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Y 1. 14840074 & iayaiia foladasediey
i0 &a7aidel, +of caaall 1otadaaedied f X1 Y, afée éazalio yeaiaioo e
iffedficda X iiA0aaeal a filloadonoacd daeinoadiiié yeaiaio éciilednoaa Y.
Nail fouanoaiaaied 101adasediey deed yaeyaofy idodeacasuili 6aeom. ii-
yoiio Adeeill ciaol, 1de éaéed ofelaeyd  cadeneéiifiol 1&aedd yedidicaié 4466
iffee8f0Aa yaeyaony eiaiil 107adasediedl. Aey ~ensiand 06ieseé i 6aea 1a-
fidagae 140aoiop o6iesep, 1adaidode+anee caaaiiop 66iéoep & caodiioee
5148816 AoLAROATAAISY TAyaiié 66ievee (fi. edésep 1.9). O8iddu ia 1ans-
481 10746816  éleasuiial fouanoaiaaiey & 466a0ai6ed6aiifioe 1adaoiial &
fayaiial 1ofadasedieé éiia+inasins i6ifiodaifioa.

\\\\\\\ -
2a0e8l i lyooeseaion k2 (0;1), o.

8xL;x22 M ' j h(x?) h(xb)je kjx? x3j:

Otsaa
1. ABUAMOAGAD & iBé ofi Aadifioaaiiay iaifaaeeeiay oi+ea X
iotadazaiey h, 0.4 h(x )= X :

2M
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2. iailadezeiay oi+éa yaeyaony idaaael €040a0etiial idioanfa , &i-
0100¢€ ieeil caionoeol e¢ idiecaiéliié oi+ée x°2 M
8n 2 N iléazadl x" := h(x" 1); ofaga x = lim x";
3. 11adagiiiot fa  n-ii gadd 16aieaadony naaddod 1 14dalio gadd éaé
6ataapuay aanaode+anéay isiadanney i élydodeoeaion k
n
x" xj6 ihx®  x%: (1.1)
1 k
Tanoseadied 1.1 Toidoei
1. efnedacaita 66aaiaied eiado niadcede+anéeé aes ioee+ité 1o odazeoe-
fital  h(x) = x°, 848x° oeénesiaaiiay oi+éa;
2. Noidioeediaailt ainoaoi+ita onelaey ia oieuél fiouanoaiaaiey iaii-
adaexiié oi+ée, i € 44 Aaaeinoaaiiinoe
3. 6éacai eoaddaoeliiié 1816ann, notayueény é iaiiadeaeiié oi+éa (i

ééca, oaidee 4600adaiveaclilsd 0daaiaieé é a odidee ddaaiaieé 1aoa-
iace+anéié oeceée
Gr(f

PP XM= jh"P(x%)  h"(x9)j 6 kjh"*P 1(x%)  h" 1(x%)j 6
6 k"jhP(x%) x% 6 k"(jxt x%+jx? xYj+ i+ jxP xP Yj)6

N
K" jxt X% L+ k+ K2+ e kP b6 kn )
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2N A~ AxAL

/ ficeacey €aacao, +of 1oladasedied h 1ai6ad04IT ia anaé 1aéanoe
e

h(x )= h(lim x)= lim h() = lim X" = x :

A 180244iM0aa (1.2) 140aé4aal é 1ddaded ive p!l1 ; iiélenuéo lim XN*P =
p:

, 4 él01d1l 11adel 16edavaiey ioladaseaiey 10aiedadony +adac 11810
08e00 RETae e ifadel idedavaiey adadiaioa
O&iddia 1.2. omou f : R” X ! R™ Aanpad 4206040ai6ed0aita iota-
dazedied adioeené 1aeanoe X . Olaaa aey epand ot+aé x1;x2 2 X f6uanoacao
02814 +efst 2 (0;1), ~of
H 2 1y; i 1 2 IWws iy2 1
jE(x)  F(x)j6 jiDf (x> + (x* x7))jj jx° x7j (1.3)
Aiéacacdelnoal . A neeo anioééifiogé X, 108acie, nfaaeiypueé idiecaiéd-
i0& oi+ée x1;x?2 X, 6aeeéii ftaddeeeony a X:

xLix?] = fx= xt+t(x?2 x):;t2[01]g X:
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10 NOUAN0A0A0 adéoid-06ievcey Nnéaeysdiial 1ad

i) fxhi=i @) "j6j A)ji=iDf (xa+ (x* xHH(x* x1)j6

iDf (xa+ (2 xji jx* X
jai iMiaaiaeony anodeapudd ec (1.3
Nedanoaed 1.1. Aneé a 6nsiaeyd 0aidail 1.2 afileieodédiil eiado ia-
Aol 168iéa  sup,,x jjDf (X)jj < +1 , Of 48y €patd x';x? 2 X fidaddaceal

if %) f(x1)j6 supjiDf (x)jj jx* x: (1.4)
x2 X

1.3. O&iddia T4 1adaoili 10Tadasediee.

O&iddia 1.3. onouTotadazedied f :R" U! R" j4idad04il 4660a04i-
0e804I1 ia 1aganoe U e 4 idéioiaié oi+éd x° 2 U 1isdadeeoaci detDf (x°) 6
0. OTA4a AGUAROAGPO 0A6eA 168AM0IH0E V(X9 = VU &W(y%) = W Of+&é
X0 & y0 = f (x0) fAif0AR0N0ARII, +Oi:

1 f6s&ied f 1V 1 W JAEyAORy AAGGRAEE:
2. 1408a0iia 101adasedied f 1:W ! V i8i6ad04ail 4660408i0&304iT,;
3. idfecalaiay Tadaoiiai 1oiadaseaiey ad+eneyaony i1 61816éa
8y2W | Df y)=(Df (x) !; aadx=f 1(y): (1.5)
Tandeesdied 1.2 Toidoei
1. O&iddia 1.3 yaeyaofny eléagiiti aiaeian oaldain 1a 1adaoeiifnoe +en-
g1a1é 6oievee ~eneialar adaniaioa, isiecaiaiay é1oiaié eiaao ia ei-
0383aéa inofyiiaé ciaé.
2. Daciagiiioe 18iiodaifioaa-iditadaca € i8inodaifioda 1adaca ftaiaaapo
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3. Oididga ( 1.5) igiarado, +0f acyoed 1adaoiial 101adasediey & 4860404i-
oediaaied 1adanoaitai+in. Yoa 618i68a ilcaieyao iagoe idiecaiaiop
1adaoilal 1oiadasediey, ia iadiay faital 1adaoiial 1oiadasediey

4. E&ay aiéacaddeinoaa 0diodit: anée iaodeoa isiecaiainé  Df (x°) 1ada-
0eia, of fail 101adasedied f efléasuil Tadaoeil, inéleuéd it Toee-
+ad0fy 10 AATaaT aé60adaioeaca fa adneélia+ii 1agép aieda adnieal
iioyaéa.

éypo 18aaiieiee
2. 1d445a0e0
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finéleues idiecaiaiay  Dg(x) 2643041 caaened 1  x, o
3 Bx(0) U daaecnazr oasedil ideiaasdaee
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4. EANedaiaaied 1o1adasediey gy. [iHéleuéd jyj<r=2e&jxj6 r, of, a ieeo
joaiée ( 1.7), med+aai
. o N N ¢
g6 jyi+jgx)i< s+ 5=r
Cia+eo, aey éasedidl y 2 B,-,(0) i01adaeedied g, 44éM0addo eg caiéiooiar gada
B, (0) & nday Aagaa, agy easedidl y 2 B,-,(0) & 4éy épaié iadd  x*;x2 2 B, (0),
a fieeo 16aiée jjDg(x)jj < 1=2 & iadaadifioaa Eaadaisea (1.4), Me6+aai:

jgy(x?) gy (xM)j = jg(x?) Q(Xl)J'G*jX2 x: (1.8)

Eoae, ey é a aial y 2 B,-,(0) T1oladasedied g, 6aiacdoaioyao oneiaeyi oal-
daid 1 1 n alyooesedion  k = 1=2. Nedajaaodeuil, a8y éaseaial y 2 B,=»(0)
1074 0 aaein ||ob |a||aaeae|0b 0i+86. Cia+eo, iduanoascao
1adaoita ioladaseaied f

5. Aléacaodeinoal iai °6
ifé: aey idlecaienitd y!

(1.9), a4dit
ity D= X = )+ F(x?) (gt + f(xh)j 6

if (%) F(x<hi+jax®)  g(xhj 6 jf (x?) f(Xl)J'*“%J'X2 x'j:

0aa

W = B=(0)! B((0).
OaiiA c‘>e 148a0iiai 1oladaseadiey neaadao e(; 164-
1y2 2 B-,(0), & féeo Tisdadediey ( 1.6) e ivaiee

yofio
it fyh) frDi=id xbie 2if(x®) fxd)j=2jy* v (1.9)
Ec i8440a004é Todiée fneaascado, +oi iMeiné ioinadac Vo= f 1(B,=2(0))
B, (0) id¢iaacdaeed 108300110  @ado daaédnar (aifoaoi+it acyou y' =0;y? =
y 2 B,=,(0)). It 6 i&id&d0aiial T0|a6aaea|ey, 1i08a464iMaAT ia 1088007
iaiifaedanoad, iieité iditadac 108800141 ifleednioaa 10&800 (0aidaia 2.3.3),
0.4.V 10880014 ifaiileednioal. N ad64aié foidiin, a feéd Aotanoaiaaiey 1a-

daoiiai fotadasediey f 1,V anol daitadac. (xadact 1(B,-,(0)) it Taicia+aai

ANO N ANAZ 1

anaaaa ieidé ionaoac |0|a6aaea|ey f e 1adac Tadaoiial 1oiadasediey f 1,
anee 1 ﬁéuanéaéé()) Noaél 4000, Totadasedied f yaeyaony acaelil iaidasna-
iié 4edé0edé 1daead 10680001 Mailaeanoai V = f 1(B,-,(0)) & 10éd000i

gadhi W = B,,(0):

V=f YB=2(0) $ Bip(0)= W

6. Aléacaoaelnoar iaidadnaité ae66asaiveddaiinoe 1adaoiial A(‘)‘ééaaeé—
iey. lonot y 2 W idlecaieiiay oeénesiaaiiay oi+ea, a yO 1ada-
jaifay. Oidgaa x=f (y)2V Gééﬁéé ‘||ay oi+éa, a x%=f 1(yo) 2V
i&ddidiiay. E¢ 42006a0ai6edoaiinioe f neadasdao, ol

f(x9 f(x)= Df X)(x° x)+ "(x° x);

344 101adazeaied " yaeyaonyo-iagai ise  jx° xj! 0, 0.

o x x)j
lim = = (1.10)

X0 x jXO
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iseiaiyy & 1448l ~afoyl 5aaainoaa 1adaoiop 1200866 (Df (x)) 1, iie6+adi

(Of () *(F(x) f(x)=x" x+(Df (x)) *("(x* x)):

f 1y f Yy)=(Df (x)) '(y° y) (Of (x) *("¢F ') f ')
O&dagify, ~of 10iadaceaied (Df (x) ("(F (YY) f 1(y)) yaeyaonyoiasdi
ioe y°! y. linéfeiéd

jof () *C"(f ') f Ry it (<) Yi it ) Ny
e filiilee@0déu  jj(Df (x)) 1jj 10 i&daiaiiié  y°i& cadeneo, of INoadony aiéacaoi
[EEEENIEREEET R

im j(f 1(}/(2 f_ Ly)i .
yoy =yl

R G O O 02) ) G O O A 02) ) I L oV R A 0
iyo i itry9 ot Xy)j iyo i '

A fiees dieacaiiié iaidadtaiioe 14da0ial 10iadaseaiey, f Yy f Yy
ide yo! y. Tiyofio (2 fiedd (- 1.10) & 0&Id&I0 1 1A0&5IA4 @ 1634860 168 caidia
88414i11é) 188a0é filiilee0adl nOBAIRORY & i68p. Adidié fliillaeeddél ia
i624IAGTIAe0 2 (. ( 1.9). Neaaiaaoasiil idiecadadied foddieony é ioep.
Ae00884i68806aITH00 T01adasediey f L e oidiosa (1.5 aiéacaid.

Y&414i00 1208860 81ecaTaiNé 149201181 1014822041y YA&ypORy AGIAAT-
cRORaé 080 101adaeaies:

y! £ Yy)=x! DF(x)= Al AL

148414 Toiadasedied 1aidadail i aiéacaiilio, aoisia iaidasoail il onei-
eh, 14idad0aiTiol 0daouaal ieaacdo ec idadeéa iadieeddiey 1adaoiié iaode-

Neaataaoaedil, 1adaoita 101adazedied yasyaony idivddiail 46604daioe-
a

58148 1.1.  Pafifilodei iMeydiop fenodio éNdaeiao aé 1oladasedied
p:[0;+1) R! R?% p(;' )=( cos; sin'):
laddesa ReTae & a4 Tiddadeecdsl daail:

N cos sin oy i
J(;' )= sin’ cos' ) detd(;' )= >0

Cia=eo, fidaediea pioiadaseaiey piaioed006p iesieifeinion  (0;+1) R &ia-
80 13a05ieeaaii6p idlecATaiop & eaceaié oi+ea. Niseanit 0&idaia 1.3, 10454
2AieA p & BpATé O+64 10850016 TTEGIETHEIR0S YAsyAoNy &ieasilié 4eaeoeas.
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......

f >0 f"':'g<'<" o+2 g§ R?nfx = cos' o; y= sin'g; > 0g:

s61ed6e(ifoe (3ef . o08l, +0f BacdOAIN6 06/e6eé, idieeaAlins
Yol 65aAIaIeal, AANETIA+(1A IileeAR0AT: Baciatdl To5acTe [ 1;1] ia 444 i5i-
&cAleif06 14iA0AM&eAPLESHY iileeanioa

[ 1;1]=X1[ X2; X1\ Xo =
& 1iddaaeel 1ayaiop 66iésep 1 idadeed

p1 X2 X 2 Xq;

f(x)=
1 x2; x2 Xy
Anée a8 10 608l ATNoaaToT+eouRy ia  1ailé  iayaiié 6oievee, of Aifoaoi+ii
a0adaou ia 1esodaeiinioe oi+e6 A(x%;y0%), ise+ai x°6 1, &110844iaacl, +oiad
Ada0eeé iayaiié 66ieoee ideiaacdaead aa 4inoaot+i iagié 1 1 fi
1 i 1] T 1
1 =0 {4 yaeyaony ada0eéii 66ievee! Iseioeic¢asuila iadépaaiea
OfeélIEl & TiTa00 of+éad A éanacadclita é 1éddeeiifoe addoeéasuil, +oi daa-
iiRgedit 1aiéeaiep a yoed oi+éad +~anoilo i8Tecalains aaiité 6oiéoee i
iddaiaiiné vy, 0.4 @@y(x2 +y2  1)j( 1.0 =0
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1AW
V X
-1
befi. 1.3 pef. 1.4
816ad04iT 4606038ai0ed0aiT ia 10&8001 Talileeanoad U, fifaadeeavai
0186 (x%y%) 2 U; 2) F(x%y0) = Oy, 330, ia+aél &idaeiao a of+a+i
iBINOGAIR0AA RM: 3) & 01+8& (xO;y0) 12008063 +anoilé idtecalaiié 101a-
dasediey F i1 74daidiiié  y iaaldieeddia: detDyF (x%y%) 60.
Olaaa:
1. AGUAROAGPO 1€dafoiIioe X RMeéY R™ oi+aé x° e y° fifloado-
foaaiii, idé+ai X Y U, é 43einoaaiiia iayaiia joiadasediea
f X I Y, 641a8304ai8ypliad oieedanoad:

1edafofiiolip X Y
3 f

if0dTaied 46880e4aiial 101adasediey. Eiay 4 4éad 04idaio 1.3, aiiodiei
foladasedied F ai danidyieypuddi Toiadasediey, €101d1a & iaéioidié 1edanio-
iifioe oi+ée (x%;y%) yaeyaony acaéseaé. Eidiii, iélaeei
G:U! R" R™; G(x;y):=(xF(x;y)): 1.12)
|8Taadei adieidied oneiaeé odidaid 1.3. Ai-i46a00, iotadasedied G iaida-
d0ait 46004dai0ed0ail e 1aodeda idiecaiaiié eiado a&i+iné aea
idx 0

DxF(x;y) DyF(x;y)
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Ai-401800, & feed oneiaey 0aidaia, a oi+ea (x%;y0) Tivdadeeodsi
idy 0

DxF (Xo0;¥0) DyF (Xo;Yo)

