ãá«®¢¨î !

f

(1) � 1. �¯à¥¤¥«¨¬ äã­ªæ¨î h

3

(x) = h

2

(x) ¯à¨

x 2 [0; !

f

(1)℄ ¨

h

3

(x) = h

0
2�

(!

f

(1))(x � !

f

(1)) + h

2

(!

f

(1)); x 2 [!

f

(1); z℄;

£¤¥ z � !

f

(1) ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨ï h

3

(z) = 1. �¤¥áì h

0
2�

(!

f

(1)) |

®¤­®áâ®à®­­ïï ¯à®¨§¢®¤­ ï á«¥¢  äã­ªæ¨¨ h

2

¢ â®çª¥ !

f

(1), á¬. [3, á.

26℄.

Ǳ® ¯®áâà®¥­¨î h

3

: [0; z℄ ! [0; 1℄, ­¥¯à¥àë¢­ , áâà®£® ¢®§à áâ ¥â ¨

¢ë¯ãª« . Ǳ®íâ®¬ã ®¡à â­ ï äã­ªæ¨ï w = h

�1

3

, w : [0; 1℄! [0; z℄ (¡®«¥¥

â®£®, ®â¬¥â¨¬, çâ® w([0; 1℄) = [0; z℄), ¢®§à áâ ¥â, ­¥¯à¥àë¢­  ¨ ï¢«ï¥âáï

¢®£­ãâ®©. �®£­ãâ®áâì ¢ëâ¥ª ¥â ¨§ â®£®, çâ® ­ ¤£à ä¨ª äã­ªæ¨¨ h

3

| ¢ë¯ãª«®¥ ¬­®�¥áâ¢® | ï¢«ï¥âáï ¯®¤£à ä¨ª®¬ äã­ªæ¨¨ w. �à®¬¥

â®£®, w(t) � !

f

(t) ¨, ¯® ¯®áâà®¥­¨î, lim

t!+0

w(t) = 0 (¯®ç¥¬ã?).

� ª¨¬ ®¡à §®¬, ¢¬¥áâ® ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ f ¬ë ¬®�¥¬ ¢§ïâì

äã­ªæ¨î w, ª®â®à ï ­¥¯à¥àë¢­ , ¢®§à áâ ¥â ¨ ï¢«ï¥âáï ¢®£­ãâ®©.

Ǳãáâì

!

g

([a; b℄) = sup

x;t2[a;b℄

(g(x)� g(t))

| ª®«¥¡ ­¨¥ äã­ªæ¨¨ g ­  ®âà¥§ª¥ [a; b℄ � [0; 1℄. � ¬¥â¨¬, çâ®

!

g

([a; b℄) � !

g

([0; 1℄) � 1:

� á¨«ã ªà¨â¥à¨ï ¨­â¥£à¨àã¥¬®áâ¨ [1, â¥®à¥¬  1 x1 £« ¢ë 7 ℄ ¤«ï

«î¡®£® " 2 (0; 1) áãé¥áâ¢ã¥â Æ > 0 â ª®¥, çâ® ¤«ï «î¡®£® à §¡¨¥­¨ï

� = fx

i

g

I
i=0

®âà¥§ª  [0; 1℄ ¬¥«ª®áâ¨ j� j < Æ ¨ ¤«ï �x

i

= x

i

� x

i�1

¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

I

X

i=1

!

g

([x

i�1

; x

i

℄)�x

i

< ":

�âáî¤  ¨ ¢ á¨«ã ¢®§à áâ ­¨ï ¨ ¢®£­ãâ®áâ¨ äã­ªæ¨¨ w ¯®«ãç ¥¬, çâ®

w(") � w

 

I

X

i=1

!

g

([x

i�1

; x

i

℄)�x

i

!

�

I

X

i=1

w (!

g

([x

i�1

; x

i

℄))�x

i

: (2:8)
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Ǳ®áª®«ìªã ª®«¥¡ ­¨¥ !

f(g)

([x

i�1

; x

i

℄) äã­ªæ¨¨ f(g(x)) ­  i-¬ ®âà¥§ª¥

à §¡¨¥­¨ï [x

i�1

; x

i

℄ ­¥ ¯à¥¢®áå®¤¨â w (!

g

([x

i�1

; x

i

℄)), â® ¤«ï «î¡®£®

" 2 (0; 1) áãé¥áâ¢ã¥â Æ > 0 â ª®¥, çâ® ¤«ï «î¡®£® à §¡¨¥­¨ï � = fx

i

g

I
i=0

¬¥«ª®áâ¨ j� j < Æ, á ãç¥â®¬ ä®à¬ã«ë (2.8), ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

I

X

i=1

!

f(g)

([x

i�1

; x

i

℄)�x

i

� w(");

  â.ª. lim

"!+0

w(") = 0, â®, ¢ á¨«ã [1, â¥®à¥¬  1 x1 £« ¢ë 7℄, äã­ªæ¨ï

f(g(x)) ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã ­  ®âà¥§ª¥ [0; 1℄.

�¯à �­¥­¨¥ 3. �®ª �¨â¥ á ¯®¬®éìî ãª § ­­®£® ¢ëè¥ ªà¨â¥à¨ï

¨­â¥£à¨àã¥¬®áâ¨ (á¬. [2, £« ¢  13, x2.5, á. 193℄) «¥¬¬ã 2.1. Ǳ®ç¥¬ã

 ­ «®£¨ç­® ­¥ ã¤ ¥âáï ¤®ª § âì, çâ® äã­ªæ¨ï g(f(x)) ¨­â¥£à¨àã¥¬ 

¯® �¨¬ ­ã?

�¥¬¬  2.2. �ãé¥áâ¢ãîâ ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : [0; 1℄ ! [0; 1℄

¨ ¨­â¥£à¨àã¥¬ ï ¯® �¨¬ ­ã äã­ªæ¨ï g : [0; 1℄ ! [0; 1℄ â ª¨¥, çâ®

äã­ªæ¨ï g(f(x)) ­¥ ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã ­  ®âà¥§ª¥ [0; 1℄.

�®ª § â¥«ìáâ¢®.Ǳãáâì fr

k

g

1
k=1

| à æ¨®­ «ì­ë¥ â®çª¨ ®âà¥§ª 

[0; 1℄. Ǳãáâì " 2 (0; 1). �¯à¥¤¥«¨¬ ¬­®�¥áâ¢ 

U

"

=

1

[

k=1

�

[0; 1℄ \

�

r

k

�

"

2

k+1

; r

k

+

"

2

k+1

��

; F

"

= [0; 1℄nU

"

:

�­®�¥áâ¢  U

"

, F

"

­¥ ¨§¬¥à¨¬ë ¯® �®à¤ ­ã (¯®ç¥¬ã?), U

"

®âªàëâ® ¢

[0; 1℄, F

"

§ ¬ª­ãâ® ¢ [0; 1℄. �à®¬¥ â®£®, áã¬¬ à­ ï ¤«¨­  ¨­â¥à¢ «®¢,

á®áâ ¢«ïîé¨å U

"

, ­¥ ¡®«¥¥ ".

Ǳãáâì f(x) | à ááâ®ï­¨¥ ®â â®çª¨ x ¤® (ª®¬¯ ªâ­®£®) ¬­®�¥áâ¢ 

F

"

. � ¬¥â¨¬, çâ® f(x) = 0 ¯à¨ x 2 F

"

¨ f(x) > 0 ¯à¨ x 2 U

"

. �ã­ªæ¨ï

f ­¥¯à¥àë¢­  (¯®ç¥¬ã?). �¯à¥¤¥«¨¬ g(0) = 1 ¨ g(x) = 0 ¯à¨ x 2 (0; 1℄.

� ¬¥â¨¬, çâ® g(f(x)) = 1 ¯à¨ x 2 F

"

¨ g(f(x)) = 0 ¯à¨ x 2 U

"

.

Ǳãáâì � = fx

i

g

I
i=0

| ¯à®¨§¢®«ì­®¥ à §¡¨¥­¨¥ ®âà¥§ª  [0; 1℄ ¬¥«-

ª®áâ¨ ¬¥­¥¥

"
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, w

g(f)

([x

i�1

; x

i

℄) | ª®«¥¡ ­¨¥ äã­ªæ¨¨ g(f) ­  ®âà¥§ª¥

[x

i�1

; x

i

℄. � áá¬®âà¨¬ áã¬¬ã

I

X

i=1

w

g(f)

([x

i�1

; x

i

℄)�x

i

:

�  ª �¤®¬ ¨§ ®âà¥§ª®¢ à §¡¨¥­¨ï � ¥áâì à æ¨®­ «ì­®¥ ç¨á«®, ¯®íâ®¬ã

[x

i�1

; x

i

℄\U

"

6= ; ¤«ï ¢á¥å i. �«¥¤®¢ â¥«ì­® áã¬¬ à­ ï ¤«¨­  ®âà¥§ª®¢

à §¡¨¥­¨ï, ¢ ª®â®àë¥ ¯®¯ ¤ îâ â®çª¨ ª ª ¨§ U

"

, â ª ¨ ¨§ F

"

, ­¥ ¬¥­¥¥
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1� ". �®«¥¡ ­¨¥ äã­ªæ¨¨ g(f) ­  â ª®¬ ®âà¥§ª¥ à ¢­® 1. Ǳ®íâ®¬ã

I

X

i=1

w

g(f)

([x

i�1

; x

i

℄)�x

i

�

X

0

w

g(f)

([x

i�1

; x

i

℄)�x

i

� 1� "

(èâà¨å ã áã¬¬ë ®§­ ç ¥â, çâ® áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® â ª¨¬ i, çâ®

[x

i�1

; x

i

℄ \ U

"

6= ; ¨ [x

i�1

; x

i

℄ \ F

"

6= ;). �âáî¤  ¢ëâ¥ª ¥â [1, â¥®à¥¬  1

x1 £« ¢ë 7℄, çâ® äã­ªæ¨ï g(f) ­¥ ¨­â¥£à¨àã¥¬  ¯® �¨¬ ­ã ­  ®âà¥§ª¥

[0; 1℄.

3. �¨á«®¢ë¥ àï¤ë

3.1. �ï¤ë á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨. �®­®â®­­®áâì

�ï¤ë á ¯®«®�¨â¥«ì­ë¬¨ ç«¥­ ¬¨, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®-

¢¨î ¬®­®â®­­®áâ¨ a

k+1

� a

k

¤«ï ¢á¥å k, ï¢«ïîâáï ¢ �­ë¬ ®¡ê¥ªâ®¬

¨áá«¥¤®¢ ­¨ï. � ¯à¨¬¥à, ¨¬¥­­® ¤«ï íâ¨å àï¤®¢ ¢ë¯®«­ï¥âáï ¨­â¥£-

à «ì­ë© ¯à¨§­ ª áå®¤¨¬®áâ¨ [1, â¥®à¥¬  4 x2 £« ¢ë 9℄.

�ë ¯à¨¢¥¤¥¬ ¥é¥ ­¥áª®«ìª® ¯à¨¬¥à®¢, £¤¥ ¬®­®â®­­®áâì §­ ª®¯®á-

â®ï­­®£® àï¤  ¯®§¢®«ï¥â ¯®«ãç âì ¢ �­ë¥ à¥§ã«ìâ âë.

Ǳà¨¬¥à 3.1. Ǳãáâì àï¤

n

X
k=1

a

k

á®áâ®¨â ¨§ ¯®«®�¨â¥«ì­ëå á« £ ¥¬ëå ¨ a

k+1

� a

k

¤«ï ¢á¥å k. �®£¤ 

a

k

= o

�

1
k

�

, k !1 (â.¥. lim

k!1

ka

k

= 0).

�®ª § â¥«ìáâ¢®.Ǳ® ªà¨â¥à¨î �®è¨ áå®¤¨¬®áâ¨ ç¨á«®¢®£® àï¤ 

¤«ï ¢áïª®£® " > 0 ­ ©¤¥âáï ­®¬¥àN

"

â ª®©, çâ® ¯à¨ «î¡ëåm > n � N

"

¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®

m

X

k=n+1

a

k

< ":

�à®¬¥ â®£®,

m

P

k=n+1

a

k

� (m� n)a

m

.

�§ï¢ m = 2n, ¯®«ãç ¥¬ na

2n

< ", â.¥. 2na

2n

< 2" ¤«ï ¢á¥å n � N

"

.

�§ï¢ m = 2n+1, ¯®«ãç ¥¬ (2n+1)a

2n+1

n+1

2n+1

< " ¤«ï ¢á¥å n � N

"

,

¨«¨ (2n+ 1)a

2n+1

<

2n+1

n+1

" < 2". �â ª, ka

k

! 0.

�¥£ª® ¢¨¤¥âì, çâ® ¡¥§ ãá«®¢¨ï ¬®­®â®­­®áâ¨ ¯®àï¤®ª ã¡ë¢ ­¨ï a

k

¢ ¯à¥¤ë¤ãé¥¬ ¯à¨¬¥à¥ ¬®�¥â ¡ëâì «î¡ë¬.
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Ǳãáâì " > 0, k 2 N. � áá¬®âà¨¬ àï¤ á a

n

=

1

n

2

, ¯à¨ n 6= m

k

¤«ï

«î¡®£® ­ âãà «ì­®£® m, a

m

k

=

1

m

1+"

. �¬¥¥¬

1

X

n=1

a

n

=

X

n6=m

k

1

n

2

+

1

X

m=1

1

m

1+"

;

â.¥. àï¤ á ®¡é¨¬ ç«¥­®¬ a

n

áå®¤¨âáï. �¤­ ª®

a

m

k =

�

1

m

k

�

1+"

k

:

�  áç¥â ¢ë¡®à  ¬ «®£® " > 0 ¨ ¡®«ìè®£® ­ âãà «ì­®£® k ¯®ª § â¥«ì

1+"

k

¬®�¥â ¡ëâì á¤¥« ­ áª®«ì ã£®¤­® ¬ «ë¬.