Ne&ataaodedii, 101adasedied G yasyaony acdesedé idaedo iaéioisié 1edarno-

fifoup V U o+ée (x°y%) & iéedanoiifioup W oi+ée G(x%y% = (x%0y),

ioe+ai detDyF(x;y) 6 0 ide (x;y) 2 V. Adc 1adaie+aiey fauiifioe daffidaead-

ieé fi+eoadi, +of V = B (x%y%) idéioiday caiéivoay wadiaay iésanoiinio
daaéona > 0.

ladaoiia foiadaese

det =1 detDyF(Xo;¥0) 60:

81840 03680630, Alasiae+iop AOd6e-
1(x%y9 = (x%H (x%y9). A naili 4363,

348if0A4I1A Gavdied 65aaidiey  G(xy) = (x%y9)
10ilfe0asuil idecaano (x;y) 2 V, 444 i63aay +afou(x%y9) 2 W; i
yoi 633ai&ied daailfiesuil fefodia 6daaidieé  x = x0 F(x;y) = y° Ciaeo,

u
““““““ fi0aaiiia

H: W! R™ +0f G Y(x%y% = (x%Hx%yY): (1.13)
10T4daaediedi F e ifeo+aiidi 101adasediedi
ABOAETAS

asoesiaaiey

[aeaai naycu ideead aaiiai
H. baffiiodel éaifie+anéea i
1R R™IRY 4(xy)=x; 2:R"™ R™I R™; L(xy)=y
idyifal idiecadadiey ia 1aéi éc ffifleeeddsaé aaiel asoaial. I6nou of+eéa
yO2 (W) 6eéfie aiifiee

~~~~~ 0
ediaaia, oldaa fa V odaaliifieélin fedadpued ode ofefaey:

Fxy)=y°, Gxy)=(xy) ., y=Hxy: (1.14)

A Raill 4463 1) ideidiel @ iad8  (x;y) 2 V ioladameaied G, ieo+ei, a fiesd
& A 6fie oi1a; 2) ideiaiel &f aoiaNi6 5aAAif0as Toiada-

86 ( 1.13, 002004 6fiETaca. 14a 1a0A61aa 1a5a08I0,
G 1

ifeleues G e G ! aedesee: V. W.

,.\
H

H
o

D

® O
P ooe
=5 8’;
(‘D —_
o o
1T
)
&S
o

»
(04
<
Q»

G ~
Pacaasainy, i-ai6 foladaseaied G iacaabo dafiayieypuel. A fess 1adaié
daaiinesuiifoe ec ( 1.14), a8y idiecaleniie  oeenediaaiiié  of+ee yo2 (W)

F IO\ V=fy)2V: Fixy) =y € 1(F Y9\ V) f yg R f y%
A +anoiifioe, G(F 1(0y)\ V) R" f Oyg (8éf. 1.4).

2. 1544820203860i04 T0&ice. Eg fadaceiifoe iaodesl  DyF(x;y) a&y anaod
iad (x;y) 2 V = B (x%;y0), i4ida804i1é 46606384i068064iifi0e 101adaseaiey F
& &1iiaeoiinoe caiéioolal pada REaastas, ~ol

sup  ji(DyF(xf (x)) ' <Cuy; sup  jiDxF (T (X)ji < Ca;

(xy)2B (x%y0) (xy)2B (x%y9)

434 C,; C, > 0 (4éioidna
@4341, ~0f AOUARDA6A0 0aé
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B-(x°) Ber(y?) B (x%y0). A naili 4364, sannoiyiea 1o oi~ee  A(x%y°) &i
isiecaieuiié oi+6e  AYxy) 2 B-(x%) Bcr(y0) 16aicaddony 0ad:  (A;AQ <
("2 + C2"2)122 Ofgiaed

n2 + C2|l2 1=2 < "<

( L T

da0aioeddao enéliop ideiaaéaseiifiou.

3. Tivdadedied idyaiial 1otadasediey e aal faiénoaa. léasedi, +oi enéiita
fayaiia 1oiadasedied anou
f:X =B (x%! Y :=Bc (¥?; f(x):= H(x;0y): (1.15)

Ai-140406, 107adasedied f 1i0dadedinia X ihéleies X Oy, W. Ai-201500,
ec daaiineeliinoe 1a0aial & 0dA0UAAT 6fetage a (| 1.14) nedaocdo, +oi ive yo =
Oy, adifeiydony aey andd x 2 X daadifioal F(x;f (x)) = F(x;H (x;0y)) = Oy.
Aaeifioadiiinon 1otadaeediey f & aéep+aied f(X) Y Taiiitaail ieaed.
8i545041ay 4606064041663081TR00 101404816y f(x) := H(x;0,) AEAAGAD,
a need 0aidait 1.3, ec Tidaaaeadiey ioladaseaiey H & ididad0aiié ae60a-
daivesdaiiioe 10iadazdiey G 1. OAiadl, +0ial jaéoe idlecaiaiop Df (x),
Aifoaot+ 11 i51460080416651aa00 Oleadfival  F(xf (x)) Oy (x 2 X) & Affi-
ileligiaaouny Taa0eiifolp 1208860 DyF (xy) 86y aRa8(xy) 2 V:

FOGf () 2% 0, ) DyF(xf (x)+ DyF(xf(x) Df (x) 2

X

Df (x) ** (DyF (6 (X)) 1 DyF(xf (X))

fa+aia i6eaaay 1aodeoa daciadii m n).
( 1.11), Ti6dadeaiey élifoaiot  C é iddadadinoaa Eaadaieea néa-

4080 aéep+aied f (X) Y. Aléamal 4aeifoadiiiiou Toiadasediey f : X ! Y,
GATAGAATOYPUAAT Oleeadfidad F(x;f (x))  O,. Afiofioel idioeaita: AGUA-
fica6ao Tofadasedied h : X | Y, 6aiagaoaioypudd oleedadfnoad F(x;h(x)) Oy.
Olaaa, a fees (L.14), G(x;h(x)) = (x0y) = G(xf (x). A fess acaeodeaiiioe
G, ilé6+adl:  (x;h(x)) = G 1(x;0y) = (xf (x)). Cia+eo, Méa x 2 X, aaasii
h(x) f(x).

Ec Ti54aa6aiey ( 1.19 & daAlnesiiioad Tadalal & odadua
(1.14) Reaasds, ~of a0a0eéf Ao

~A L

ofetaeé eg

gr(f) = f(x;f (x)); x2Xg=f(x;H(x;0y)); x2 Xg=

f(xy)2X Y : F(xy)= Oy0

1.5. Galdia i&5&14i106. )
i5ea0-ea faded fal aaia:
Caidia fi-afioep fia.
AN. i6geei. Aaagiee Tiaae,
6. 1l
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i
¢ ECiafai 66ieve -v). Troadon &
+anoits idiecaiaild @z=@x; @z=@)ij £aé o0d6ieoee ifaio 1adaiaiito u;v
Ideiaiyy idaaes 4660adaivediaaiey féiaeiié doievee, Meo+aai
@z @z @Qu 0@z @v @z @z Qu, @z Qv (1.17)
@x @u @x @v @Xx @y @u @y @v @y
Aaa feddx = z(x;y), a iidada z = z(u;v). x0lad iaéoe idiecaiaitia %Q; %’,
%;‘,; %; i6eell alfitélciaaouny atdaseaiedi ilalo éiidaeiao ~adac noasdaa, éi-
oio0ia, éaé 16aaeel, idecaanoin. laiaél e yoi iseioeieaguité inaio a
181048004 caiaill! ileeil 1614600a8ai0ediaaol Aldasedied Noadls &iis-
A48ia0 +&04c 11A04, iTA5aciaaay, ~oi iReaaiea Aldasail ~A04c foadta. O.&
i81460048ai0e81aa00  Oleeddnoaa
8
1= @ @Qui @ @v
E @u @x @v @x
Y- . . - @x @Qu, @x @v.
X XUy vixy)); ) 0 o oyt ov oy (1.18)
y = y(u(x y); v(xy)) 30= 80 8t & o
@u @y @v @y
E &U04 dac Toidoel, +of & caiene  2* a +eneeddséx = x(u;v) 00iésey, a a
jajdiacded u iacaaeneiay radaiaiiay; a caiene Ou 1314i610: a +~efneeoa-
y idoaidiiay gy fanaio
du = u(x;y) 00ieoey, a a ciaidiacdéd x iacaaeneéiay idddidiiay. Ec
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wns 2 O srnZ i N7O LAz NN ONA N oAny

iie6+aiiié  eefdéité nenoait 4 4 aldazeadi enéiita idiecaiaita:

@u_ ~ @x@x@y@y . .. @v_  @x@x@yQ@y .

@x & @ueveuieu’ ey ¥ eieveuieu’
Caid+aied 1.2. Eua idiecaiaita %‘:; %;, %;; %, 10 daéoe+anée 1maoi-
deée aléacaodelnoal 6i8ioen ( 1.5) iadieeaaiey idiecaialié 1adaoiial 1
daaediey. Tieeil Adaco iaéoe 1aooeoto Df , caoal é iaé 1asaoiop (Df) 1=
D(f ).

Caaa+a 1.1. I6nou ifacad iadaiaiina ileysind élisaeiaod, 0.4 X =
rcos; y = rsin'. [aéaeoad +anoia idiecaiaita iians 1aoaiaiits r' o
fi0adai Tadaiaiiai X;y ia aldaseay ifata 1adaiaii0a +~adac noasdta. Daeeod

Anee aloasedied G fitaddeeeo idlecaiaild a01a1al iayaea, of 4e60adaioe-
d0al atidazediey ( 1.17) aua dag 1i fioa i
GRS ARL A D A NANANA MRt A Gu. @u. ...
idlecaiaioa aoioidl Moyaca  gxi oxe
jaéoe, aeb6acaioesdai atdaseaiey ( 1.1
ae&adl, +oi 1atail at-eneéaieé nouanoaaiit

Ox

[ ] D
- O
Qo
ox
Qo
50

< o

=] \2?:<
a»
D:
<
T
o
=13
<
-
Q»
=13
=4
o
Qo

a
iadaiaiiai. 154a615a-

AZSN QN

A 1408 fed+ad ideeil i40aéoe 10 66ievee z = z(x;y) é 606iévee w =

Pd
X
,
o

A AN A A A XS AR~ f 8 A1 S K
w(u; V), aifilelclaaageni aedeoedé RS ! R® 0046140i00
Y06 488608p Tieell caaadu iayait A Mitup AeRoAIN & 0B

(F1;F2iFa)
001686 Tada-

641aeaoaiayac oaisaia 1.4, aneé n+eoaou caaereéiié oiolu aoidso
1aiiae  (u;v;w), 6iol 1adaop 0diééd (x;y;z):

k=

8 8 8

2 Fi(x;y;z;u;v;w) =0; 2 X = x(u;v;w); 2Uu=u(xy;z);

S FPaxyizzuviw) =05, Jy=y(uviw) o, vEvxy;z) o (1.20)
" Fa(xy;z;uviw) =0 Cz=z(upviw) S w=w(xy;z):

iifefenes it ofetaep  z = z(x;y), ile6+aai céfodio ec 0846 6oaaidieé fi iyoip
idécadnoinie, eloiday daailfieelia caaaiep iayaiial ioladacediey:

8 8

2 Fi(xyiz(xy); uiviw) =0; 2u=u(xy);

S Fa(yiz(y)uviw) =05 v=v(Xy); (1.21)

- Fa(Xy;z(xy);upviw) =0 T W= w(Xy):

x0Tal caiefaol atdasedied G(x;y;z; @z=@x; @z=@)y:+abdac 1A iadaidi-

04 u;v,w e idiecaiaild @w=@u; @w=@\ai:1ada006, éc fenodil 6daaiaieé
(1.20) a0daseadl fidadna elidaciaot +a84c ifata. Ai-a0i608, 08206y fiefoaio
60aaidieé (1.21) éaeé fefiodio oieeadnoa

8

2 F1(Xy;z(Gy)s ulx;y); vk y); wu(x y);v(x;y)) 0

S Fa(Gy;z(xy) uy); v y)swlu(xy)svixy)) — O; (1.22)
C Ry (G y)s uk ) vk y)sw(u(x y)svixy) 0
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& 4600adaioedsoy aa 1 1adaiaiiil X ey, Méé+aadl nenoaié ec ganoe eeiaé-
FAaN L XANAZO LN L ANIANAND N O AN rON AONMANIAN ALIAN L @z. @z. @u. @Qu. @v. @V
106 odaaiaiee fofineoacull #anoe laecaanoll 00i0ee gy oy @x 6x ox o
Aliiegai 1ail 6daaiaiea, Méo+aiila aeddadaivediaaieal 1acaial oleeda-

fioaa it 1adaidiiié  x

@F , @F @z, @F@u, @F@v, @F @wAu, @WAV
@x @z@x @Qu@x @Qv@x @Qw @Qu@x @vA@x

a
Afiee a0dasedied G fiaddeeeo idiecalaila aoidial iidyasa, of iiyaeyaony

&4 4aayol 14ecaanoins ociesee 9z; Gi. ;O &ivisna fasiagi, 480-

0adaioeddy im x el y iléo+aiila daiaa atdaseaiey idiecaiail gf(; G %’.

1.6. Agaaéed iianasiod imaaosiinoe. iifafiagiié aanaosee, a
0AI3ee VEROBAIsHA, A 0Aidee eidaasediadiey, A 0aema A BAcEe+((6 dAcAA-
¢ab 6eceée aicieéapo 11addiinoe, dacidsdiinoe algd 4a66. lyoiid ieacil
€100 €0 daeiiiadaciia fienaiea

liddadeaied 1.1. [faiflseanoal S RP fac(aadony n-iadité 18inoié
Aeaaéié 11aasditnolp a p-idoaiil 181fodainoaa, anee S yaeyaony iadacii
joladazediey : R" V! RP,Taéasapudai neaaopueie naiérnoaaie:

1. n<p;
2.V R" faéanou;
3. TA0acAiea  2iGAGORAN, 0.8, 8th:t22 V,t1 6 2 ad8i (t1) 6 ( t2);
4. 2 CYV) & aeamiié oi+€a t 2 V daid 1a0deo0 +anoils idlecaiaind
iaéfneiagai, 0.a. rank(D (t))= n
Totadasedied fachaapo Tadaidodecaceaé  11aadodiiioe, a iadaiaiiop t2
R" iadaidodii

Tanoseadied 1.3. Taia & oa @ed 1add6iHol anddaa iadaidodeciaaia a&n-

e1ia=i0i elée+anoai nintaia: anéee F:R" VO VvV &edéoey eeannac?,

daBaea YAGYAONY 1A0AIA008CA0RAE (il B8R, 1.5). lieil Aléacadu, +0f dasel
1adacii iieo+apofy ana iadaiaodecacee aaiiié 11aasdiinoe.
a0eenesnal ana ensaeiact iadaidoda t, esnia tailé  t;. Ecidiyy a4, i-
go+ei edeaodp | S, ideiaaeaseaudp aaiiié Maassdiifioe, éioiday iadaido-
declaaia fotadasediedl  j(tj) == ( t9;unt; ). A dacoeuoacad isiieeidéiay
éiidaeiadiay fiaol idinodainoda R" iddiadacoaony a édeaieeiaéiop éio-
" 5.
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o0
ot
'Yﬂ /
N
i -
£ F :
s
beén. 1.5
livdadeaied 1.2. oMol (9 = x° 2 S oGeefiediaaiiay oi+éa idifoié
4634616 112486108, A&8018iTa 1T4iaifodaifoal TS = Im(D (%) VP
(0.8. TadaC iBlecaraiié Totadazediey D ( t)) factaadony eanaodsiidi isi-

Tandeeadied 1.4 oidoei, +of
1. Oda4iaaied 1aeneiagiiinoge  daida iaodesd D ( t°) icia+ado, +oi ii-
aaodiinol a éazxaié 0i+éa eiaao éanaocaediia ioinodaifoal 1aiié e oié
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Aréacaocdennoal i. 1. Eg 1andeeadiey 1.3 iedaodo, <oi 1adacim (D At9) =
Im(D ( t) DF (t9), aaat = f (t9. liéleneo idiecaiaiay  DF (19 idaldieesdia,
&4 1a0acii yaeyaony ananodaifioal V". Tiyolio Im(D Y% = Im(D (t)

DF (tO)) = Im(D ( t)).
O0a&d=eadied i. 2 yaeyaony ioyili fiedanoacd
o e e

liddadedied 1.3.  TNaiileediodl S R" jachaad
aoiiAolp & p-140ii 16if0daifi0ad, afiee S &ieasiil  yaeyaony
i il § a IEET
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2. éanaoaelina iatnoaifioal & i1adasiinoe S & 01+8a x caaadony eeide-
itii 4360180l 6daaidieal
T,S=fv2 VP: DF (x)v= 0g=(DF (x)) %(0): (1.24)

0 ¢ 0 15

Caaa+a 1.4. Neleuél i&ecadnoind e netenuél odaaiaieé aiéaeia ftaddeeaci
fiefiodia, daiacdoaisypluay onetaeyi oaidaid 1.5, +0fal cazaou eeiép a aai-
1a0de+anél (0.4. 08a6iaain) 18iNodainoad?

Aléacaodeinoal . Caodeénedoai isiecaieuiop oi+é6 x 2 S. linélenéd
rankDF (x )= m, i1aodé6a DF (x ) filaddeeo (adid (ia 1aycacdedit daeifioaai-
i0€) ¢ m éeidéil idcaaeneins noieacia. Adc 1adaie+aiey Tauiinoe ileeil
fi+eoaol, +of iiedaied m foiéasia @Rx )=@¥ m+1;:: @Rx )=@x éefaéit
facaaeneid (efa+a 1a4daidiasoai iddaiaiita Xi). ladaiaicia+ei 1adaiaiits
Xi, 38ai = p m+1;::;p, ay;; aéy 1adaiaiias i iliadaie i=1;:5;p mifoaaei
id&eeiad Talcia+aied. A 6acoeuonacd aaiita idifiodaifioal Meo+eo i0aanoaacs-
ied 4 aeaa 1oyiial idlecaaaaiey aado idinodaiioa ( RP = R" RM), a aaiiia
107ad3ze&iéd F : R” R™ U ! R™ 6412880410740 af&l 6Retaeyi 0aidaia
1.4 1 i&yail 1otadasediee. A feed i. 4 04idail 1.4, iiflecdniodal S a iaéi-

lia X Yaeyaony adaoeél iayaiial

7). a
a 1iodadediee 1.1 A faiM 4864, 1) n=p m<
6m 2 N; 2)X 1iagafiou (& fieéd 0aiddin 1.4); 3) aneéx! 6 x2, of
GR(f)(x1) = (x;f (x1)) 6 (x2;f (x?)) = GR(f )(x?); 4) a6a&éinouGr(f) fie
: f 1

Toladasediey f yaeyaony isifolé deaaéié i1aasdiinoup. 1adaia 60addeeadied

TZUSEV'
0
S T:,‘S’; v?
dimS =1
ben. 1.7 ben. 1.8
Ec &16aca0a6f0aa RE&A6A0, 01 CaNA0ABHNE T8TR0BAIN0AT A O1+64 (Xy) =
(x:f (x)) AROU TTAIBINOBAIROAT A&60IdTa v = (; ) 2 V" V™, 1i38486yAiia
0aé:

Txy)S=1(; )2Vv" v™: 2V", =Df (x)
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=f(; ): DyF(xy) + DxF(xy) =0g=fv=(; ): DF(xy)v = 0g:

a+aied 1.4. A aiéacacdeunoad 0&isaid
é P ooAn ~ ~

~ Qs .n

Nedafoaed 1.2. (i 4466 fii
a4 1a306iifiol S 1adaidode

fi
é f1oiaédino maaino

t
OF ) &Y —0 siz1in g =1;um:
@it
2) VMM = T, S NS
Ailéacaodeinoal . 1a6aia 60aadeeadied daainieeuil ideiaasdaeiinoe (V)
S 14daca (V) 11a886iR0e S i3e 6fETace, ~of S = fx : F(x)=0,0. Ae6o&-
BAi6ed6Y Oleeadnioal F(( 1) Oy, ile6+adi
0 @5(X) @@E(X) 10 @ 1(t) @ (1) !
X % @1 @t
DF(x) D(D= . ® LR B I
@Fn (x) @Fn (X) @ p(t) @p (1)
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888x = (1), &  (668A3y 1200864 SAciadhi  m  n. (iadiay 100M-
[aB0MAOU aléacaia. (fa def. 1.8 fléacai 4aa Alciieeild AE6+ay Sacias-
ifMo&é eanacasuial i3ifodaifioas & AaT 1601aTasNaT Afieidiey a 0d&6-

18811 i81M08aIM0A4.) (METeUes eanadasniia idimodainoal TS &i8&od dac-
188ifoU N, a fiSiaguia i5iHodAIR0aT  NyS  m-iadil, &6 idyiay Adiia 1a-
3ag6A0n + m-i&3i1a i3iiodaifioal, 0.8. Afa i3IHOGAIR0AT. Clazed,  TyS yasyaoRy
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0 oy T 0 0
fx%) = @fx );::: ;@KX ) -0 : @) =0; = ;7@“ ) 0. (2.1)
@x @x @x
P. Anee x0 = (x§;:5x0)  oi+éa éieagdil
f, of ~efigl x0 yasyaony ol-&lé eleasuia 5
= (Yoo x? xix%y s x9) ~eneiaiar 1asdiaiiial  x;. A fieeo odi-
a



22 R.1. AUIADNEEE

3), <0
aoiaialal oyaea  d2f = d?f (x;dx) ARdU 66ié6eY 2n TA-

X

s

X

=}

. (o
" X
= P

aodiveae o (x%;dx) O0ili&daidiilé  dx. 10 Meo+adi

f(x) f(x%= Zd*(x% x)+ o xj?)ise x! O: (2.3)

(w) factaaaony
ié , aneek (w) > 0 aey anadw 6 O;

ié aneekK (w) < 0 a&y a

S N A~

1280 108€0620460i06 (1TéTee@0a&Ui00) cia+ai
K
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adaaied), o 6ievee f(x) e g(y) = f (Ay + x°) a oi+ead x°= A(0)+ x°ey°=0
&idpo 1aié & 04 a8 yénioddiacuild nalénoaa. A feed eejaéiinoe A, iddané
4600308i6838 d(Ay + x°) = A(dy). T yoié a4 ide+ei& 4 01+64 0 A0idé
48060a04i0eae fnéleiié dbievee g €i4ao0 aeéa

d®g(0; dy) = d(dg(y; dy))iy-o = d(grad f (Ay + x°)j; A(dy))y=0 =

(D?f (Ay + xO)jy=0 A(dy);A(dy)) = (A(dy))" D?*f (x°) (A(dy)) =
=dy" (AT D% (x°) A) dy:

(224 4+ (xXM)2+ o (XY 24 (XY 2+ o(jxj2);

838 1:00 k>0, a1l ke1 <0, k+16 n.
Eaaadaoe=iay 6idia iélaeeodelil Tiddaaeaia
0 (i=1;z5n). 16A60 =minf ;5 ,g> 0. O

"> 0, +0f &y epaidl x 6 07 jxj <" Aadif:

1. o
F00 > Sn ixi* + oixj?) = jxj*

Tofidonoaed ciasiiioaadeaiiinoe e ciaélianaaadediiinoe éaaadace+iié 618-
i0 Tcia+ado, +of 0a +efiea , &101004a Toeé+il 70 ivey, Taifal ciaéa, it ed
éiee+anoai nosial iailigd, &I  n. A 8a+anoaa ideiadia aiclidi 44 6oiesee
44060 1adaiaiins, 6 éioidis ftaiaaapo aoidta aéo6o6adaiveacd:

f1(xy) = X2+ y% fa(xy)= x2 y&
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i6fion a 1aeaiioé U RP caaaia

B.(x°
afieieoaeui

Q

0
+0f & iadana~aiee 8x 2
a

Q.
Q.
[¢]
Q:
QD

adl x =

N
sy A
3
N
N
py)
©
3
D= O
Q
9]
<
™
=>
o
~ D
o
: N
D:
-_—
a»
D/
Qo
L
~—~
N
NI
1
o
<
ox
Q-
a»
=
=13
(0
0]
.
= =

)
~, 7O MmN XANANA A A A N XANANA
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_,,
~~~
X
<
N
1
—n
~
x
ol '
<
= I
N C
Ml
(]
A%
«Q
-t an M