�¯à �­¥­¨¥ 1. Ǳãáâì a

k

> 0 ¨ a

k+1

� a

k

¤«ï ¢á¥å k. Ǳãáâì àï¤

1

X
k=1

a

k

k

áå®¤¨âáï. �®ª �¨â¥, çâ® a

k

= o

�

1

ln k

�

, k !1. �ª § ­¨¥. � áá¬®âà¨â¥

f : [1;+1) ! R, f(x) = a

k

, x 2 [a

k

; a

k+1

), ¨, ¯®«ì§ãïáì ¨­â¥£à «ì­ë¬

¯à¨§­ ª®¬, á¢¥¤¨â¥ § ¤ çã ª ­ å®�¤¥­¨î  á¨¬¯â®â¨ª¨ f(x), x! +1.

Ǳà¨ ¨áá«¥¤®¢ ­¨¨ àï¤®¢ ç áâ® ¨á¯®«ì§ãîâáï ¯à®áâë¥ ®æ¥­ª¨, ­ -

¯à¨¬¥à, ­¥à ¢¥­áâ¢  ® áà¥¤­¨å.

Ǳà¨¬¥à 3.2. Ǳãáâì àï¤

n

X
k=1

a

2
k

áå®¤¨âáï. �®£¤  àï¤

n

X
k=1

ja

k

j

k

áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.�á¯®«ì§ãï ­¥à ¢¥­áâ¢®

ja

k

j

k

�

1
2

�

a

2
k

+

1

k

2

�

¨ ãá«®¢¨¥ ¯à¨¬¥à , ¯®«ãç ¥¬ áå®¤¨¬®áâì à áá¬ âà¨¢ ¥¬®£® àï¤  ¯®

¯à¨§­ ªã áà ¢­¥­¨ï.

Ǳà¨¬¥à 3.1 ¯®§¢®«ï¥â à¥è¨âì ¢ ­¥ª®â®à®¬ á¬ëá«¥ ®¡à â­ãî § -

¤ çã.
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Ǳà¨¬¥à 3.3. Ǳãáâì àï¤

n

X
k=1

a

k

p

k

áå®¤¨âáï, a

k

> 0 ¨ a

k+1

� a

k

¤«ï ¢á¥å k. �®£¤  àï¤

n

X
k=1

a

2
k

â ª�¥ áå®¤¨âáï.

�®ª § â¥«ìáâ¢®.�§ ãá«®¢¨ï ¯à¨¬¥à  ¢ëâ¥ª ¥â, çâ® ç«¥­ë àï¤ 

a

k

p

k

®¡à §ãîâ ¬®­®â®­­® ã¡ë¢ îéãî ª ­ã«î ¯®á«¥¤®¢ â¥«ì­®áâì ¯®-

«®�¨â¥«ì­ëå ç¨á¥«. � á¨«ã ¯à¨¬¥à  3.1

a

k

p

k

=

"

k

k

;

£¤¥ ¯®á«¥¤®¢ â¥«ì­®áâì "

k

¡¥áª®­¥ç­® ¬ « ï. �âáî¤ 

a

2
k

=

"

2
k

k

�

"

k

k

=

a

k

p

k

¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å ­®¬¥à å k. �ï¤ á ®¡é¨¬ ç«¥­®¬ a

2
k

áå®¤¨âáï

¯® ¯à¨§­ ªã áà ¢­¥­¨ï.

3.2. Ǳà®¨§¢¥¤¥­¨¥ ç¨á«®¢ëå àï¤®¢

Ǳãáâì ¥áâì ¤¢  ç¨á«®¢ëå àï¤ 

1

X
k=0

a

k

; ¨

1

X
k=0

b

k

:

Ǳà®¨§¢¥¤¥­¨¥¬ íâ¨å àï¤®¢ ­ §ë¢ ¥âáï àï¤

1

X

n=0




n

; £¤¥ 


n

=

n

X
k=0

a

k

b

n�k

: (3:9)

� ­­®¥ ®¯à¥¤¥«¥­¨¥ ®¯à ¢¤ ­® â¥¬, çâ® ¥á«¨ ¬ë à áá¬®âà¨¬ áâ¥¯¥­-

­ë¥ àï¤ë

1

P

k=0

a

k

z

k

¨

1

P

k=0

b

k

z

k

, ä®à¬ «ì­® (â.¥. ª ª ¢ëà �¥­¨ï á ª®­¥ç-

­ë¬¨ áã¬¬ ¬¨, ­¥ § ¡®âïáì ® ¢®¯à®á å áå®¤¨¬®áâ¨) ¯¥à¥¬­®�¨¬ ¨å ¨
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ã¯®àï¤®ç¨¬ á« £ ¥¬ë¥ ¯®«ãç¥­­®£® àï¤  ¯® ¢®§à áâ ­¨î áâ¥¯¥­¥© z,

â® ã à¥§ã«ìâ¨àãîé¥£® àï¤ 

1

X

n=0




n

z

n

=

 

1

X
k=0

a

k

z

k

! 

1

X

m=0

b

m

z

m

!

ª®íää¨æ¨¥­â 


n

¡ã¤¥â ãáâà®¥­ â®ç­® â ª, ª ª ¢ ä®à¬ã«¥ (3.9).

�¥®à¥¬  3.3. Ǳãáâì àï¤

1

P

k=0

a

k

 ¡á®«îâ­® áå®¤¨âáï, àï¤

1

P

k=0

b

k

áå®¤¨âáï ¨ A =

1

P

k=0

a

k

, B =

1

P

k=0

b

k

. �®£¤  àï¤

1

P

n=0




n

, £¤¥ 


n

§ ¤ ¥âáï

ä®à¬ã«®© (3.9), áå®¤¨âáï ª AB.

�®ª § â¥«ìáâ¢®.Ǳãáâì A

n

=

n

P

k=0

a

k

, B

n

=

n

P

k=0

b

k

. �®£¤ 

n

X
k=0




k

=

n

X
k=0

a

k

B

n�k

= A

n

B +

n

X
k=0

a

k

(B

n�k

�B):

Ǳ®áª®«ìªã A

n

B ! AB, n!1, â® ¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¤®áâ -

â®ç­® ¯®ª § âì, çâ®

n

P

k=0

a

k

(B

n�k

�B)! 0 ¯à¨ n!1.

�¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì �

n

= B

n

� B, �

n

! 0 ¯à¨ n ! 1.

Ǳãáâì C > 0 â ª®¥ ç¨á«®, çâ® j�

n

j � C ¤«ï ¢á¥å n.

� ¬¥â¨¬, çâ® ¢ ­®¢ëå ®¡®§­ ç¥­¨ïå

n

X
k=0

a

k

(B

n�k

�B) =

n

X
k=0

a

k

�

n�k

:

� ä¨ªá¨àã¥¬ " > 0. Ǳãáâì N | â ª®¥ ­ âãà «ì­®¥ ç¨á«®, çâ® ¤«ï

¢áïª®£® n > N

n

X

k=N+1

ja

k

j < "

(áãé¥áâ¢®¢ ­¨¥ N ¢ëâ¥ª ¥â ¨§  ¡á®«îâ­®© áå®¤¨¬®áâ¨ àï¤  á ®¡é¨¬

ç«¥­®¬ a

k

¨ ªà¨â¥à¨ï �®è¨).

Ǳãáâì M | â ª®¥ ­ âãà «ì­®¥ ç¨á«®, çâ® j�

s

j < " ¯à¨ ¢á¥å s > M .

�ë¡¥à¥¬ n > N +M ¯à®¨§¢®«ì­®. �¬¥¥¬

�
�
�
�
�

n

X
k=0

a

k

�

n�k

�
�
�
�
�

�

N

X
k=0

ja

k

j � j�

n�k

j+

n

X

k=N+1

ja

k

j � j�

n�k

j:
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Ǳãáâì A

1

=

1

P

k=0

ja

k

j, â®£¤  ¯à¨ 0 � k � N ¯®«ãç ¥¬, çâ® n� k > M ¨

N

X
k=0

ja

k

j � j�

n�k

j �

N

X
k=0

"ja

k

j �

1

X
k=0

"ja

k

j = " �A

1

:

�«ï ¢â®à®© áã¬¬ë ¯®«ãç ¥¬ ®æ¥­ªã

n

X

k=N+1

ja

k

j � j�

n�k

j �

n

X

k=N+1

Cja

k

j � C":

�â ª, ¯à¨ n > N +M ¨¬¥¥¬ ®æ¥­ªã

�
�
�
�
�

n

X
k=0

a

k

�

n�k

�
�
�
�
�

� (A

1

+ C) ":

� áá¬®âà¨¬ àï¤

1

X
k=0

(�1)

k

p

1 + k

:

�â®â àï¤ áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¡­¨æ . �å®¤¨¬®áâì ­¥  ¡á®«îâ­ ï.

Ǳãáâì a

k

= b

k

=

(�1)

k

p

1+k

¤«ï ¢á¥å k. � áá¬®âà¨¬ ¯à®¨§¢¥¤¥­¨¥ àï¤®¢ á

®¡é¨¬¨ ç«¥­ ¬¨ a

k

¨ b

k

:

1

X

n=0




n

; £¤¥ 


n

=

n

X
k=0

(�1)

n

p

1 + n+ k(n� k)

:

j


n

j =

n

X
k=0

1

p

1 + n+ k(n� k)

�

n

X
k=0

1

n

2

+ 1

=

2n+ 2

n+ 2

> 1:

�ï¤ á ®¡é¨¬ ç«¥­®¬ 


n

à áå®¤¨âáï (â ª ª ª 


n

­¥ áâà¥¬¨âáï ª 0).

4. � ¢­®¬¥à­ ï áå®¤¨¬®áâì

4.1. Ǳà¨¬¥àë ¯«®å®£® ¯®¢¥¤¥­¨ï äã­ªæ¨®­ «ì­ëå

¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨ àï¤®¢

Ǳà¨¢¥¤¥¬ ¯à¨¬¥àë, ª®â®àë¥ ¯®ª §ë¢ îâ, çâ® ¯¥à¥áâ ¢«ïâì ®¯¥à -

æ¨î ¯à¥¤¥«  á ¤àã£¨¬¨ ®¯¥à æ¨ï¬¨ ¢ á«ãç ¥ äã­ªæ¨®­ «ì­®© ¯®á«¥-

¤®¢ â¥«ì­®áâ¨ ¨«¨ àï¤  ­¥«ì§ï.
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Ǳà¨¬¥à 4.4. Ǳãáâì f

n

(x) = x

n

, x 2 [0; 1℄. �®£¤  lim

n!1

f

n

(x) =

f(x) ¤«ï «î¡®£® x 2 [0; 1℄, £¤¥ f(1) = 1, f(x) = 0, x 2 [0; 1). �¬¥¥¬

lim

x!1�0

lim

n!1

x

n

= 0, ­® lim

n!1

lim

x!1�0

x

n

= 1.

Ǳà¨¬¥à 4.5. Ǳãáâì a

n

(x) =

x

2

(1+x

2

)

n

. � áá¬®âà¨¬ àï¤

1

P

n=0

a

n

(x),

x 2 [0; 1℄. Ǳà¨ x 2 (0; 1℄ ¨¬¥¥¬ áã¬¬ã £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨

1

X

n=0

x

2

(1 + x

2

)

n

= 1 + x

2

:

�¤­ ª® ¯à¨ x = 0 ¯®«ãç ¥¬ a

n

(0) = 0 ¨ áã¬¬  àï¤  á®®â¢¥âáâ¢¥­­®

â®�¥ 0. �â ª, áã¬¬  àï¤  ­¥¯à¥àë¢­ëå (¨ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨-

àã¥¬ëå) á« £ ¥¬ëå à §àë¢­  ¢ ­ã«¥.

Ǳà¨¬¥à 4.6. Ǳãáâì f

n

(x) =


osnx

p

n

, x 2 [0; 1℄. �®£¤  lim

n!1

f

n

(x) =

f(x) = 0. �¤­ ª® f

0

n

(x) = �

p

n sinnx, ¨ ¯à¨ x 6= 0 lim

n!1

f

0

n

(x) 6= f

0

(x) =

0 (¯®ç¥¬ã?). � ª¨¬ ®¡à §®¬,

�

lim

n!1

f

n

(x)

�

0

6= lim

n!1

f

0

n

(x).

Ǳà¨¬¥à 4.7. Ǳãáâì f

n

(x) = n

2

x(1� x

2

)

n

, x 2 [0; 1℄. �¥£ª® ¢¨¤¥âì,

çâ® lim

n!1

f

n

(x) = 0 ¤«ï ¢á¥å x 2 [0; 1℄. Ǳ®áª®«ìªã

1

Z

0

x(1� x

2

)

n

dx =

1

2n+ 2

;

â®

1

Z

0

f

n

(x) dx =

n

2

2n+ 2

! +1; n!1:

�¤­ ª®

1

Z

0

�

lim

n!1

f

n

(x)

�

dx = 0:

�á«¨ ¢ ª ç¥áâ¢¥ f

n

(x) ¢§ïâì nx(1� x

2

)

n

, â®

1

Z

0

nx(1� x

2

)

n

dx =

n

2n+ 2

!