O ~O AN

Tix1y1)S 140&M&6a40 éa
fidaoi+ii iaéad "> 0 éeie
- )i

it
Nedataaoaeni, (xi1;vy:
I 3 )

:

@

D

> <

&
= O
@ 2 %o

o Dt

=N
O » <

ai3 1200860 DF (x) 1aefeiasai, 0.8. 5aa&i m
Ec 6fieagy 2, A fiee6 0AISAI0 1.5, ABAA6A0, +Oi iTAilleafioal S JAsyAoRy Aead-
&7é 11a4561HoUp Saciadiiioe  n = p m, eaRadAsUNa iBIROBAINOAT & Oi+ed
X 2 S caaadony ReRoallé eelaaseciaaiins 65aaiaies ( 1.24)

T,S=f 2RP: (DFy(x))"; )=0; ::;(DFn(x)T; )=0g;

a fienodia aééoidia f(DF1(x))T; 1 (DF (X)) T g &&yaony aacedil a idotaiiasi-
il afiféidiee NS & T, S (fil. 8aan0aeal.2).
A i6&iyo06 idaaiieiaedieyd T 66idoee f & 70iadascdiee F fidadaaceaa
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O&iddia 2.3. (i&Tadiaeiné ideciaé oneainal yénosaioia) 16moi x0
of+-@a éiéaguial oneiaial yenosaidia e f (x9) = ¥, 0ldaa fidasdacean nea-
A6plied daaiineeuina 1deead filaié 60addeeadiey

1. grad f (x°) ? TS ,
2. 6Lanoadao aaeinoaaiité aaid =( 1;:5 m) écm <enae, aéy éioi-
31t Df (x%) = 1DF1(x°)+ i+ mDFm(x°)

Aléacaodeiinoal . 140a018106ed0ai caada+o ia 6neiaite yénodaioi. ool

V! RP i8lecaietiay eiéaeltiay 1adaidodecacey 11aasoiinoe S 2 iaéi-
olaié 1edanoiiinoe oi-éeé  x° 2 S. Panfiiodei fgiaiop 60ievep

=t

-

¢ H
=

o »

> o
o:
D
lo )

(S/GICA
an @ .
Q: O 5
g))

o

o =
o

o
|
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o
:
=
[
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D
g
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o
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o :
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o
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o
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o
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lo )
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D
<
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Oaiadi, aneex® oi+éa éiéaeiins Taial yénosaidia, o aey neleeiié
aeaaslé ooieoee = f(( 1) 5
@) oy @ t°)
8j 2f1,:;;ng ) =0 , Df t o,
] 9 @ (Ct9) at
t9)
Df (x° T;@(i =0:
CECONE
Ec (1.23 fcaacas, ~of a&eoid (Df (x%)T = grad f (x°) 1301&IAGAI Baseald
dacenifié 4déoidd éanacaelilal iginodaifiocda T,oS, +0i aiéaclaaas iadaiad
60aadz:eadiea
F¢ fédanoaey 1.2 a00déado, +oi: 1) 60addaeadied i. 1 daaiineedil ide-
jaasdeeiiioe (Df (x0)T 2 NyoS; 2) 488015 (Df (x°))T &4eifdaaiial jadach
danéeeaanaadony 1t aacenof (DF1(x°) T, ;(DF m (x°) T g.
aaat+a 2.2. Aleéaseeod, +0i 0nelagd grad f (x%) ? T,oS daaiineelin onel-

C 2. a [
aep ideiaasam®iiioe ToS Teof (), 48c = f (xO).
E

Nedafoaed . (T ol+éad, Maicaeoaslins ia onelaité yenodaion) Oi+-
éax =(Xy;:5X%Xp) 2 S 1laedo 1éacaolny oi+éié 6netaiar yénosaioia o6ie-
oee f ofeuél a ofi fed+aa, élaaa da p élivaeiao ¢ &ud m +efdé( ;5 m)
641a640418ypo fenodid &é¢ p+ m 6daaidieé
( @f(x) — @R (x) . @Fn (x) — e )
@)f - 1 @)f + i+ @)f (J 11 --1p)1 (25)
Fi(x)=0 (i=1;::;m)
lada0d p 66aaidieé anou iéenoaeiaciay caienu 1. 2 0aidaid 2.3. inoasu-
i0& m 68aaiaieé anou onélaed ideiaasaseiifioeé x 2 S.
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Caid+aied 2.2.  Niaiaadied éiee+anoaa 6daaidieé e éiee+anoaa idecaamno-
06 & fénoaia ( 2.5) igia+ado, +oi ana onéiaey cada+é en+asiait

O0addeeadied neaanoaey.1 6aiail oiaiceeaiaaoi fi ifuip afiiaacaéi-
iié 0oieoee Eaddaieea , cadeényuaé io p+ m iadaidiias:

L:U R™! Ry L(X )= f(x) 1Fi(x) = mFm(X):
(Ooievey L iiaaiaéoury iai & agy oidiogesiage Ainoaoci+itd ideciasia
onéfaitar yenoaaioia.)

Eaiia 2.1.  (iaiadiaeiné ideciaé 6iéfaiial yanodaidia a oadieiad 66ié-
oee Eaddaieed) Anee oi+éa x 2 S yaeyaony oi+-éié ofefainal yenosaioia
T AOUAN0A0A0 0aéié aaeinoaaiité iapaid , aéy éloialal  x

i yérodaioia ) grady L(x; )= 0~ F(x)= Oy:

®
=

|

®
=
®
=

3
®
=
=

fof+ei odaaiaaiey & asaaéinoe 6oievee f e foiadaeediey F: f;F 2 C2(V).
l6fiou oi+éa x 2 S e iaald Oeénediaain. laicia+ei ~adac dPLr(x;; )
fideedied aoioiar aed 8 paeuiia

O&iddia 2.4. (aln0aoi+ina ideciaée OnETaIaT yenodaioia) 16mol
f:F 2 C2(U). 16fou iada (x°; ) 6a1aeaoaioyad nenodia (

1. &nee éaaadaoce+iay oidia d’Lt(x°%; ) iéleeeodélil Tiddadcdia (0.4
8 2 T,Snfog | Lt (x% % ) > 0), of x° oi+éa éleasuinal
ofnéfaiiar Aootaian ieieidia doiévee f;

2. Afiee eaaAdA0R+AY 6iBia d2L1(x0; O )7odecacaenl TidAAaEAIA (0.4
8 2 ToSnfog | 2Lr(x% % )< 0), 6f x° oi-éa eleasuiiai
onéfaiiar Aootaian iaéneioia 66iéoee  f;

3. Afiee caaadace+iay 6idia  d?Lt(x%; O ) ciaiialisasdsaiiay (0.4
9 1; 22 TS, +00 d’Lt(x% 9 1)>0~" dPLt(x% 9 ,)<0),00 x°
ia yaeyaony oi+éié eiéaeuiial oneiaiial yénodaidia 06ieoeé f;

4. ange éaaasaoce+iay o6idia d’Lt(x% ©; ) yaeyaony eée ieleeeodéi-
i, éeé 108ev6aodéuil ieoiisaaaeaiiié, of x0 ileed0 atou of+éfé
giéaguiial onetanar yenosaidia (éaé nodiaial, oaé é ianosiaian), a
ilaed0 & ia anol 0aéiaié.
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+0f fa éanaocdéuliil i8iiodainodd TyxoS a0i6ié ae00ddadiveae d?Lt(x%; 0; )
fifaiaaado it aoidll 4e60adaiveast d?f(t%; dt), of 0aidaia 46ado diéacaia.
Ooi+iei, éaé neaacdo iieiaou jacaaiila naiasdied. Tneieies eeidéia

i0ladacedied D ( t0) ildleeaado 6anaodsiila idifnodaifiodl TS e yaeyaonyae-

460e8é ia T,oS, Of epaié 448010 2 T,0S daeifioadiini Tadach idaanoa-
ael 4 ae4& = D ( t%dt, da&dt 2 V". Niaiaadied 4e66454i6easta ne&acao
ifiélaol oae:

8dt2 v" I d’Ly(x% %D (tOdt) = d*&t%;dt): (2.6)

YOl ofeeddiioal it dt iai ideeil aiéacaou.

. ;
OAiadu caidoel, ~of, & fiéed oleeddnioda F(( t)) Oy (i. 1 iedanoaey 1.2),

xXn
LCCt): 9 =f(() _ PRiCCt)=f((t) 0=m’:

df=d(L(( t); °)=(grad L(( t); %;d(t):
i 1i54adeaiep aoioial 4860adaiveasa:
d*f(t; dt) = d(grady L(( t); %);d(t)=
(d(grady L(( t); ©);D ( t)dt)+(grade L(( t); °);d(D ( t))dt=
(D2L((1); ©) D (t)ydt;D ( t)dt)+(grads L(( t); °);d(D ( t))dt):
ifafidaael a 1e6+4iifa aldaaedied a0i81al a860adaiveasa cia+aied t0. Oi-
343, a fiees 0.5), 40aadaio grad, L(( t%; ©)= grad, L(x% ©)= 0. liyofié

d?f(t%; dt) = (D2L(( t%; % D ( t9dt;D ( t9dt) = d?’L(x°; %D ( t%dt):
iif&fetied D ( t0)dt 2 TS, of, & fieed Tiddadediey, d2L(x%; °;D ( t%dt) =
2L (x% 9D ( t%)dt). Ciaeo, olaeadnioal (2.6) aléacail.

A caéep+aiea Tiewai 1yoaiil 51684606 iadieeadiey oi+aé ofeiaiial y
0daidia & anyfiaiey &s oeia.

2) iaciayo eanaodsniia isifiodaifoal T,oS: 0agapd Aefodid &eidéins
Afoi06 42004d4i-
oeaéia (dxp;:::;dxp) = dx & aldaeeabpd m caaefnieild aedoddaiveasia +adag
n=p miicaaéneins (ionou, asy 1iddadeaiiifioe, idcaaeneil 4600408aive-

a
ai

3) ié@é&?(‘) aoioié aeooddaioeae  d’L(x%; ©;dx) doievee Eaddaicea 4 aead
A6iia b2 (@L(X%; 9)=@m@x)dx; d; .

4) A iieo+aiiné aoidié aeo6asaioeaé Manoaaéypo aldaseaiey caaeneilx
48060a0aioeasia (fj,xn 415011 dxp, +808G facadeneila iéo+apo n-iadiop éaaa-
da0e+ioh 6116 T\ _, ay dxdx;.

5) AGien0aapo feiidode+anéop iaodesd n  n Meo+aiiié eaaasace+ié
01810 & enfiedacpo &4 ia ciaeiiivdadeaiiinou i Miip édeocddey Neeias-
foda.
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A 10, iifiosiea falé eaasoae,
Alegaaite iegal eioaasas.
I.A. Caaieioees. Niasaied
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i dacaeadiey P (iai-
a ai é¢c PO fladdseeony a iaél-
f1,:;N%G9 2f1,:5Ng: G°  Gj.
§) i

jac0aadony eiedaaiedl  o6iévee f iaiilednodd G
5. Tiddadeei P
2386ipp AGII6 Aadao Sp(f)=Sp = p'll M; (Gi)< +1,
idceipp MGG Aadasd Sp(f)=Sp:= L,m (G)>1 ,
daciinou Aol Aadao
X X
Ve(f)=S Sp= (Mi my) (P)= Vv(f;Gi) (Gi)>0

i=1 i=1
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w I

P P
é.

Algéacaodelnoal 11aoidyao adiéacaoaéunoaa €aii 2.6.1-2.6.3.

Nedaopudd 60a&daeadied 1 nayce eiodadacia Aadao i 1aeéinoup dacaediey
01816628080y Aac ecidiaieé (fil. eaiid 2.6.4), ii 441 aléacacacinoal, éioisia
aanuia nefeeil a 111anasil neo+aa, 10 Tionéaai

E&lia 3.3.  Asy isiecaleuiial " > 0 fOUANOA6A0 0ald (") > 0, +of
a8y istecaieunal dacaeaiey P, 6 81016141 14861R0
fodiee: 061 Sp(f)<" ~ 06 Sp(f) | <".
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x01al 7idaadeeou eivdadaé beiaia it Gaid Déiaia, fa éaesedll iiaiii-
22an0adG; 2 P anaasai isiecaiéuiop oi+éo i 2 Gj. laudaeiaied yoed oi-
+4@ faciadl aocaioeié |, Ta-eéiaiiié dacaeaiep P, e faicia+ei +addg =
f ;05 g Ei0dddagniié nodiiié beiaia (loda+apuaé dacaediep P é
anaioea ) ooiecee f iachaadony

Sp; (f)=Sp, = f(i) (G):
i=1

Tiodadedied 3.2. Eivdasaeli beiaia il fidaia Peéiaia fadaie+ai-
iié ooievee f fachiaadony éfid+ité iddaae

Ir=1:= lim Sp. (f)2R;
p(P)! 0O
0.4. 0aéia +enéfl, ~of
8'">09>0: BP:pP)< )™ (8) 'j Sp (f) Ilj<™ (3.1)
Taicia+aiea
= fXx)dx= f (X105 Xn) dxqidxy:
G G
Caidoei, +of: 1) fiéialé  dx ia yaeyaony faicia+aiedl aeodadaiceaéa iaca-
aeneiié 1iddaiaiiié  x 2 R"; 2) ieiaié dx;::dx, idiecadadiey aed6adaicea-
éla éfivaeiao ia yaeyaony oaéiadi a ieiii nidnea néfaa, 6ioy a iaéioidnd
feéo+ayd adado naady éaé idiecadaadied (fi. i. 3.5 iesed). ENGIay éc idien-
Oleeddiey 6éacaiilio Taicia+aieé, ed iieeil ilieiadl éaé 1adh Aanétia+il
iaetd yeaiaioia dacaediey eciddeiiar iifeedfioda G. 10 464ai éo iaghiaaou
aedoadaioeacaie iadl  facaaeneiié 1adaiaiiié X

Oagieiieiaey : 1) id& n > 2 ei0dadaé factaapo édaoili , i8¢ n =2
aaieidi, ioé  n=3 oadéidi; 2) 66iéoép f fachaapo eicadasesdaiié.

O&iddia 3.2. (1 Aaiasdiee eidaadaeia il nodiai Aadas & beiaia) Ei-
04ddaé |r fiduanoadas oldaa é 0. 0., ldaa fouanoasas eiodddae Ip; ide
yoii Tie fitaiadapo IR = Ip.

Aféacaoaeunoal i1aoioyao aiéacacdéunoar oaidaid 2.6.2, if idé+af i Tie-
dadify fa 1adaie+aiiifiot doievee f éaé ia onéefaea, caeieediiia a Tiodaaea-
jee 3.2

GCaid+aiea 3.1.  baida 0 6foailaeée (éaiia 2.6.5), ~of iduanioaiaaiea éi-
0addaéa belaia if ndaia beiaia  ia 100acéd aéa+ao 1adaie+aiiinol Madioa-
adaeuliié ooiecee. Agy eiodadaea ia eciddelii ifieednioad G yoi 6024deaa-
ied aTaudi ned+aa iaaasit n = 1. Tiyoli6 1adaie+aiiiiou 66iesee
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Caaa+ra 3.2. [in0diéoa éfiodioeiad iaiadaie+aiiié d6iéoee, ioaadess-
aité 17 idaia Deiaia ia eciadeill iifeeanioaa G R! (Oéagaied: aéa+anoaa
ifleedfiodaa G aiglieod ndiayudpiy +eneiaop iineaaiaacaeniinod.)

GCaid+aiea 3.2. 16e n =1 foee~ea Tiddadéaiey 3.210 fidaaaeaiey 2.6.3
eioaadaea beiaia fiifioleo, ai-iadans, a oii, +of eciadeiia iiffaeafioal G R!
ia1aycait 0ol 108acéil. Ai-a0idio, niasanii lidaadeaiep 2.6.4, baf (x)dx :=

b N O N7 O A~ N ar AN N N ~ - RPN AN N sIAN AN o A0 O A N\ ae AN/7N O~ by

2 F(X)dx, 0.a. éicaadae beiaia ia 1deaioediaaiii i0dacéa afiol eioadoaé
4018141 diaa 17 16edioediaaiiié edeaié [a;b. Eiodddaé beiaia ia 1odacéa
8aé fa éciddelii iilaeafiodd anou eidaddaé 1adaial aiaa ap) F ()X 1T iaioe-
aioesiaaiié eseaie  [a;b. Oi+ida, eiddo ianoi

Eaiia 3.4 (1 1d48if0Aaaiiinoe) Eiodasae beiaia 1o 1asaie+aiiié 0oié-
oee f ia eciadeiil iffeednodd [a; b (a < b) fi6Uanoa6as a fitnéa Tivadaaca-
ey 3.2 0faaa é 0. 0., 8ldaa noLAR0Aa6A0 eivaddae beiaia a filnea 7idaaa-
gaiey 2.6.3; 1de yoii eiodddael ffaiaaapo

b
f (x)dx = f (x)dx; dada<b:
a [a;b]

Aléacaoaelnoal eiieeéacee ) Tiedadony ia Nouanoaiaaied oaéiai dacae-

aiéy, ide éioidii adiierar . Aidai gidieéou aey yoiai
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iep POiaiilaednoal D,
G. Efiifélcoy ile6+aiina ateé ivaiee,

Aiéacaodelnoal fiedascao e¢ €aiid 2.15.6 Ti6edaié n-idda d0adeééa iaida-
dtailé doiéovee, Tiddadeaiiié ia aiiieednoad i6inodaifioaa iaiuedé dac-
iadiifioe.

3.3. Naiéfioaa esaoiial eivdasaea Naiénoaa esaoiial eiodadaca fiay-
caill i ecidiaiedl adioaasaeuiié ooieésee e i ecididiedl iffieednoaa, i
701816 Tfidtianoasyaony eioadsediaaied.

G G
2. Eeiadéiinou eivdasasa i6Aol 6oiéoee f; g eioddsessdadid ia G,
; idlecaielita +eféa, ofdaa nouanoadao eivaadae
(f X))+ g(x))dx = f (x)dx + g(x)dx:
G G G
3. Eid4ases0aiinon idiecadadiey & +anoiiai i6foU 66iévee f;g
eioaasedoait ia G, oldaa éo idiécadadiea fg, a aneeinfgjgj > 0, of
é +afoifa f=g eivdadedsdadit ia G
4. Ei0odaded0ailniol 11aoey 66ievee Ange 66ievey f €i0aaseso-
dla ia G, of & 66iédey jf j eéicdacedddia ia G, idé yoi
f(x)dx 6 if (x)jdx:
G G
5. Eiddasesiaaied iadsaaainoa anee o66iecee f;g eivaaseddain ia
Géfb6gia G,ol

f (x)dx 6 g(x)dx:
G G
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Aléacaoadeinoaa ioiéoia 1- 6(a) aiagiae+it aiéacaodéinoaai 0ad sed naiénoa
eiodadaéa ia 108acéa.

Aleacadodsunoal i. 6(4). NReleUed G  &ciadeiia ifleeafoal, of 1if 14da-
ie+aif; 11 onétaep G caieiool. Nedataaodeuit, G  éiiaéoia iieea-
fioal. Niaganil 0&id&id 2.3.7, ididdd0aiay 66iesey ainoeaado ia éniaéo-

iii iffeednioad faied ieeeidé & 4406iaé adaidé. Tiyolio AoUA0AoPO Of+-
éé x!; x?, 4 é0i6Gd m = infgf = f(x!); M = supgf = f(x?). Eo0aé
8x 2 G | f(x}) 6 f(x) 6 f(x?). Niagafiii. 6 (3), AGUAROAGAD ~efiel

2 [f (x1):  (x2)], a&y &ioidial A0iTeian 6aa :

0

of & Tidaa86AIRY O1+105 A5aiaé & A fiess Aidad0ANH0e 66iesee  f: 1) A
1edafoffoe oi+ee x! faéadony oi+ea x3 2 Int (G), & éioidié f(x3) < , 2)
a jedan0ITOe ol-88 x2 [aéadofy ol=8a x* 2 Int(G), a &loisié f(x%) >
(1476604 YOI 60aAd=AAIed). TIRETeUes AI6OBAITHOL  Int (G), A0a0+& T4Ba-
Roup, yaeyaony eefaéii-Raycial ifieeanioal, fa Int (G) Aidaadaeeaa OAIBAI3
2.3.6 1 i31i&ce601+106 cla+aieys: MOUAMDAGEd ol+éa  x° 2 Int (G), & 810156
f (x0) =

eiodasedsdaia ia epail eciadeiil iaiifeednoad

2. Anee 6oievey f :R"  Gi[ G, ! R eéiddasedscdiaia G éia G,, oidaa
fia eioddoeddaia ia 1avdaeidiee  G;[ G, & &idao iafol 6idivea

f(x)dx= f(x)dx+ f(x)dx f (x)dx:
Gl[ Gz G1 Gz Gl\ GZ

A +anoiiioe, ¢i&do ianol aaaeoealinou eiodadaéa anee ooié-
oey f éioaadedoddia ia iiaiileeanoaad G1;G, R", éi0id0a 1adana-
éaponiy ii iiaiileednoad i6eaaié iasa (G1\ Gy) =0, of éivaasae
ia Tauaaeidiee yoeo iileedinoa daaai foiia eiodadasia:

f(x)dx= f(x)dx+ f(x)dx:
Gi[ G2 G: G,
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3. Tonou 6oievey f eiodddedcdiaia G, afGigl, 1Heaaiaaoasuiinou
eciadeind iifeednioa Gi G oaéed, +oi limjy  (Gi)= (G). Oidaa
eidao ianot  iaivasdaiiiou eiodddaéa it iifeedfioad :

lim f (x)dx = f (x)dx:
i G G

Aleacaodeufoal i. 1. Afileiel dacaedied  POifleanoaa GPiaeéiioe p(P9
A dacacdiey P ifle&fioda G A Aodaiaiedl iaeéiive:  p(P) = p(PY. Yoi
el iadeaou, idDefaaciea é yeaiaioal dacaédiey  POana yeaiaion dacacaiey

fiolacd  p(PY. Agy

é(;iéééiié? améiéiéy PnP%A iéééiﬁ(‘)i]b, éioiday ERGEED
daciifioe Ao Aadao fMidaddaseaa 16diea;
x° X
Veo(f)=  v(GXf) (Gi)6  V(Gj:f) (Gj)= Ve(f);
i=1 j=1
iTéleliés ana neasaaita iaiosesandenita e idaaay fdiia fitaddeeeo ana neaaa-

i eaané fiéed ei0dadésnadiinoe f ia G,i0e p(P)! 0 daciiiol
) o 0 3.1). Ciareo, & daciiiou Veo(f) ! 0ide p(PY ! O.
1, fitaéanii 1. 3 041daid 3.1, &léactiaado eiodaseddaiinonu f ia GO
féacacaeunoal i. 2. AéTgia+é‘| 1adanad+aied Eo = Gi\ G, é afiléiaiey
Ei = GinEg (i =1;2). ARA 233341104 iifeafioaa éciadein e, a neeod i. 1,
o6ieoey f eiodsdeddaia ia éasedi ec ied. 16A0U Pk (k=0;1;,2) ioiecaied-
04 dacaediey lileeaniod Ey. Iiféléueo iiieedfiodd Ey ia €1apo 1aued oi+ae,
Taudaeiaied dacacdieé P = Py [ Py [ P, yaeyaony dacadaiedl faudaéiaiey
E=Gi[ Gy = Eo[ E1[ E,. A fidé6 7. 2 04i83i0 3.1, dacaediey Py iieeil
a0aoaol oaééie, +~oial oaciinoé Ve, (f) <"=3, aad" > 0 1i&lecaieuiia. Oi-
842 0aciiAOl Ve (f) = Vp, + Vp, (f)+ Vp,(f) <", +0f dléac(addd fouafioaiaaied
ei0dadasa ia 1andaeidiee E. OAIadU ileeil fAifioaaeol ei0aadaguiop foiio
pelaia, ifaceidiioh  dacaediep P = Py [ P [ P, & i40aé0e & i53aded ide

ofetaee, ~of 1aeéinou nodaieouny & ioep:

Sp. (f):= Spy: J(F)+ Spy. ((F)+ Sp,. ()X °  fdx +  fdx +  fdx:
Eo E1 Ez
R ad6a1é AoBIIG,
Seor Py ()= Spy o(f)+ Sp,; ()71 ° fdx = fdx;
Eol[ E1 G1
Seor Py (F):= Sey o(f)+ Sp,; ,(F) 71 ° fdx = fdx;
Eol E2 G2

f (x)dx f(x)dx = f(x)dx 6 supjf (x)j (GnGj)=
G Gi GnG; G

supjf (x)j ( (G) (Gj))! Oioee i'1
G

Eci. 2 04184i0 3.6 1ie6+adi:
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f (x)dx; f (x)dx; f (x)dx
G G intG
fibuanoasdpo, of afa ode Taitadaiaiii, e ide yoii Tié daaid
Caaa+a 3.4. Aléazee0ad neaanoaesds.2

Anét aiéacaii (04168ia 2.15.4), +0f 11aa0a0eé eciadeiia ifledrioal. Nea-
a0puaa iiyoead yaeyaony 1ataudiedl iiyoey ifaddaoeéa
Tiddadedied 3.3 liieedfioai F R™ = R" R! jac0aadony yeaiai-
0aditl  Tofifieddeuil e x,. = y, &fiéé AGLAROAGA0 0A8TA eciddeid caiéio-
014 iileedfioal G R" & daéea iaidadnaila 66iévee f;g :G! R, 6aiaedoai-
dypued 16aied g(x) 6 f(x) ia G, +oi
F=f(x,ouxny)=(xy): x2G ™ (g(x)6 y6 f(x)g
04&iddia 3.7. (1 1808 yediaioadiial iffeednioad) Yeaiaioasiia iilea-
foal eciadeit &
(F)= (f(x) gax)dx: (3.3)
G
Aleacaodeunoal . I 1iiodiel 43 Tandaeidiey oeeeiasia A Aidfaina
AF & B Tienaiia 1eiei F. Caoai iiéasedi, +oi 1880 A & B afodu A6iil

Aadao eiodasasa (3.3).
Asy idiecaieniial sacaediey  P(G) = fGig\, Taicia+ei
m¢ = inf g(x); M= sup g(x); mj = inf f(x); M = sup f(x);
x2 Gj X2 Gi X2G;j x2Gj
G [M%mlise MP6 m';

Bi=G [m:M/];
0ise M2>m!; ' oM

Ai:
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Caaa+a 3.5. 15a6iaéod (1adefogod) ieifela yeaiaioadiia
0a8ia dacaedied P (G), +ofal ide ia&iolsh i a haifi a4ed adieiye

aaifioat M9 >m!.
A héeo fiedanoasy 2.15.2, 1880 6eeeiasia

( (G) (m' M9 ise MP6 m';

— _ f gy .