1
2

; n!1;

­®, ª ª ¨ ¢ëè¥,

1

Z

0

�

lim

n!1

f

n

(x)

�

dx = 0:
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� ª¨¬ ®¡à §®¬,

1

Z

0

�

lim

n!1

f

n

(x)

�

dx 6= lim

n!1

1

Z

0

f

n

(x) dx:

4.2. �¢ï§ì à ¢­®¬¥à­®© ¨ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨.

�®à®è® ¨§¢¥áâ­®, çâ® ¨§ à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ äã­ªæ¨®­ «ì­®©

¯®á«¥¤®¢ â¥«ì­®áâ¨ (¨«¨ àï¤ ) ­  ­¥ª®â®à®¬ ¬­®�¥áâ¢¥ ¢ëâ¥ª ¥â ¯®-

â®ç¥ç­ ï áå®¤¨¬®áâì ­  â®¬ �¥ ¬­®�¥áâ¢¥. �¡à â­®¥ ­¥ ¢¥à­®. �¥©áâ-

¢¨â¥«ì­®, ­ ¯à¨¬¥à, ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ ¯à¨¬¥à  4.4 áå®¤¨âáï ¯®-

â®ç¥ç­®, ­® ­¥ à ¢­®¬¥à­® ­  ®âà¥§ª¥ [0; 1℄ (¯®ç¥¬ã?).

�ë ¯à¨¢¥¤¥¬ ­¥áª®«ìª® ¯à¨¬¥à®¢, ª®£¤  ¨§ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨

äã­ªæ¨®­ «ì­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢á¥-â ª¨ ¢ëâ¥ª ¥â ¥¥ à ¢­®¬¥à-

­ ï áå®¤¨¬®áâì.

�¥®à¥¬  4.4. Ǳãáâì ¬­®�¥áâ¢® E � R ª®¬¯ ªâ­®,   ff

n

(x)g

1
n=1

| ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©, ­¥¯à¥àë¢­ëå ­  E. Ǳãáâì f(x) =

lim

n!1

f

n

(x) ¤«ï ¢á¥å x 2 E ¨ f(x)| ­¥¯à¥àë¢­ ï ­  E äã­ªæ¨ï. Ǳãáâì

f

n

(x) � f

n+1

(x) ¤«ï ¢á¥å ­ âãà «ì­ëå n ¨ ¤«ï ¢á¥å x 2 E. �®£¤ 

¯®á«¥¤®¢ â¥«ì­®áâì f

n

(x) à ¢­®¬¥à­® ­  ¬­®�¥áâ¢¥ E áå®¤¨âáï ª

f(x).

�®ª § â¥«ìáâ¢®.Ǳ®«®�¨¬ g

n

(x) = f

n

(x) � f(x) � 0 ¤«ï ¢á¥å n ¨

x 2 E. �ã­ªæ¨¨ g

n

(x) ­¥¯à¥àë¢­ë ­  E, g

n

(x) � g

n+1

(x) ¨ g

n

(x) ! 0

­  E.

� ä¨ªá¨àã¥¬ " > 0. �§ ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨ g

n

ª ­ã«î ¤«ï

¢áïª®£® x 2 E ­ ©¤¥âáï ­®¬¥à n(x) â ª®©, çâ® 0 � g

n(x)

(x) <

"
2

. �§

­¥¯à¥àë¢­®áâ¨ g

n

¨ ¬®­®â®­­®áâ¨ ¢ëâ¥ª ¥â, çâ® ­ ©¤¥âáï ®âªàëâ®¥

¬­®�¥áâ¢® U(x), x 2 U(x), â ª®¥, çâ®

0 � g

n

(t) < "; 8n > n(x); 8t 2 U(x):

Ǳ®áª®«ìªã ¬­®�¥áâ¢® E ª®¬¯ ªâ­®, â® ­ ©¤¥âáï ª®­¥ç­®¥ ¯®¤¬­®-

�¥áâ¢® ¥£® â®ç¥ª fx

k

g

N
k=1

á® á¢®©áâ¢®¬

E � U(x

1

) [ U(x

2

) [ � � � [ U(x

N

)

(¯®ç¥¬ã?). Ǳ®« £ ï M = maxfn(x

1

); : : : ; n(x

N

)g, ¯®«ãç ¥¬, çâ®

0 � g

n

(t) < "; 8n > M; 8t 2 E:

�â® ¨ ®§­ ç ¥â à ¢­®¬¥à­ãî áå®¤¨¬®áâì f

n

ª f ­  E.
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� ¬¥â¨¬, çâ® ­¥¯à¥àë¢­®áâì f(x) áãé¥áâ¢¥­­ , íâ® ¯®ª §ë¢ ¥â ¯à¨-

¬¥à 4.4. �®¬¯ ªâ­®áâì E â ª�¥ áãé¥áâ¢¥­­ . �¥©áâ¢¨â¥«ì­®, ¯ãáâì

E = (0; 1), f

n

(x) = x

n

. �®£¤  f

n

(x) ! 0 ¤«ï ¢á¥å x, ¢á¥ ãá«®¢¨ï â¥®-

à¥¬ë 4.4 (ªà®¬¥ ª®¬¯ ªâ­®áâ¨ E) ¢ë¯®«­¥­ë. �¤­ ª® f

n

­¥ áå®¤¨âáï

à ¢­®¬¥à­® ª 0 (¯®ç¥¬ã?).

�¯à �­¥­¨¥ 2. Ǳãáâì ff

n

g | ¯®á«¥¤®¢ â¥«ì­®áâì äã­ªæ¨©, ¬®-

­®â®­­ëå ­  ®âà¥§ª¥ [a; b℄. Ǳãáâì f

n

¯®â®ç¥ç­® ­  ®âà¥§ª¥ [a; b℄ áå®-

¤¨âáï ª ­¥¯à¥àë¢­®© äã­ªæ¨¨ f . �®ª �¨â¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

f

n

à ¢­®¬¥à­® ­  ®âà¥§ª¥ [a; b℄ áå®¤¨âáï ª f .

� ¬¥â¨¬ â ª�¥, çâ® à ¢­®¬¥à­ ï áå®¤¨¬®áâì àï¤  ­¨ª ª ­¥ á¢ï§ ­ 

á ¥£®  ¡á®«îâ­®© áå®¤¨¬®áâìî.