(A) = . Bi)= (Gi) (Mj my):

0ise MI>m!; ' '
M Tivdadeaiep, ise i 6 ) lileeanoaa Gi; Gj 1adanaéapony i aiileeanoad
i6eadaié 1ao0. liyolié oeeeiasi Aj e Aj (a 0aézaB; € B;) 1aéaaapo 0ai eead
falénoan (aiéaseeod). Nédaiaaoaeui,
X X . ;
(A)= (Aj) > (Gi) (m M7)=Sp(f) Sp(9:
i=1 i=1
0.4. 1404 iileednoaa A daaia daciinoe eiddadasuins noli . lnéleués A F,
a 06ievee g e f eioaasedocait ia G (1ainicéod), of aey ieseiaé 1480 (F)
(éioiday anasdaa fnouarnoacao) iieo+aai ieaeipp 10aiéo:
(F)> (A)=Sp(f) Sp(9) )
(F)> lm (Se(f) Sp(@)= (F(x) gx)dx:
p(P)! 0 G
Aiagiae+ii dannoeeady, ie6+adl aaddipp 16aie6 aey a4adoiaé 14da: (F)6
c(f(x) g(x))dx. xof diéactiaado 6aidaio.

3.5. Nadaaiea esaoiial eiodasaca é itaoisiio. Nia+aea sandiio-
del ~anoité neo+aé, éiaaa ifeednoar, it é1018116 TNGuaNcacyaony eiodase-
5iaaied, asyaony oeseiasii.

O&da1a 3.8. (1 TA018I &idAAGARA A beeeiada) I6Rdl G R éc
1208118 ifiecafioal, 06ieoey f caaaia ia oeeefadd cyl(G) == G [ab &
2i0aaded64aia ia iai. 16fou a8y epaié oi+ée X = (Xq1;:5Xn) 2 G AGLANOAs-

ox rrxoxxasm b . Sama A A s _ b . 20 oA X 49V £
ao eiocaddae  f(x;y)dy. Olaaa ooiecey g(x) = , f(x;/y)dy eioaddedoaia ia
Ge

f(Xq;:Xny) dXxqiidx, dy =

cyl (G)
0 1 b
@ f(Xq; :::;xn;y)dyA dxq:dx, = dxg:dxn  f(Xg; i xny)dy:
G a G a
He6+aiiné eiodasae iachaapo aoioidi

Aleacaodsufioal . 16fidl P(G) = fGigl, idiecaleuia dacaeaied 1ae-
sifioe p(P) = ,a = fgY, idlecaleiiay a0&idea, ia+eiaifay dacae-
aiep P. T6ndt Q(aib) = fly; 1iyjlgf, ioiecaleuiia dacasdied 100acea
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[a;b] 18€éifioe p(Q) = . Aa&Aaaiin& dacaediey Mdleeaapd AiAdeaBHTa dac-

4eaied P(G) Q([a;h) = fPi [y, 1,ylg & fildceaéuiop a0aioes f( iy 1)9

(i=1;25; ) =1;0K) 6eéeiada cyl(G). Ec galdain 1edasida neaasdo, ol
i 2

1866ifol  MiA6eAGUINAT dacaediey daaia 6 & 2+
 al faal aleacasii AGUARGATAAIRA AOTBITAN &idAABASA cdx 2f (xy)dy.
R yoié 6asup 10 AdaaTeT cia+aiea aaiiial edaoiial eioaasasa i islecaisiiie
&i0aadABIINTE fiGITé Elge 1TA0IIAT ei0aadasa; i 6146 10 AlRITEUCOAIRY
Aidoeasiiié eioaadasulé fsilié Eige aaiial 6520t eioaasasa:

0, 1

X
= f (X155 Xn 5 y)dxqidx, dy @ f(i;y)dyA (Gi) 6

cyl (G) a

XX
f(x;y) dxdy fFCityy 1) (G, Y 1)+

oyl (G) i=1 j=1

XX

0 1

X
iy 0 G Y 1) @ f(i;y)dyA (G)
i=1 j=1 i=1 4

(0 ariifeuciaagenu eaiifé 2.15.2 114da oeeeiada). Iinéfeués eioaasae
ye ! Coy)didy novanoaoao, of adl épaay eloaadactiiay nolla nofaeouny e
ial6 106 aaéinoaaiill onetaee, +oi 1a&éinou fiodaieouny & iéep. Cia+eo,
~O rI\ NO 74

04iéd jaiupd, +ai "=2, anéé =  &ifoaoi+ii iaad.
a

b
26 fCony O Y 1) f(iy)dy (Gi):

i=1 j=1 a

%
%

(iy; oy, Y 1) anou eivdadaeuiay fidiia eiodadaca ;f( i;y)dy,

f
Aiaeanii onelagp, AoUAan0acds. Neaalaaodsiil, aey easedidl i =

- N AGUAROAGA0 0acay 1A68IROU ;| dacaeaiey Q; T08acea [a; b, of

[N
Qo

b
fCy 20y 1) fCiiydy <"=(2 (G)):

X

6 ——— Gi)= G)= -
i . O a ©F;
Nedajaaodeuit, = 1+ 2 <". [iRélet&s " idiecaredii, of, Afasanit
Tiddaaeaiep 3.2, fibuadiioadas eiodasae
0, 1

@ f (X125 X y)dyA dxq:dx, =

G a
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b
dxqp:dx,  f (X1 Xn;y)dy =
0 1
X
lim @ f(;y)dyA (G)= f(Xq;:5Xn;y) dxgindx, dy:

iaia yeaidioadiial iileednoda F oeéeiadii

Tid&adeei ooiésep (fi. den. 3.1

B oyl(G)! R: f= f (X1 0 Xn X+ )s (X1, 25 Xn X1 ) 2 F;
0; (X1; 35 Xn; Xn41 ) 2 F
€8064ia fa eciaddeind iifeeanoaad F é cyl(G)nF, of, &
a aadaca e Nivdadeadiey ooiecee f, ned+aai:
B(x)dx = &x)dx + &(x)dx = &x)dx= f(x)dx:

cyl(G) F cyl (G)nF F F
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i1 ia 6eeeiadd ficaddaseaa odivdia 3.8 Tiyolid, & Tiyol sed & feed Tiddaa-
gaiey ooiecee f, ed+aai
b
(x)dx = dxi:dXn (X150 Xn i Xner ) OXps1 =
cyl (G) G a
(X15:5X )
= dxq::dXn f(X1;:Xn; Xn+1 ) dXn+r
G (X1:5X n)
beii. 3.1 beén. 3.2 ben. 3.3
3.6. Tafioeeadied 041540 3.9. . .
EOf fiéaad, aaiaa e ~eifa
Niféléil a 1+adaal ataeeny
A. N. i6géei. Aazdies lidaei.
Agaaa Vil
Anee a 6netaeys 0&iddia 3.91ileedniodl G a fialp 1+a4d0aal yagyaony yéaidi-
0adidi 10iifieodenii e Xn € AUa dac AlIEiail 6netaey 0aidain 3.9, of

F
€(X1:X n 1) (X135 n)
dxg:dxn 1 dxn f (X105 X1 ) AXpaa
€ ‘e(X1;5X n 1) " (X15E5X )

x0Ta0 i61aadeol, yaeyaony ee iileedfioal G yaeaiaioasili joiifieédaedii e
Xn, 02eil fidTaéoediaaol &afia afileieodenita aidinodainoal R" 1aafen
afasaiité ine  x,; ileo+ei idiaéoep 6 R" 1, &0id0p fedacao danniiodaoi
@aé aiciieeiop 1aéanol Tidaaaeaiey 0ad o6ieceé 'e & € Adadeée é101600
1aadie+eaapo yeaidioasiia iileedrnioal G. la 16a80&84 1iiadiil aasedi fieod-

”””” a 0a Y 6aii+ea 1ainasins. A yoi
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= @O > D D
aes &2
<7 So < o o
o =4

ox

m;

MD:

Qo

T

D

o

O&iddia 3.10. iondl G R"™1  ¢aieiooid eciadeiia iileedfnioar, iai-
4666y B10131AT 1A 1l y 1= Xn. 400U T084cIE [a;b. i6foU 48y idiecatsniial
c 2 [a; b na+aiéa iileedrioda G n-iddilé iéiféifioup  y = c anou écidseiia
n-148114& Tiaifiseanoal G(c). i6fol 66iedey f eidaased6dIa ia G & asy
épaial c 2 [a; b fiduanoacao eidcaasae G(c)f(xl;:::;xn;c dxy :::dx,. Oldaa
06iéoéy h(y) := G(y)f(xl;"';xn,y) dx; :::dx, eiodadedodiaia [a;h e
b

f(Xq;:Xny) dXgidxpdy = dy f(Xq;:XnY) dXqidXn:

G a G(y)
it idaaiaiep fi 0&16&IE 3.0 4 iiNEAAIAE ecidiesny idyale eioaadesiaa-
iey.
Caaa+a 3.6. Aleaseedd 041346 3.10 Caocdl 140Mll eiaceoee A0a44804
0181686 1aUdia  n-1&3iT&T pada fi GAI03N & ja+aed e1idaeIa0 (i9846id8aaa-
5 .
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AOQ smiinsAa -

04 Maiileednoaa. Aedésey
&&F 2 Cl(U) & F 12 Cl(V).

1) £00adaioeddaiay aedéoey F V 108380006 Tiaiiisediioa
yaeyaony aeooaiiooeciii oletér a ofi Ned+aa, iaaa a éaseaié oi+éa x2U
idlecaiaiay 1oladasediey idaldieeadia, 0.4. detDF (x) 6 O;
2) éliiicecey aa6d aeooaiiiddeciia yaeyaony aeooaiiivoeciii

ian ei0&dan0ao aeeyied 46004iiiaoecia fa eciadeiiiol e ia naid 1ad6
ifleednioaa. 16aaaadeandelil 46440 aiéacaii ianéieué 60addeeadieé
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IANA AANLA

7
ienaiifal 1é1ét édvaa gada

60addeeadaiea 1. 3.
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Caaa+a 4.3. Aaéod 11asdiaitd aiéacacdelnoa ioiéoia 1-4

Edlla 4.4. (i caileidiee eciddeiial ifleeafioas sadaie) A 8paid éc-
146ei14 iilaednoal X Tiélaeeoaeliié 1ad0 iiseii a&iaeeol &1iad+iia iaia-
3aN&GaPUAATY TAURAGIAIGAB = [ B; X £adia B; f4eiaéiaial (ainoadi+i
jasial) saaeona, Taeaaapuaa Ratéroall (B)= (X) > = (n) > 0, 434 &i-
yo0e0eaio 2 (0;1) caaéneo o0ieuét 10 dagiddiiioe idifodaifioaa n. OA.
gadaie 1aéiaélalal 1agial daaeona ileeli cailéieol idéop -p dadaioesi-
aafiop 11 1464 +~anou iffeednoaa X.

Aleacaodeunoal . Aiguidi aeieediiiaa X esdoi-ilaiiieednodl K = [jK;
X, 148a é101a1al ia iaitea Méfaeid (X). A éazeasdp e6a0éo K; aéieeéi 0a-
814 eedoi-itd iifeednodl  C; = [ 1Qj;1, AifNoaaeaiita e¢ 1aeiagiand aifnoaoi=it
iaé0d n-iddi06 eéoata Q; , +0fati 1ada  (Cj) atéa ia iaiued iféfaeid 1480

(K;). Oaaa eeaoi+iia iilednoal C=[C, X eia&01ad6 (C)> (1=4) (X).
OAiadU & easedlé 604 Q) aiepdi ad Bj (0.4 4AIA0d pada daddi 64480
€064a). A neeod caaa+e??, 1oiigdied |, 140 gada & lienaiilé eedoée-eoaa ca-
aéneo oTeudl 10 daciasiiioe n. Tavdaeidied B = [} By  X. 1&li+a0déuii
ie6+adl, +of  (B)= (X)> (1=4) , = (n)

Ooiaaidioagiiné yaeyaony

O&iddia 4.1. (i f6oaiaiee 1400 ide daeeedice) 1ada éiaadeaioia 10-
fifieoasnl idaladaciaaiey aaeeaidy  Mot, 0.8. A8y 8pATAT eciadeiat ifi-
Af0aa X 44T 1adac Mot(X) eciadel & 1882  (Mot(X)) = (X). A =afofi-
fioe, 1ada eiaadeaioia Toitneodéuii 1801atiaenits idaiadaciaaieé.

0 (X nU) < (X)L )X (aieazeedd). Oasei 1adag,
8 ja0848iai68 Uy = [, B; X oadia (aiciieell, daciial daaesna),
188 06 (X)  (Uy) 6 " ileedd 400U fieisu 6amai
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ATionoel, +of Aduanoao

u
(Mot(X)) > (X). Oiaa
yaeyaony aaesediedl, 16a1adac0ao Mot(X) & X i didilgaiedi iasa, +oi 18i-

08aIBa+e0 OT6UT +07 A16AcAIM6
Caaa+a 4.4. Aleaceedd 0410416 4.1 46y fie6+ay (X)=0
Caiad+aied 4.2. Ec 0&10810 4.1 ABA46A0, +07 1404 ieifeed ifieafioa fia-
A &6 T408i

aa
O&iddia 4.2. (adliaooe+aneeé fidne iiaoey Nivdadeeoasy) Nidaddaeeal
60aaddeeaaiey:
1. Adoeiiia id&iadaciaaied  Aff (x) = Lx + a, caaddadiia iaooesdé L e
a4360161l nadeda a, écidiyao 1486 idiecaieliial eciadeiial ifieed-
fioaa il idadeeo (Aff (X)) = jdetLj (X).

é fe6+aé  detl 6 0. TofoU,
Ralifioyeediila id&iadaciaa-

e = (0;:::;1;:::;0)T foaiaadoinal aac fedl, .

Adaaiiaeuiay 1aoseca [ i54148ac680 é6a0e6 a eedoes, daciadi éloidié ec-
1&iypony i1 éasedie e & | j dac. lyolio idatadaciaaied C ecidiyao 1486
gedoée aj 1 :: nj = jdetlj = jdetLj dac. Nedaiaaodeuil, idatadaciaaied
' &ciaiyad 1806 epaial eciadeiial ifieedfioad a jdetLj dac. 1d07aniaguiod
idadladaciaaiey O & O ! i4d06 id i&iypo. Cia+eo, naiiiiidyaediila idaldise-
Aalia 1641adaciaaied L eéciaiyao 1886 4 jdetl| dac.

ool L idiecaienita idandleeadiiia iddladaciaaied. Ec éodna eeiagiié
aea3400 ecaanoil, ~of 0aéia idaiadaciaaied iddanoaaeii a 4éaa isiecaaaaiey
18ofaiiaeuiial & naiinitisyaediiial idaiadaciaaieé (ieysila daceiseaied).

Cia+eo, & a yoll fé6+aa 1daTadaciaaied L ecidiyao 1406 & jdetlj dac. Tfioadony
aninieod, +01 faaea Avdaiyao 14d6. 1. 1 &iéacai.

O0addeeadied i. 2 &R0l NEdanoaed olal 6aéoa, +of iadacedsdieida anou 1adac
aaeie+iial é04a ide aal 10iadazediee 1a0de6aé  (viiivp).

c
Q-
Q:

D
[
x
Q-
:

:
Qo
D:
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4.2. Aanidooe+aneeé finne iiaoey yétaeaia.

0O4iddia 4.3. l6fdou F : R" u'! v R" &&664i10
T6foU x0 2 U, a t> 0. Dbanfiiodei n-idditné eoa-esao
oi+8a xY & 5aadh aeein t:

0eci Taganoaé.
86 i addgeiié a

Q(x%t)=fx=x+h2R": 06 hj6 t; i =1;::;nQ:
lofou t fanoieuét 1aet, <oi Q(x%t) U. Oiaaa:

1. Tadac é6aa F (Q(x%;1)) yaeyaony eciadeini ifleeanioan & fidaadase-
al 18aaaelita daaainoar:

(FQ(x%1) _ . (FQX%) _ . 0y;-
Jim QX0 tl!lrrlo o = jdetDF (x%)j; (4.2)
0.4. ifadéu yéiaéaia aeodoaiiodecia a oi+éa x© 8aaai éiy60e6eaios

eciaiaiey iao0 a aaiiié oi+éa.

2. Anee galuea|ea inaifieednoaa W U, 0f i6448¢ ( 4.1) 6aaiiiadai ia
W, 0.4.

8"'>09 : 8x%2W ~8t< ,1j (x%t)j<" aad

(F(Q(x%1)) .
tn '

landaeadied 4.1. A 1edanoiifioe oi+ée x° 1oiadaacdied F iddanocadeil a

(x%1) := jdetDF (x9%)j

F(x)= F(xX°+ hy= F(x% + DF x%h+ (x°;h);
aaa (x%;h) = o(jhj) idé jhj! 0. Anee 10adineol 1noaoi+i0é ~eai  , of fioaa-
pa&ny a6oeiita 101adasedied h! F (x°) + DF (x%)h écidiyao iado a oi+iifoe
ajdetDF (x°)j dac (i. 1 0&id&ia 4.2). O.4. fidfié 6ai6ai0 a ofl, +01 & 1084868

jda00iseaaiiia 4660a0aiveddaita 10iadaseaied efnéaseadd 1ad0 0aé =i, éaé
aai igiecaiaiay.

>—>

Aleacaodsinoar . Ai-iddand, éc éaild 4.3 iedacdo eciddeiinou 1adaca
F(Q(x%t)). Aagdd, éci. 1 0&idai0 4.2 fedacdo, +oi iddadenila daaainoal
(4.1) aifoact+it aiéacaol aéy ioiadasediey

B(h):=(DF (x%) * (F(x°+h) F()=h+ (h);

aa& (h) = (DF (x%) ! (x°h) = o(jhj) id& jhj! O.

baniiiodeél n-iadité é6a-eedoéo i ééra‘ﬁé a fa+aea éiidaeiao e 8aasii
a8ef0 t: Q)= fR" 3 h: 06 hi 6 t i ning. TAGiael e (1) 1=
maxn2 gy j (h)j (Tidd&déaied éiooaeoit é ﬁé 0 iaidasnaiinoe iotadaseaiey

). Ec Tid3a36aiey 1oiadasediey B fedascdo, +of 1adac é'aalb(Q(t)) RN
48022€0MYy & 6048Qey (1) A 888N [  max (t);t+ max (1)] & 64eeéii fifaaddaeeo
6a

Qinc () i 8880 [ max ()it max (] (3871. 4.1). Nedataaoagui

g)o
O\
g)o

o: |

[EnY

>

(o]

fife
a6

(t 2 max ()" 6 (PQL) 6 (t+2 max ()"
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matX(t) 6 (P(Q()) 6 t" 1+27ma:(t) :

1A6ARI61  max (1) = MaX nao(y | (h)j A1A0RAAAORY & B26T6-0T 6i+eA h (1) 2 Q(t).
AfiGe 48y AF&G ATIONOSING t > 0A&A&AIT jh (1) > 0, o1 1186=Aiiop 4a6R0TaTIibp
16aiéo iieell caieniaou oaé:

i (h )i @ " i (h @)ijh @ "
ot (RN ot

Afice a4 ide i&eioisi  £> 0433 jh (0 = 0, of j (h (1)j O 4y anao
t 2 [0:f]: & yoii fico+a iiieel | (h ()j5h (1)j = 0. A BACOBIOAOA 48Tl
i (h (t)j5h (1)j Ti6RAREAIA 46y ANAD ATR0A0T 14806 t> 0. i jh (t)j i&
Al6ligh AcAANAGe n-1AGNAT 664a T AOIGTIE  t, ciazed, jh (1)j 6 " h t. Nea-
Alaaoasii, e t! +0 aadi, <of jh (1)j! +0,j (h (1)j = o(jh (b)) &

j (h@yip— " (BQM) i (h@ip= ", ..
2 ih ()] n 6 n 6 1+2 h 0 n |1 (4.2

i & 10344680480 detDIP(0) = det(id) = 1. Cia+ed, 5aAAINOAT (4.1) &ATBACAT.

t" 1 2

t" 1 2

X

n

F(O()

max

beén. 4.1

(42 fa jdetDF (x%)j. Ec
fotadaceaiey FE24640,

Aléazedi 401874 60addeeadied. Oiiieedl 104ié0
0aidait 4.2, aeifia lupoiia e Tidaadeaiey iastal
+0f efiedadaiay daciifiou afionéads 16aieo

i o _(FQX%uD) . oy ¢ ok 1 (h @i "
jdetDF (x7)j  ——— 57— 6 jdetDF (x)]  Cy2 Shop
k=1
X i 1(x0Vii i (xO- : k
jdetDF (Xo)j Crlizk JIDF “(x%)jj | (x";h ('[))Jpﬁ 6

- ih ()
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!
j (x%h ()] j (x%h @), .. i (<%h @i "
Thor TR T T

554 Tleleee0asuia 6lyo0eoeaiol  Cy AiGAB0AIN caaehyo 10 Tid3aaeedasy
detDF (x0), idi0 jjDF 1(x°)jj & daciasiifioe isiiodaifioaa n, ise~a x°2 U
fifefeties Toladaccaiea ideiaasaseed e6anfic  Cl, fa &liasol iifeanoad  U°
81Y008684I00  C) TAdAIE+AT.

faiciasel +&04¢  Ball(;0) R" gad daaeofar fi 6aiodh 4 (688, Daaeon r
a04dai fanoteuet 1a8al, +ola0 of+é¢  x+ h 2 Uidé (x;h) 2 U° Ball(r; 0)
(&Tiiacoiifiol ifedfioad U’ A25ai0ed680, +0 0a8lé 5aae6h AOUANOA0AD).

EANB&AGAT ~en&Taop 66ieoep 10 44606 44é018i00 iadaiaiind

(4.3)

1 :U° Ball(r0)! R

j (h)j _ jF(x+h) F(x)

ihj ihj
10 60480ee4a8i, +0f 66iévey | anpaod iaidasnaia. Nianoadiii, a aiéacadaei-
fi0ad ibaeaadony iaidadiaiinol a 0i+éad aéaa (x°;0). Aléasedi, +0i lim! (x;h) =
1 (x%;0)=0 id3& (x;h)! (x°;0). N yoié 6aelp nouanoaei 16aiesé naasso:

L(x;h) = DF ()hj i@ h6 0~ ! (x;0):=0:

jJF(x+h) F(x) DF(x)hj6

I (x;h) = ihi
j(F(x+h) Fx°+h) (F(x) F(x%) (DFx)h DF(xO)h)j+
ihj
+jF(x°+ h) F(x9 DF(xO)hj6
ihj

(FOcH D) FOC+ ) (FO) FOI L ine oo pE oy + 1O
inj o

ifeaaiaa NEasadila 1a caaeneo 10 1a5&IAIE  x & MOSAIeoRy & i6ep ide
h! 0 afiees 1i5aadeaiey 1o1adazaiey  (x%h). AdISiA Aeasadiia ia caae-
Feo 10 1A5&IAIM6 h & fodAIORy & i6ep ide x | X0 A fesd Aisad0AlTe

20040ai0ed0aiinoe 101adasediey F. 140414 neadadila caaeneo 10 iadd iada-
00 (x;h). Agy &ai ennedaiaaiey 4244ai 4600804i66804iTa 101adasedied

F(x;h) := F(x+ h) F(x°+ h). A&l idiecataiay il a01d1io adasiaios a
84 (x;h) d3aia: Dy( F)(x;h)= DF (x+ h) DF (x°+ h). Caiaoei, +oi

/qy:

F(x;h) F(x;0)=(F(x+ h) F(x°+ h)) (F(x) F(xo)):
Tyotié

j(F(x+h) Fx°+h) (F(x) F(X°)j_j F(xh) F(x0)j 5
jhj ihj

iiD2( F)(x; h)jj jhj

i = jiDF (x+ h) DF (x°+ h)jj; aa& 2 (0;1):
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A

DF(x°+ h)j! 0id& (x;h) ! (x%0), 7iyot eed a nee

i280fM ifleeafioad U° Ball(r; 0). Eg

[ i21() Q(k anaod 0ad
Ci\ g(k) 6 ?, 444 BBAOGKC, &18A0
G (K) 12330iy6a 6AceET ieiaacaseed BACA00

2a=k (3&fi. 4.2). 1854 Tiieaaiaé daaia

leedfodl  C
)

_ mw,2 . m,R @ ), p D _
)= ¢ + m gU+ s =g gl o

264100 ETeee0881i, a faiaTainé ~eai o
(2a=k) = (1 =kR" V(1=K), aadR{" V(1=K iiiai+eai
1=k fio&i&ie n 1 ieleeeodéiitie elyooesedioaie, &ioid0a Tida-

¢V ea Giareo, R" Y(1=k) < R;, a84R; iasioiday

a P{" (2a=K) ifi&i+eai il ia0&IAI
5 X

D:

[
g (k) cy
i21() j=1
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s AQ  amaiysA

fitaéoita 1aiii-

R i&idasnaiay ooiesey. Oiaaa

4. (T caiaia 1484iaiiad) Tonou F:R" ut v R"
/I\ . T C)"

f(y)dy=  f(F(x)) jdetDF (x)j dx: (4.5)

o
o =
— O

2

f(F(i)) jdetDF ()] (g\ X) 6
i21k(@X)

0
f (F(x)) jdetDF (x)j dx = Iilm @ f(F( ) jdetDF (;)j (g\ X)+
X k1 i21 (@X)
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1

f(F( ) jdetDF ()] (g)A =
23 (Int (>§())

k|,i1m f(F(i)) jdetDF (i) (g): 4.7)
' i2J, (Int (X))
Oaéei 1adach, eivdasagmn X yaeyaony iddaden eiodasasgiiné noiia beiaia
Ofeliél it aidodaiiei @daal sacaeaiey.

14086441 & ei0dadaes a 8aaié ~anoe daaainoaa (4.5). 101adamdied F iidiee-
4280 dacaedied iifeedfioaa Y = [ X, (F(g(k))\ Y) ia edeaieéiaéind ésad.
Eci. 1 &aii0 4.1 feaacdo, +of 1486IRo0 dacaediey iileedncda Y nodaieony é
i6ep ide k! +1 . Tiyolio eiodadas ii Y yaéyaony idaadéil eiodasasuiié
Aoiid beiaia:

0 1
X X

f(y)dy = lim @ f(FCi) (F(g\ X))+ f(F(1) (F(g)A:

v ' i21 (@X) i21(Int (X))

Aey 1a84aié foiia, i 6+a0li i. 2 03idai0 4.2 & &aiil 4.3, 11e6+aal 163aieo

X X
f(FCi) (F(g\ X)) 6 JF(FC (F(g)) 6
i21c(@X) i21c(@X)
X
maxjf (y)j (idetDF (i)i+ (i;1=k) (q) 6
y i21(@X)
maxj(f (y)j (maxjdetDF (x)j+ ") [ g ! O0ioe k!'1
y2yY X2 X 21 (@X)
A)%y 40181é foiia ifed+aai «
FF() (F@)= f(FCO)idetDF ()j+ (1:1=K) (a):
i2Jx (Int (X)) 23y (Int (X))

i1, & néed 1. 2 0&1d&I0 4.2, | (i;1=k)j! O0ide k!1 3aainasil it anai

i 2 X. lyofio

. X . X . .

Jim F(F(i) (F(g))= lim f(F(i))jdetDF (i)j (g):
i23(Int (X)) i23(Int (X))
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Nsaaieaay i (4.7), 624 60aadeaaied 0&id4I0.

5181684 ( 4.5) cAIAI0 iABAIAINE TicATEyAd 6fesedl 0aidaI6 4.37 114684
yetaeaia:

Neaanioaed 4.1. A 6feiacys 0als&I0 4.3 danfiiodel U  ifiea-
FOAT ECiABRI05 T46an0Ae, caaeRyles 10 ~efeialal iasaiaosa t2 ;) e

A
4621806  diam( ) ! 07id& t! +0, 2)i&d4-

6aiaeanaidypued oneiaeyi: 1) i
fa+aiea\ t20;) t= x0. Olaaa
o (FC ) _ Oyi.
tlI|rr+10 o jdetDF (x®)j: (4.8)

lleeil fiéacaol, +07 4600adaiveasé 1400 caaefnieilé 1aaaiaiiné y = F(x)
aldazeadony eeiaéii +adac 4606ad8aioeae 100 iacaaeneiié 1adaiaiiié c éi-
yooeoedioli  jdetDF (x0)j. Ta+ddéeaay aiagiaep ae66asaiveasa 1add
fal+i0i 46606adaiceaét, caidoeil, ~of a ned+aa éliiiceoée 4e60aiiiddec-
ifa F, F; élyodeoedio eféaaediey iadl dadai 1diecadaaiep élyodeseaioia,
iineieies jdetD(F» Fq)(x°)j = jdetDF(y%)j jdetDF (x°);.

......

E&iia 4.6. (1 48466 éeanniad aacenia) lileednoal anad aacefia n-iasiial
i8ifi0dain0Aa dacaéaadony fa aaa iaiddanaéapuediy éeanna 1l nedaopudid
10figdieh: 44 aacéfa fey;:ieng @ fou i gyg ideiAAEAeeA0 T4ili6 &ean-
fi6 0idaa e 0.0., &laaa iaodesa daldieeadiiial eeiaéilal 16aiadaciaaiey
A(g) = g e1dao iéleeeaclité Tidaaacecacl detA> 0

Aieéacacaeinoal . Oéacaiita 1oilgaied yaeyaony 10ilgdiedl yéacaasdio-
iinoe 1MREIeuén it

1) d4o646fealT: id(e)= g & det(id)=1 > O;

2) fieliaode=it: iiféleies A (g)= & & det(A 1) =(detA) 1> 0

3) odaigeoeail: anee B(

g)=hjedetB> 0,0f (B A)(g)= h; édet(B A)=

Tnoadony oelel caidoeol, +of aey ciaéa Tiddadeeoasy idandieadiilé iao-
8eo0 anol a oi+iifioe 434 Alcileiifioeé eeé atou iéleeeddslill, eee 108e-
6aocaenidi
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0
aeéaia) lonou  F:R" U! V R" &e606ai-
4 of .
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fiéé aceyy
|.b. E&diliota. Aadié
jagaal adaiaie
A yoil i6iéod 10 1ancael (ddc aléacacdélnod) ftaeaniaaied ioeaicacee
1éfiéinoe N 19edivadeaé iéinéié caiéidooié edeaié
i6fid R? i&ifeay caiéiooay eomi+i-aeaasay eseaay (CEAE). ia-
iMiel (7. 88R  5.1), ~0f 0AGAY eORAAy (AIGABNAIA & AIROIed e &lia=iial
&lée+afioaa 4644680404
1. 6azeady ¢ 463 caaaia AABOT-06180RA6 1 2 CIt 1:t], 8t 2 (t 1:t;) |
rft) 8 0 (i=1;:5N);
2. 4648 i3AAREUN MAONSTAAI0 &  &1I6A6 : ri(t) = risa () (i=1:::N 1),

rn (tn) = ri(to); AGUAROAGPO TAITROISITI@E T8iecaTaita rti 1+0) 60

Do O
@
o
oY
Qo
Lol
Q.
o
Q-
Ll
Q-
o/
Qo
D
c
=
o
a»
Q-
—_
-
Qo
>
D/
9:
>
—~
=
o
x
O
£
-
jab}
o
Q-
Le)
o
>
Q-
o
=
=
(e}
o
Q»
Qo
*

1540aie+AiI0p  oxt () & YAEYAoRy &d
[ [

RZ = int () ext () ; @ ()= @ex( )=

ladaie+aiiay 1a6anol i () iac0A230fy ai60dAiinoip edeaié , i41a6a-
68118 e () aidgfifioup edeaié
Ec 0A15AI0 T AOUAROATAAIEE TABAOIAT T01adAmAley HEAA0ad, <O A &p-
476 O+6A A6A4ETHOE t 6 t; AOUANOAGA0 0AETE AABOIBAIGOGAIAE fBiase
Nint (D)2 1%L), <07 0782 r(t)+ "nim (1) 2 i A8V AR&D AlF0A0T-i1 12606 "> 0.
‘‘‘‘ &catey 85ealé 6aed cads i5eaioasep ildyaie

o O
= —|>
Qo
=3
o
@
Q:
e
=
[0}
=
ot

0adep caiéiooié éveané ieeil filaeaniaaol fi foedioaceaé anaé ieinéi
Tiodadeaied 5.1 laciadi 16eaicacep caieivoié eoni+i-asaasié ese-
aié iéiaeeoacdiié f0iTieoa& it aivodaiiifioe int (), afiée & éazedié oi+éa
aeaaéinoe aaceff rqt); nyy (t)g idaané
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bén. 5.1 bef. 5.2

[8eidda 5.1 faitnaycins 1aeanodé: 1) nedieinéinodn, 2) 10es000é 80643,

3) ai6odaiitnou iifatoaienieéa, 4) aadaaiiay a éaiia 5.17aéanol i () (0én
5.1).

li64aaeaied 5.3. [6foU caiéioond éodni+ii-aeaséed éseand i (=
LN 1) iTiadii i& 1adanaéapony, idéiaacasead aioodaiiinoe eomni+i-aeaa-
é1é é8e4ié @ i4 15eiaaedaeas aid0daiiiioe 4804 4864a

\

8 6k (jk =1;:5N 1) | k=720 it ()7 16 it (k)
(a yoii fE6+a8 caileaiey ai6odaiioae  m ()  m () (3ef. 5.2). Ta-
eanou

l\[ 1
int (;N )= e ()N int ()
j=1
aeioisié N 1 a0816 i (), fachaadony N-ayciie , ese, idiua,  ifi-
arhayciié
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lioaagedied 5.4.  Adaieda [ 1 2u[ wn 1 ifi&RAYcié Ta8afoe ia-
c(AaROAY ToeAI0ESTAAITE  Tleleeodsill |, Afee:

1) caiei6oay edeaay  1oeaioediaaia ileteeodsiil  10iNEOAHT AATAé
Ai6OBAIMAOE it ( ):

2) a6y edzealal | = 1;:::;N 1 caieiooay edeaay | 1de&ioediaaia 108e-

fitfoe int ()
0Aaadi 0aéia iaidaAdeaied Tadiaa ada-
¢ Tasafol THOAROMY fe&aa  (fil. ef.