Ǳà¨¬¥à 4.8. Ǳãáâì E = (0; 1). � áá¬®âà¨¬ àï¤

1

P

n=1

a

n

(x), £¤¥

a

n

(x) =

8
>
>
>
<

>
>
>
:

0; x 2

�

0;

1

n+1

�

;

sin

2

�

x

; x 2

h

1

n+1

;

1

n

i

;

0; x 2

�

1

n+1

; 1

�

:

�ï¤

1

P

n=1

a

n

(x) áå®¤¨âáï  ¡á®«îâ­® ­  E ª äã­ªæ¨¨ sin

2

�

x

. �¤­ ª®

à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ ­¥â (¯®ç¥¬ã?).

�¯à �­¥­¨¥ 3. Ǳà¨¢¥áâ¨ ¯à¨¬¥à äã­ªæ¨®­ «ì­®£® àï¤ , ª®â®-

àë© ­  ¬­®�¥áâ¢¥ E áå®¤¨âáï à ¢­®¬¥à­®, ­® ­¨ ¢ ª ª®© â®çª¥ ¬­®-

�¥áâ¢  E ­¥ áå®¤¨âáï  ¡á®«îâ­®.

4.3. �­®£®ç«¥­ë �¥à­èâ¥©­ 

�¥¬¬  4.3.

n

X
k=0

C

k

n

x

k

(1� x)

n�k

= 1:

�®ª § â¥«ìáâ¢®.�¨­®¬ �ìîâ®­ .

�¥¬¬  4.4. �«ï ¢áïª®£® x 2 R

n

X
k=0

C

k

n

(k � nx)

2

x

k

(1� x)

n�k

�

n

4

:

�®ª § â¥«ìáâ¢®.� áá¬®âà¨¬ â®�¤¥áâ¢®

n

X
k=0

C

k

n

z

k

= (1 + z)

n

: (4:10)
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Ǳà®¤¨ää¥à¥­æ¨àã¥¬ (4.10) ¯® z ¨ ã¬­®�¨¬ ­  z:

n

X
k=0

kC

k

n

z

k

= nz(1 + z)

n�1

: (4:11)

Ǳà®¤¨ää¥à¥­æ¨àã¥¬ (4.11) ¯® z ¨ ã¬­®�¨¬ ­  z:

n

X
k=0

k

2

C

k

n

z

k

= nz(1 + nz)(1 + z)

n�2

: (4:12)

Ǳ®«®�¨¬ ¢ (4.10), (4.11) ¨ (4.12) z =

x

1�x

¨ ã¬­®�¨¬ ¯®«ãç¥­­ë¥

à ¢¥­áâ¢  ­  (1� x)

n

:

n

X
k=0

C

k

n

x

k

(1� x)

n�k

= 1; (4:13)

n

X
k=0

kC

k

n

x

k

(1� x)

n�k

= nx; (4:14)

n

X
k=0

k

2

C

k

n

x

k

(1� x)

n�k

= nx(1� x+ nx): (4:15)

�¬­®�¨¬ (4.13) ­  n

2

x

2

, (4.14) | ­  �2nx, (4.15) | ­  1 ¨ á«®�¨¬

¨å, ¯®«ãç¨¬

n

X
k=0

(k � nx)

2

C

k

n

x

k

(1� x)

n�k

= nx(1� x) �

n

4

;

â ª ª ª x(1� x) �

1
4

.

�¯à¥¤¥«¥­¨¥ 4.1.Ǳãáâì äã­ªæ¨ï f § ¤ ­  ­  ®âà¥§ª¥ [0; 1℄. �­®-

£®ç«¥­

B

n

(x) =

n

X
k=0

f

�

k

n

�

C

k

n

x

k

(1� x)

n�k

­ §ë¢ âáï ¬­®£®ç«¥­®¬ �¥à­èâ¥©­  äã­ªæ¨¨ f .

�¥®à¥¬  4.5. (�.�. �¥à­èâ¥©­). �á«¨ äã­ªæ¨ï f ­¥¯à¥àë¢­  ­ 

®âà¥§ª¥ [0; 1℄, â® ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®£®ç«¥­®¢ B

n

(x) à ¢­®¬¥à­®

­  ®âà¥§ª¥ [0; 1℄ áå®¤¨âáï ª f(x).

�®ª § â¥«ìáâ¢®.�¯à¥¤¥«¨¬M = max

x2[0;1℄

jf(x)j. Ǳãáâì § ¤ ­® ç¨á«®

" > 0. � á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ f ­  ®âà¥§ª¥ [0; 1℄ (â¥®-

à¥¬  � ­â®à ) ¯®¤¡¥à¥¬ Æ > 0 â ª, çâ®¡ë jf(x) � f(t)j < " ¤«ï ¢á¥å

x; t 2 [0; 1℄ â ª¨å, çâ® jx� tj < Æ.
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� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­ë© x 2 [0; 1℄. Ǳ®áª®«ìªã ¢ á¨«ã «¥¬¬ë 4.3

f(x) =

n

X
k=0

C

k

n

f(x)x

k

(1� x)

n�k

;

â®

jB

n

(x)� f(x)j �

n

X
k=0

C

k

n

�
�
�
�

f(x)� f

�

k

n

�

�
�
�
�

x

k

(1� x)

n�k

:

� §®¡ì¥¬ ç¨á«  k 2 0; n ­  ¬­®�¥áâ¢  I ¨ J â ª, çâ® k 2 I , ¥á«¨

j

k

n

� xj < Æ,   k 2 J ¢ ¯à®â¨¢­®¬ á«ãç ¥, â.¥. ¯à¨ j

k

n

� xj � Æ.

�á«¨ k 2 I , â® jf(

k

n

)� f(x)j < " ¨ ¯® «¥¬¬¥ 4.3

X

k2I

�
�
�
�

f(x)� f

�

k

n

�

�
�
�
�

C

k

n

x

k

(1� x)

n�k

� "

X
k2I

C

k

n

x

k

(1� x)

n�k

� ":

�á«¨ k 2 J , â®

(k�nx)

2

n

2

Æ

2

� 1, ®âªã¤  ¢ á¨«ã «¥¬¬ë 4.4

P

k2J

�
�

f(x)� f

�

k

n

�

�
�

C

k

n

x

k

(1� x)

n�k

�

�

2M

n

2

Æ

2

P

k2J

(k � nx)

2

C

k

n

x

k

(1� x)

n�k

�

�

2M

n

2

Æ

2

n

P

k=0

(k � nx)

2

C

k

n

x

k

(1� x)

n�k

�

M

2nÆ

2

:

�â ª, ­ ©¤¥âáï ­ âãà «ì­®¥ N , çâ® ¤«ï «î¡®£® n > N ¢ë¯®«­¥­®

­¥à ¢¥­áâ¢® M=(2nÆ

2

) < ", ®âªã¤  ¯®«ãç ¥¬ ®æ¥­ªã jB

n

(x) � f(x)j <

"+

M

2nÆ

2

< 2" ¤«ï «î¡®£® x 2 [0; 1℄, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�â¬¥â¨¬, çâ® ¬­®£®ç«¥­ë �¥à­èâ¥©­  ®¡« ¤ îâ ¬­®£¨¬¨ § ¬¥ç -

â¥«ì­ë¬¨ á¢®©áâ¢ ¬¨. � ª, ¥á«¨ ­¥¯à¥àë¢­ ï äã­ªæ¨ï f ¢®§à áâ ¥â

­  [0; 1℄, â® ¨ B

n

(x) ¢®§à áâ ¥â. �á«¨ ­¥¯à¥àë¢­ ï äã­ªæ¨ï f ¢ë¯ãª« ,

â® ¨ B

n

(x) | ¢ë¯ãª« ï äã­ªæ¨ï. �î¡®§­ â¥«ì­ë¥ áâã¤¥­âë ¬®£ãâ

¯®¯à®¡®¢ âì ¤®ª § âì íâ¨ á¢®©áâ¢  ¢ ª ç¥áâ¢¥ ã¯à �­¥­¨©.

�¯à �­¥­¨¥ 4. Ǳãáâì äã­ªæ¨ï f : [a; b℄ ! R ­¥¯à¥àë¢­ ï. �®-

ª �¨â¥, çâ® áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®£®ç«¥­®¢ p

n

(x), à ¢-

­®¬¥à­® ­  ®âà¥§ª¥ [a; b℄ áå®¤ïé ïáï ª äã­ªæ¨¨ f .

4.4. Ǳà¨¬¥à ­¥¯à¥àë¢­®© ­¨£¤¥ ­¥ ¤¨ää¥à¥­æ¨àã¥¬®©

äã­ªæ¨¨ (¯à¨¬¥à �¥©¥àèâà áá )

�¥®à¥¬  4.6. �ãé¥áâ¢ã¥â ­¥¯à¥àë¢­ ï äã­ªæ¨ï f : (0;+1) !

R, ª®â®à ï ­¥ ¤¨ää¥à¥­æ¨àã¥¬  ­¨ ¢ ®¤­®© â®çª¥ x > 0.
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�®ª § â¥«ìáâ¢®.Ǳãáâì '(x) = jxj ¯à¨ x 2 [�1; 1℄. �®®¯à¥¤¥«¨¬

' ¤«ï ¢áïª®£® x 2 R ¯® 2-¯¥à¨®¤¨ç­®áâ¨: '(x+2) = '(x). Ǳ®«ãç¥­­ ï

äã­ªæ¨ï ' ­¥¯à¥àë¢­  ­  R.

Ǳ®«®�¨¬

f(x) =

1

X

n=0

�

3
4

�

n

'(4

n

x):

Ǳ®áª®«ìªã '(x) 2 [0; 1℄ ¤«ï ¢á¥å x, â® àï¤ ¢ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨¨ f

à ¢­®¬¥à­® áå®¤¨âáï ¯® ¯à¨§­ ªã �¥©¥àèâà áá  ¨ ¨¬¥¥â ­¥¯à¥àë¢­ë¥

á« £ ¥¬ë¥. Ǳ® [1, â¥®à¥¬  2 x3 £« ¢ë 10℄ áã¬¬  íâ®£® àï¤  | f(x) |

­¥¯à¥àë¢­  ¯® x.

Ǳ®ª �¥¬, çâ® ¤«ï «î¡®© â®çª¨ x > 0 äã­ªæ¨ï f ­¥ ¤¨ää¥à¥­æ¨-

àã¥¬ .

� ä¨ªá¨àã¥¬ ¢¥é¥áâ¢¥­­®¥ ç¨á«® x > 0 ¨ ­ âãà «ì­®¥ ç¨á«® m.

�ãé¥áâ¢ã¥â ­ âãà «ì­®¥ ç¨á«® k â ª®¥, çâ®

k � 4

m

x � k + 1:

Ǳ®«®�¨¬ a

m

= 4

�m

k, b

m

= 4

�m

(k + 1). � áá¬®âà¨¬ ç¨á«  4

n

b

m

¨

4

n

a

m

.

�á«¨ n > m, â® ®¡  ãª § ­­ë¥ ç¨á«  | ç¥â­ë¥ æ¥«ë¥ ¨ à §­®áâì

4

n

b

m

� 4

n

a

m

¥áâì ç¥â­®¥ æ¥«®¥ ç¨á«®. �á«¨ n = m, â® ®¡  ç¨á«  4

n

b

m

,

4

n

a

m

æ¥«ë¥ ¨ 4

n

b

m

� 4

n

a

m

= 1. �á«¨ n < m, â® ¬¥�¤ã ç¨á« ¬¨ 4

n

b

m

¨ 4

n

a

m

­¥ «¥�¨â ­¨ ®¤­® æ¥«®¥ ç¨á«®. �âáî¤ 

j'(4

n

b

m

)� '(4

n

a

m

)j =

�

0; n > m;

4

n�m

; n � m:

�§ ®¯à¥¤¥«¥­¨ï f ¨ ¨§ ¯à¥¤ë¤ãé¥© ä®à¬ã«ë ¯®«ãç ¥¬

f(b

m

)� f(a

m

) =

m

X

n=0

�

3
4

�

n

('(4

n

b

m

)� '(4

n

a

m

)) ;

á«¥¤®¢ â¥«ì­®

jf(b

m

)�f(a

m

)j �

�

3
4

�

m

�

m�1

X

n=0

�

3
4

�

n

4

n�m

=

�

3
4

�

m

�

3

m

� 1

2 � 4

m

>

1
2

�

3
4

�

m

:

�âáî¤  ¢ëâ¥ª ¥â ®æ¥­ª 

�
�
�
�

f(b

m

)� f(a

m

)

b

m

� a

m

�
�
�
�

�

3

m

2

:
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� á¨«ã â¥®à¥¬ë [3, â¥®à¥¬  4.1℄ ¤¨ää¥à¥­æ¨àã¥¬®áâì äã­ªæ¨¨ f ¢

â®çª¥ x ®§­ ç «  ¡ë, çâ®

lim

m!1

f(b

m

)� f(a

m

)

b

m

� a

m

= f

0

(x) 2 R:

�¥®£à ­¨ç¥­­®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨

�
�
�

f(b

m

)�f(a

m

)

b

m

�a

m

�
�
�

®§­ ç ¥â, çâ® äã­ª-

æ¨ï f ­¥ ¤¨ää¥à¥­æ¨àã¥¬  ¢ â®çª¥ x.

�¯à �­¥­¨¥ 5. �®ª �¨â¥, çâ® äã­ªæ¨ï f ¨§ â¥®à¥¬ë 4.6 ­¥

¤¨ää¥à¥­æ¨àã¥¬  ¢ «î¡®© â®çª¥ x 2 R.

5. �â¥¯¥­­ë¥ àï¤ë

� ¯®¬­¨¬, çâ® ¢ £à ­¨ç­ëå â®çª å ªàã£  áå®¤¨¬®áâ¨ áâ¥¯¥­­®©

àï¤ ¬®�¥â ª ª áå®¤¨âìáï, â ª ¨ à áå®¤¨âìáï. � ¢­®¬¥à­ ï �¥ áå®¤¨-

¬®áâì £ à ­â¨à®¢ ­­® ¨¬¥¥â ¬¥áâ® ­  «î¡®¬ ª®¬¯ ªâ¥, ª®â®àë© á®¤¥à-

�¨âáï ¢ ªàã£¥ áå®¤¨¬®áâ¨. �¥¬ ­¥ ¬¥­¥¥ áå®¤¨¬®áâì áâ¥¯¥­­®£® àï¤ 

¢ £à ­¨ç­®© â®çª¥ ªàã£  áå®¤¨¬®áâ¨ ¯®§¢®«ï¥â á¤¥« âì ¡®«¥¥ á¨«ì­®¥

ãâ¢¥à�¤¥­¨¥ ® ¬­®�¥áâ¢® ¥£® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨.

�¥®à¥¬  5.7. Ǳãáâì áâ¥¯¥­­®© àï¤

1

P

n=0




n

z

n

, 


n

2 C , z 2 C , áå®-

¤¨âáï ¢ â®çª¥ z

0

¨ â®çª  z

0

ï¢«ï¥âáï £à ­¨ç­®© â®çª®© ªàã£  áå®-

¤¨¬®áâ¨ íâ®£® àï¤ . �®£¤  áå®¤¨¬®áâì àï¤  ­  ®âà¥§ª¥ [0; z
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℄ à ¢­®-

¬¥à­ ï.
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(5:16)

à ¢­®¬¥à­® ¯® t 2 [0; 1℄ áå®¤¨âáï.

Ǳà¨¬¥­¨¬ ¯à¨§­ ª �¡¥«ï [1, â¥®à¥¬  7 x2 £« ¢ë 10℄. �ï¤

1

P

n=0




n

z

n

0

­¥ § ¢¨á¨â ®â t ¨, §­ ç¨â, à ¢­®¬¥à­® áå®¤¨âáï ¯® t 2 [0; 1℄. Ǳ®á«¥¤®¢ -

â¥«ì­®áâì ft

n

g

1
n=1

¬®­®â®­­® ­¥ ¢®§à áâ ¥â ¨ à ¢­®¬¥à­® ®£à ­¨ç¥­ ,

â ª ª ª t

n

2 [0; 1℄ ¤«ï ¢á¥å n ¨ t 2 [0; 1℄. Ǳ® ¯à¨§­ ªã �¡¥«ï à ¢­®¬¥à-

­®© áå®¤¨¬®áâ¨ àï¤ (5.16) à ¢­®¬¥à­® áå®¤¨âáï ¯® t 2 [0; 1℄.

�¥®à¥¬  5.8. Ǳãáâì
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. �á«¨ àï¤
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n

áå®¤¨âáï ª C, â® C = AB.
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�®ª § â¥«ìáâ¢®.� áá¬®âà¨¬ áâ¥¯¥­­ë¥ àï¤ë
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�­®�¥áâ¢® t 2 [0; 1℄ á®¤¥à�¨âáï ¢ § ¬ëª ­¨¨ ªàã£  áå®¤¨¬®áâ¨ ª �-

¤®£® ¨§ íâ¨å àï¤®¢. �§ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢¥¤¥­¨ï àï¤®¢
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¨ ¢ á¨«ã  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ­  ¬­®�¥áâ¢ å ¢¨¤  [0; t

0

℄, t

0

2 (0; 1)

(¯®ç¥¬ã íâ¨ â¨¯ë áå®¤¨¬®áâ¨ ¨¬¥îâ ¬¥áâ® ­  [0; t

0

℄?), ¯® â¥®à¥¬¥ 3.3

à ¢¥­áâ¢® (5.17) ¨¬¥¥â ¬¥áâ® ¤«ï ¢á¥å t 2 [0; 1).

� á¨«ã â¥®à¥¬ë 5.7 ¢á¥ àï¤ë ¢ ä®à¬ã«¥ (5.17) áå®¤ïâáï à ¢­®¬¥à­®

¯® t 2 [0; 1℄,   §­ ç¨â, ¨å áã¬¬ë ­¥¯à¥àë¢­ë ¯® t 2 [0; 1℄. Ǳ¥à¥å®¤ï ª

¯à¥¤¥«ã t! 1� 0 ¨ ¯®«ì§ãïáì ­¥¯à¥àë¢­®áâìî áã¬¬ àï¤®¢, ¯®«ãç ¥¬

C = AB.

� ¬¥â¨¬, çâ® â¥¯¥àì ã ­ á ¢ à á¯®àï�¥­¨¨ ¥áâì âà¨ â¥®à¥¬ë ® áå®-

¤¨¬®áâ¨ ¯à®¨§¢¥¤¥­¨ï ç¨á«®¢ëå àï¤®¢. Ǳ¥à¢ ï â¥®à¥¬  | â¥®à¥¬  3

® ¯à®¨§¢¥¤¥­¨¨  ¡á®«îâ­® áå®¤ïé¨åáï àï¤®¢ ¨§ [1, á. 256℄. Ǳà¨ íâ®¬

¯®àï¤®ª á« £ ¥¬ëå ¢¨¤  a

i

b

j

¬®�­® ¬¥­ïâì ª ª ã£®¤­®. �â®à ï â¥-

®à¥¬  3.3 £ à ­â¨àã¥â áå®¤¨¬®áâì ¯à®¨§¢¥¤¥­¨ï ¤¢ãå àï¤®¢, ®¤¨­ ¨§

ª®â®àëå áå®¤¨âáï  ¡á®«îâ­®,   ¢â®à®© | ãá«®¢­®. �¥®à¥¬  5.8 ¯à¨

ãá«®¢¨¨ áå®¤¨¬®áâ¨ ¤¢ãå àï¤®¢ ¨ àï¤ , ï¢«ïîé¥£®áï ¨å ¯à®¨§¢¥¤¥-

­¨¥¬, £ à ­â¨àã¥â à ¢¥­áâ¢® áã¬¬ë àï¤ -¯à®¨§¢¥¤¥­¨ï ¯à®¨§¢¥¤¥­¨î

áã¬¬ ¤¢ãå ¨áå®¤­ëå àï¤®¢.
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