5.2. Oi5i6ea Adeia. )
0 afivs 5Tael a1ed64 aa 87sl
& {2838 ia Alaiaiosiny
a1 fAROTUAS AGOE.
Al x&81a Daffiéac
ia@caanioial ~asiadea
aimiel iliyoes edeaieeidéinal eivdasasa aoiaial di4a (EEAD). T6nou:
G R? {aéafiou, fiaddeeavay edeasp = AB, &01day casaia asaaéié
486015-061868&6 R(s) = (x(s);y(s)) 10 iao6dasuiial 1adaidoda s 2 [0;S];
dR(s) = (dx(s);dy(s))T &ed6adaiceas; f(xy) = (P(xy);QuyNT ((xy) 2

Q s NN QN

G) i4id&d0aita a&éoidiia iled. EEAD il yoi Tidda&ediiné eiodasas

S S
P dx+ Qdy := . (f(R(s));dR(9)) = . (P (x(s); y(s)) dx(s)*+ Q(x(s); y(s))dy(s)):
Aey eofit=(i-a6aa6e0 656406 EEAD 1i53a8eyaony eaé fdiia eioaasasta it
aeaacel acaal. Anee edeaay caaaia yai y = ' (x), of éc 613I680 CAIAil
1854141116 ABAAGAD, +Of

b
Pdx+ Qdy= (P(x;" (X)+ Q(x" (x))" Ax))dx: (5.1)
a
04&i5dia 5.1. (oidivea Adeia asy faiiiayciié 1asanoe) 6ol G R?
Tafifiayciay 1aeanou, adeois-ooiesey  f(x;y) = (P(xy);Q(x;y))T ideéiaa-
gdzeed esaffio CL(G), G iiéleeeodsiil 19eaioediaaiiay caiéiooay
eofi+ii-aeaaéay eoeaay, iadaie+-eaapuay 1aganou G (04 = @). Oiaaa
fiidaadaeeaanivioea Adeia
@Q@x;y) @Rxy)
Pdx + Qdy = dxdy: 5.2
Qdy @x @y y (5.2)
@
Tafoeeadied 5.2.  Noaaiei 6181686 ( 5.2) fi 6161681é iupoiia-E&éaiesa:
b b
f(x)dx=  FYx)dx= F(b F(a); 884F 2 C[a;H:

a a
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[Tiedaipp 10 18ealéee 0daéoiaaou caé: eidcaddaé iaidaslaiié 6oieoee f
1T7084cé0 dadai eiodddaes 10 ddiadaniadaciié F il 1deaioediaaiiié ddaie-
04 1004céa. félenes ia 108aced epaay iaidadnaiay 06ievey eiado iadai-
1adaciop, éasedony, ~0of 0leUél caday 08aé01aéa 18aanoaaeyao eioddan. laiaél
a Neo+ad doiéovee ianéietiéed 1adaiaiias iiyoed 1adaiiadaciié 10ndonoasdao,
ii Afodaiyaony iiyoed aé6oadaivesiaaiey; oi+iad néacaou, Miyoead 48060a-
daiveaeuilal 1adaoioa Oi18i6el upoiia-E4éaieda & Adeia aaeiiiadacii
fiedadao ilieiaol caé: eiodadediaaied aaifié ooiévee it édap ileeil ca-
jaieou eiodadedsiaaiedi 1M aivosaiiinoe, ideidiea é aaiiié d6iévee fitdve-
aeuité aeb66adaiveacuité 11adaonid
Algéacaodelnoal . daailéiaeel, afiieieodedit, ~of 1aéanou yeaidioadia
10iiie0déuit 144ed élisaeiacins naé. O.8. fOUAN0AGPO 0aéed ididadnaita
o6iéoee ' (x); (x) (x2[a;b)e (y); (y) (y2[c;d), ~oi (fil. den. 5.3
= f(xy): x2 (ab); " (x)<y< (X)g=f(xy):y2(cd; (y)<x< (V)g
[a8aotay 10 aaiéiial eiodasaca é 11aoidinio, Med+aai aey aoisiai nea-
aaaitar
@ . b (x) @ .
RX;Y) _ RX;y) . _
—— 2 dxdy = dx ——dy=
@y a " (x) @y
b b
P(x" (x))dx P(x (x))dx =
a a
Pdx + Pdx + Pdx = P dx
BE EEMN QA @
iT 1084céd [a; b & édeaiceidéiti eiodadaéal, 10
-1a8a00, 6181686 (  5.1) (acyaQ  0) e, ai-a01d00, +0of ia Aadoeéaeits
dadae Taioeyaony, iinéleues 4660adaiveae  dx =0
D
C
: )
B
Def. 5.3 Def. 5.4 befi. 5.5
Aiagiae+ii aiéaciaadony, +ol (@Q=@aixdy = , Qdy. xof diéactiaado
0181686 ( 5.2
Oaradl danfiiodel neo+aé, éiaaa 1aeanou ia yaeyaony yeaiaioasiié, ii
eoni+il-a6aaéié esearé MAC aa lleeil dacaéou ia 4aa iataeanoe 1 e 5
@aseaay éc é101600 yaeyaony yeaiaioadiié 1oiin 7
é d
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iB3an0ase1 éaé noiia eindasacia, & éamaiio éc &10id00 ieell ideidieou
6181686 ( 5.2):
Pdx+ Qdy = Pdx + Qdy + Pdx+ Qdy =
@ ABC €DA

Pdx + Qdy + Pdx+ Qdy + Pdx + Qdy + Pdx+ Qdy =
eA ac

ABC €DA

Pdx+ Qdy + Pdx+ Qdy =

(D
»
o
o
x
Do
@
(02

8B - 8A' @D )



61

EAEOEE 1T 1AOAIAOEXANENO AIAEECO, OPAOEE NAIANOD




62 R.1. AUIADNEEE

(¢
x
QD
Qo
a»
=7
Q

O

iy, .. , 6101006 ANaan0addo i .

3. 00& dacee~+itd ednéa i1aoo 1adanasaouny ia aieda, +ai a élivad ada
Aicileeila fie6+ae 16aaeélil figedld eonéia & iaidaaesiil iwedld egla-
daeedit fa 8ef. 6.2, Aéy anad oi+aé aeaaéinoe eonéia ; 1ivdaaeait iiyoea

éanaoaeuiié ieinéifoe é EAI e iliyoea idiaee é jaé. Daaseécaveadé iiiy-
oey EAI yaeyaony iadeeda, figeoay ec ianéietéed eonéia oéaie

Tiodadedied 6.3. Edaé EAI , anee 1i i& 16Mo, anou (8lia+iid) 1andae-
jaied 040 6524400 463, 6101804 1A yasypory Taueie aey findaied eonéia

Tafdeeadied 6.1. A fiess fisaadsaiey, edaé EAI yasyaony eomi-ii-a6aa6ié
adeaié. 158141 43¢ 4TeAca0ABIN0Ad, ~Of 65aé EAT &R0l &1Ta+(1a Taudaciaied
CAIBI6O06  E6fT=(1-A624686 658A05

n "
beén. 6.2

561850 6.2.  @OMi-i-46a2685 11AA06IMNOAE: AAGABAINE 6ATE, 1TAA0-
fifo Iialadaiiess, alie-aneay 1Maassinou A edadl, ceeeiade-anaay ii-
435617100 fi 85281 Cyl = S' [0;1] (603é aRAYCITA TAUAASIATEE 26D T8B0a-
if0&é), 8&M0 18486Ma fi 85441 (2 +0f T4 I5AAR0AAEYA0 65aé sefida 134esfia?)
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PE-PIPN

Cada+a 6.1. Dacdadaeiiod iddd+eneaiind EAI ia esnee.

aial olaa: nia+aéa élinoooéoéai i i i1adodiinoe a aoda
Tiddaaeaiey aeeit eaeaié (éaé noidaioi ietlaadé aienaiiad iiiaiasaiins
1248611H04€), caocdi Tiddadeeoi e0aasasiiop foiio Deiaia & o. a. laiaél
0aéié 160U yaeyaony adnuia feiaeili. Iyolio 10 daael oieuél iloeaasep
IEID & ndaco aar ajiaseoe+anéia livdadedied.

oot - TAT i édadi, iadaidodeciaaiiay eiiaéoedé caineaiey (A

Y
Qo
ox
S
@ 1l
<
Q.
S
[}
Qo
>
1]
—
—~~
QO
~
~~
O
N
@
~
@
Qo
=

Q) rd(Q)jdudv. Caidoei, +¢

b
Qo
»
o
(X
Q-
8
H . Qo
(‘D) :
. O Qo
o
(0]
1
=
c o

f(xy;z)dS:= f(r(u;v)) jro(u;v)  ro(u;v)jdudv: (6.1)
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Edlia 6.1.  (&1553601M00 Tid448641eyY  6.4) Ei0AA0a8 (6.1) AOUAROAGAD.
A&l a4 14 1aiyaony ide caidid iadaidodecasee imadosdiiioe
Aieéacacaennoal . Ec 1iodadediey 1aeanoe |, i1adadiinoe é ooiecee f

iedaoao, +of Matioda 6an|ay 06ieoey idivadnaia ia eéciaseii éfiagoin
ifleedfiodad . xof 4ed+ao (Mi. 04i8aio 3.3) fouanoataaied eivaadaea ( 6.1).

A A QAN

Adoaay |a6 jaodecadey f:H ! M iidlaeadia i4éoiodl 4600641180ec-

i F :H ! Giéinéesd 1aeanodé: f(s;t) = r(F(s;t)), d3a(s;t) 2 H (fi. ca-
i4+aied iinead 116daaediey 1.2). Aeoo6aiiidoeci F iidleedddd = F ()
i6TRGOp Taganou i eoni+il-aeaaéié asaievdé @= F (@ Ifea caiaid

1adaiaiits (0didaia 4.3) eivaadae ( 6.1) 18eido aea

f(x;y;z)dS = f(r(u;v)) jrou;v)  ro(u;v)jdudy =

f(r(F(s;1)) jro(F(s;t)) ro(F(s;t))j jdetDF (s;t)jdsdt:

7 (R ]e] aaaaealey, ée-
idiecadadiey e aal é iogéfiivoaoea ‘e) éd+aai

0/c. 0. @Q@F @ @F @ @F AL @ @k
s D= Gues’ eves  euet’ ever

@
@F@F @ @ , Q@@ @ @ _
@s @t @Qu @v @t @s @v @u
@F@F @ @ Q@F@F @ @
@s @ @u @v @t@s @u @v

NE&aiaa0asuir,

= detDF (s;t) (r§ rd):

itAsit)  2s;t)j = jr8  rdj jdetDF (s;t)j: (6.2)
Cia+eo
f(r(sit) jfUsit)  AX(s:)j dsdt= f (x;y;2)dS:

\\\\\\\

dS:= jr® % dudv=jrd rlj (jdetDF (s;t)j dsdt) = jro(s;t) #(s;t)j dsdt
eiaadeaiodi 1oiifieodenil caidit 14d8i&iins! Noaaieod yoio dacoeuoad i
0idioeTé (- 4.8) é éfiidioaseal é iaé.

xafioili fied+adi 1adaidadodecasee 11aaddiifioe yaéyéoﬁy éé yaiia caaaied,
0 a. gaaalea 1aaa6iinoe éaé adadeéa aeaséié odiesee ' (x;y), d3a(x;y) 2

(fl. cald+aied 2 iined o0&idain 1.5). A yoié |a6a|a06ega6éé r(x;y) :=
(y:' (xy)). Tiddadeaied ( 6.1) 16&1ad40ado aea
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Nedanoaed 6.1.

q
f(x;y;z)dS = focy;" (xy)  1+( 2+ (" 9)? dxdy: (6.3)

T . A fail 444, ag =10 DT, =05 )T, Yy =

(% nyTens i rfi= 1+( 92+( D2
: D

ay & 4eao ioeioei adaeoeaiinoe, aaaei
liodadedied 6.5. Aey EAI = [l ieieeei
X
f(x;y;2)dS = f (x;y;z)dS: (6.4)
i=1 i

lineleteo eiodasae (- 6.1) it TAI 10443641 eae edaoité eidaadas, a eida-
aoaé (6.4) 1 EAI 1idaaaeai éaé fidlia eiodasaela 1 IAl, of, a élia=i
€0733, 1340 1anol 604adaeadied, €ioidia 10 ideidl dag diéacaodéunoaa

O&iddia 6.1. 114406i1H0i0é ei0aadae 1adaTaT olaa, ai-iadand, ia caae-
fieo 10 Sacaediey 1aaddiiioe ia éonée e, ai-aoidisd, 1aéadado naiénoali
aaaeoeaiifioe

Tiedayfu ia iloeaasep, eceiediiop aled, & aaaeoainion 1EMD, ia ii-
2edl daou

Tiddadedied 6.6 [efuaaup (ieinéié iasié) i8fioTé deaaéié 11aadso-
iifoé  facGaapo eiodasae

():= ds = irSu;v)  ro(u;v)j dudv:

|§maaup éoni+ii-aeaaéié 11aasdiinoe = [l  1eaaadi noiio ():=

|

i=1 ( I)

A ea+8noaa éinaaiiial imaoaddeeadiey anoanoaaiiinoe Tiodadediey 6.6 diéa-
2edi, ol

Ediia 6.2 iethaal eiaaseaioia 1oiifieodeil 1doialiaguiial 16aia-
daciaaiey O:R31 RS

ofaiiaéuiia idatadaciaaied nigdaiyao aai itasel
8a;b | j O(a) O()j=ja bj:
liyofio, a 0caéaed a feed eeidéiiinoe idaladaciaaiey O é 8aadeéa ae60adai-
oedtaaiey nefeeiial 10tadasediey, Med+aai
(0()) = j(Or)§  (Or)yi dudv = jo(rd)  O(ry)j dudv =

jir® % dudv= () :
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i&fiaai AGAG0 daaesia R .

Oece+anieeé fiane IEID. Anee ianioaasasiiay 66iesey f(xy;z) >
IEiD 5aaai 1afna ofieial fely (ieaiee, 1iadaid ... ) fi 1AA0BIRGITE
ietofiioup . Aey clasliadaiaiié o6iesee  f IEID ieell 0528013200 648
RGIadité cadya ofieial Ae fi 1aas6iiRofeé islofifoup cadyaia f

Al-efsaied IEID i5eaiae0 & ialadiasiifoe easealé dac asiaeon it
a360751ial idiecadadiey. i51Ua AlRITEUCTAA0URY EcaAnONé e¢ alaseoe+analé
58180588 01510816, 81010y A00azeaa0 114681 A&ETSITAT idlecadaaiey +A-

f(xy;2)dS = f(r(uv)) = (r9)2(rd)?  (rgird)? dudv:

Tanoaeadied 6.2. Ae0d0adaiceas 1adaidodecacee aeaaéié |
140 aéa dr(u;v) = rdu+ rldv. A&l neaeysia 4

dr2 = (ridu+ rddv)? = (rd;rd)du? +2(rd;rd)dudv + (rd;rd)dvdv

E(u;v) = (rirg) =(rd)? F(uv) = (rgird); Guiv) = (ry;ry) = (ry)?
Oidicea ( 6.1) 3814640340 ae4

p___
f(x;y;z)dS:= f(r(u;v)) EG F2dudv:

6.3. 1oeaivasey eofi+il-aeaasié 11aaadifoe A
Afvi-o dze 1i deeeofiy,
ARY,-01 T D80&ieofY.
AN. l6géei. Neacea
laaaaaeo
jaifiiel 08 aeal 11adddiinoaé, é10io0a 10 deed adadee: 16IR0AY Acaa-
eay 11aaaciinou, deaseay 1aadciinou, idiioay Acaaéay 11addditnon i édaai,
eoni+il-acaaéay 1Madssiinon. Oaeaniiadacit adanoe Maaea eoni+ii-aeaséed
TaaaoiRoaé:
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e.
& ovoail isiadseou, +

QD
D =
>
._|.
T
Q
D:
QD
Q.
(o))
-
Qo
o

faguita aneiaied N T1aifiasit

A0AId 1ailal ec facaaii(o iMeaé Tiddadeyao 1deaioadep Tadaoitnoe
A 8ac6ei0a0a 11aad61fHou fnoaitagony 1deaioediaaiiié

Edlia 6.4. (5004 Al (fi 80341 e 44c) & calei6o0a eefaéit Raycina

N (A rO(u;v) rou;v
n(ay= A Ty) nuy) (6.5)
IN(A)j jra(u;v)  ro(u;v)j
548 GIAIT  A0&ID ciada 1A0&4 AdTAlp caaadd 18eaivaoep TAIL
Ttaeil aléacaou, ~0f 6 A6aaéié caiéidoié (eeidéit nayciié!) Maadsiinoe
, 1adaje+eaapuaé 1aeanou VvV, a éaseaié of+éa A 2 €c 4300 aaeie+iad
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1512886  n(A) Taia & OT6UET 1aia JAs&ORY  AIGODAIEE (08 niy (1)?Ta &
Of+6a A + "nine (1) 2 V 848y aRAG Alfoaci+i1 1aeaé " > 0, fil. i. 5.1). iea
Ai60BAITeS 131acaé (6aé & 164 aideied, den 6.3) Tid8446yA0 15e4i0asep

Caia+aied 6.5.  1afial 0034aaiey A6aaeinioe 14 Alfioaot+i ey Tdeaioe-
364iTRoe. NOUANOacps ial5eaioedsains deasees iMaadoiifoe! Naiti écaafo-
01 1581451 yasyaony eerd 1a4e6na (aleacedd &A1 1a16eai0e364IMou, fi
3efi. 6.4)

befi. 6.3 bén. 6.4
iohou — TAI fi edadl. Tiesdl 31684686 flaeaniaaiey dedioasee

R(t) := r(a(t), a oi+6a A

1
LA

0 43¢ aleacacdsinoaa. Noaaieod
5.1 é éaiiié 5.2.
.

Q
=
<
—
o
~
1
O
-
—~~
O
~
—~
mO
—~
—
o
~
~
>
Q-
: (D:
Qo
Qo
Q»
- =
|
1

6.9
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[6fo0 W 1A, 15eaioediaaiiay i&idadnainl imedi daeie+ing idia-
éééln(x;y;z) lactadi  aaeoisini 466040ai6eaén ieltlase idlecadaa-
ied'dS:= n dS, 334dS &eb60adaiceae Teitiade 11aaddiinoe

Tivdadeaied 6.11 114806110101 eiodada&li aoidial dlaa 10 ia-
i64504iTaT adeoidiat iy f=(P;Q;R)T il Al iac0aadoMy 1aadsiifio-
i0é eivdasae 1adaiar aiaa

(fds)= (i 2)in(cy;2))ds: (6.6)
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018-06iécedé r : A e acaé n(x;y;z)
Tioha&eyAORY 01610816 (6.5). OlAAA
(f(x;y;2);n(x;y;2))dS = (f;r9;r9)dudv: (6.7)

Nedanoaed 6.2. (Tad+eneaiee IEAD a ne6+ad yaiial caaaiey 1A0) 16fiou
| ¢ 00iesee z ="' (x;y), aaa(x;y) 2 , aise-

TAT yaeyaony aoaoeen aeaaé
4i0ed6pudd ifed i16iacdé  n 1adac6do ifod0é oaie fi ifiup Oz. i6fou iTed
f(x;y;2) = (0;0;R(x;y;2))T. Oldaa
(f(x;y;z)in(x;y;z))dS = R(X;y;z)dxdy = R(Xy;" (X)) dxdy:
Aleacaodeinoal . Alfiileliciadaeenii aiéacaodeufioal nedanoady 6.1, caile-
el Ti0Aadseodel &g 61668l ( 6.7):
0 1
0 0 Ry (XY))
(a;r%;r% =det@1 0 9 A= Ry (xy)):
01 ' 0
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O&iadu 6adaeiny, +ol ied iaiaedé, iMdiaeadiita yaiil caaaiedl 1aaooii-
fioeé, 0daadaiia
0 0 — v 0. v 0.9©\T .0 0y — .
e ry=0"%x "y ) (kry ry)=1>0
Cai4+aied 6.6. Tlienaiiné a fedancaée ned+aé 1deaivacee i1aaasdinoe
00aaeoeliil iacliaapo  eiodadediaaiedl it 4ad6iaé noidiia *, aioioe-
aiiieieeiop 16ediocacep iagtiaapo giodaoesiaaiedl il iezeiadé noidiia
(8éfi. 6.6). A 6éacaiils Taicia+aieyd
R(x;y;z)dxdy = R(x;y;z)dxdy =
.
R(X;y;" (X;y))dxdy: (6.8)
jadtay IEAD a&c idiadoee 1oedioasee it denesal imoadyol ciaé. 161a&deo
Tleeil TNOUAROAGOU & épalé oi+éa Taaddiiioe

2 e
3 ﬂ? Pr
GCaid+aied 6.7 (faicia+aied IEAD) 1auasiiodaaeodéiiini yaeyaony aua
Tail figlaiee+anea faicia+aied IEAD:
P(x;y;z)dydz+ Q(x;y;z)dzdx + R(x;y;z)dxdy = (f;n)dS:
Tit yaeyaony ia oieiél enoioe+anee neieeeageiny, il 1440 1aiatéied a oai-
dee eioddoediaaiey 1 i6eaioedoaiié imaasdiinoe idiecaieliié dagiddiiioe
n 2 N. lasdaié+éify oieuél 1auynidieai idiendieeddiey yoial Taicia+-aiey
l6fol of+éa A = r(u;v) 2, a (A) iadaeéeaeiasdail, 1nosiaiité ia éa-
facdélind aaéoidad rddu e rldv. TI"giaTéi +adag e 6aeaq, éioiata
436018i0é ae00adaiveas ieluaae  dS(A) = (r  r9)dudv T4dag6do i aacen
i0ie adéoidaie i;j;k flioadonoaaiil (8én. 6.7). Oidaa

|
(f(A);dS(A))= P dScos + Q dScos + R dScos:
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a

T (A) (A) (A)

aaonoaopueie

iaie Teiniéinoyie. liyolio idiecaaaaiey dScos;dS cos;dS cos
e | ( [EGELTE ia ifloadonoaopuea élisaeiaoita

Caiaiéa ieitaze 1614éoeé ia 1aileiaiioa isiécadaaiey aeo6adaioeasia
dydz; dzdx; dxdy, i0 ééagll 6éacaée ia fiioadonoadpudp éiidaeiaod aaéoida
f. 1oidoel, ~of 6éacaiéd ia 1deaioadep 11addsiinoe a yoil fieiajee+anéi
faicia+aieée IEAD 10160ri0a6ao.

jai Tioadony nadeaou inedaieé gaa & 4aou

Tiddadedied 6.12 Agy éodni+ii-aeaaéié 11adadiinoe = [l i el
el

! X !
(f;dS) = (f; dS): (6.9)
i=1 i

lleeil iféacaol, +of a feeo Tivdadeaiey 6.2 EAI ¢ 1iddadédiey 6.8 10e-

aioadee EAI, 11aaa6iiioité eiodadae aoidial 8iaa ia EAl: 1) ia cadeneo
o DR 6//\ i\ 7. ~ AN '~ by
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Y 7. Oisidea hodiadaaneiai-Aaonnia
Oidicea 1edacea Aanesidaé+a nodiadaanéial (1801-1861)
ﬁ y

deda Aaof

M’ Qo 33 o™ O

Aaigdo, 1aoarnoaiu!
Ol i1448i6e deaca céa-éaié a

@RxY;z) , @Qxy;z)  @RxY;Z).
@x @y @z

4 iioiagaé n(x;y;z). 16fiol & & 1l f Ccl)
Oidaa iloié yoial ey +adadc 46aiedo Taganoe @ G3adai ei0dasags i faité
faganoe 1o aeaddaaioee rey:
(f;n)dS=  divf dV; (7.1)
@G

o
Qo
<
>
D
<:
©
o
=
o<
a»
o
(@
D™
D

N wstAN AR N e

o
o
c
GO
N
-
ox
=
gl
Y
D
<
o
Qo
D™
(@]
-
<
go
=]
o/
Q»
Q-
O %

G=1(xy;z): (Xy)2Gz; "' (Xy)<z< (X))
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0181684 lupoiia-E&éaiesa & 610166 ( 6.9),
@R " @rcy:2)
_ X,¥:2) o _
@dedydz = dxdy @z dz
G G, t(xy)

R(x;y; (x;y))dxdy R(X;y;" (x;y))dxdy =

G; G:

R(x;y; z)dxdy + R(x;y; z)dxdy;

Gr( )* Gr (')
a34Gr( )" aaddiyy, a Gr(') ieaeiyy noiSIG 6eacaiins aoaceéia. Aideia
1de&ioesiaaifay 1adddiinot  @G= Gr( )* [ Gr(') [ Cyl,, 8384Cyl, oe-
gefade+anéay 11aaaciinou, 1adacépuea éioisié iadaeedeuin e z. A idlec-
aieuiié oi+éa A 2 Cyl, a3éo0id fidiage n(A) é 6eeeiadse+anéié 1madassdiinoe
Cyl, & a8é0id f3(A) = (0;0;R(A))T iadidiaceoeydia (defi.  7.1). Tiyoiio

oy, (fain)dS= o R(x;y;z)dxdy =0. &li+aodéuil ie6+aai, +of
R
dedydz = R(x;y; z)dxdy:
@z @G
G
A neeo yeaiaioasiinoe G 10iiieodéiit 406486 hae, ileo+aai daadinoaa
@P @
——dxdydz = P(x;y; z)dydz; ——uxdydz = Q(x;y;z)dzdx:
5 @x @G . @y @G

Gr(o

beén. 7.2

ben. 7.1

OA&14d0 dafifiilodel ied+aé, éidaa caileaied G dacaeaadony ia éiid+ia
ee+anoai caifiéaieé yeaidioadito 1aéanodé (fidaaiecd i cadddeaiedl aiéaca-
04é0M04a 0a1daia 5.1). Oi+ida, i6fiou G = [ |, G;, 34 caitéaiey G; yeaiai-

0adit i anai iiyi, & 1ddanaéapony il ai6odaiiinioyi, a iddana+aied adaied
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0346141 Taifleednoda
divf dV = (f ;n)dS;
s @G
aaa 11adooiinoité eicdasae 4ddaony i aideidé noidiia adaieod @G. Nai-
iedoy, ed+aai:
divf dV = (f;n)ds:
G iz1 @G

Caadddpaied aléacacdéunoda 0aldaia 7.
1éi6oinoe aoaiedt @ Giieeil héaaeodl.

H
=5
<1}
=1
[
Qy
Ce)
o
a»
Q-
Qo
o
|
o

7.1. Tonou U R® Taeafiou, ia é
f  CYU). T6fiou iieednoal G 641aeadoaioyao fnedadpuel

1. cail
2. caitiéa
ié

ie
4. éazeaday adaieéoa @ G idedioediaaia ieai n aiag
I

Qx
(4
Qo
o
(-
Qx
O
Qo
o
n
o
&
(02
o
(@}
()]
»
Do
T
5:
ox
Q.
Q
()
=
ox
Q-
Q»
Qo
Q.
(9%
-
O
Q-
(@}
=
&

i68a (7.1).
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Caaasa 7.1. 1) Dacadéod ieiioideé (acases) ia 1asanoe, yeaiaioadiad io-
INeOAEUN ANas THae

2)i6fol Q & @ Q 434 caidicond e6aa fi Tauel 6&iodN, 44da 10105
iMiadil iadasea8UI0 (38R,  7.2). DAaca&éod dAciiiouG = Q nq ia caieioond
iMaifleednioas, 140aie+4i08 eofi+-asaaéeie caieioonie 1aadsinoyie.
Pacadcod dAcifolG = Q nq fa yeai&ioasiod Toiiesasiin Afas 1naé iaifi-
&M0aA (6BACAIeA 1A 38R.7.2).

3) i6fidu Ball (O;R) & Ball (O;r) 70830008 9ad0. A jauei 6&iosh o
3aaeofiaie R >r > 0. Dacalcdd caiéi6oté padiaié fieié G = Ball (O;R) n
Ball (O;r) fa caieioo0a itaifleednioad, 1adaie+aii0a eomi+i-aeaaeeie ca-
j8i6o0ie 11a4361TROYIe. Dacadéod 0ed000é padiaié fAelé G = Ball (O;R) n
Ball (O;r) ia jagafnioe, yeaiaioadiod 10ineodsiil anas inaeé

V(G)= (G)= % @Gxdydz+ ydzdx + zdxdy:

Tonaed v aéeed iloieta
deeddiva
E 146414 48icitd 1adasia

lisaaaeaies 46aa0aai6ee Aalt faie A efdaiaoil aead. Alcieeads ial-
cOAe4, ~0f YO iliyoed caaenied 1o A04TdA fiefodln eiidaeias. Teacnaadony,
it efaadeaion 1oimecasnn caiait IANE, 0.8. yasyaony aanaode+aneel
iliyoea

daaeonar. Oidaa

(f;n)ds
divf(A) = lim_ @Ba(”éA;”)(A;r)) (7.2)
Aleacadasufioal . I5&iaiyy 6151686 ( 7.1) & 1. 6(b) 0&IBAIN 3.5 T AGAAIAI,
ffe6+aal
(a:n)ds divf (&(r)) dv
f o@BaEI(BA;II)(A;r)) = lim, (BaIIEZaA”;(rA);;) = lim, divf (&(r)) = divi(A);

234 /&(r) 2 Ball (A;r).
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Neadanoaed 7.3. (eiaadeaioiifiou Tisdadsaiey 7.1) Aéaddaaioey aaeois-
i1l ey ia cadeneo 10 adaioa ioyiidaieuiié aaéadoiaié nenodia éiidae-

006804, 1768 1830), &eaddadioey
) iéloiinoe efioi+ieéta

liddadeaied 7.2. Adéoidita 1ed f ééanfia asaaéifioeCl(U) ia 1aganoe
U RS jachaadony Aleaiteaasnini (ééé 0804+a00i & 18044144 A A08+Afiél-
a1), anee ifoté +&d4&c 8padh caiéivoop eofi+ii-aeaaéop 11addsiifiou @G U



78 R.1. AUIADNEEE

i &c Tiddaacaiey 7.2

Nedanoaed 7.4. (1 giéagiié
8141 ey ia 1aganioe U daaia ioep, of il filediieaasi
ideiaaedeeandi  U.

Caaa+a 7.3. Aléasee0d NEdanoacdr 4.

= (15rj® r, aadr(A) = OA = (x;y;2)". Ca-
daa oafiiteieedi cadyi, ifed i& Tiodadeair.

A2 R®: 0<R;< jOAj<R,g, €i0id0¢ yaey-
diip. Ady isiecaienial R 2 (R1;R,) 10884

®
®
x

X%+ y2+ 22
X (X2+y2+ 72)32 (X2 + y2 + 72)5%2°

®
x
®

div (A) = 0. Taiael fioe +ad4c 6406, idelaasaeeatich adIaM6 Aeip,

roor dS _ 4R?
T T R T O

(f;n)dS = (f;n)ds+ (f:n)dS= 4 +4 =0;

o
7.4. 151488008, 01 6&/05a8GIMA 168 f (A)=(L5rj ) r &iA40 i6-
a
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[
Cyl(f;0;T) = fr(t,A)g:
t2[0;T,A2
2 Cyl(f;0;T) adéois idiecalaiié ideiaacdeeed
:A) 2 Tg Cyl(f;0;T). lyolio daeie+iné aae
5 f(r(t

~A A0 A

iliaée n(B) é daciaié 0804éa T8oTaliasai adéoidd  rd(tA) =

yagyao
80 fiies

»
o
Q,
-
(e}
=
o
Q-
:
Qo
[N
>
=t H
o)
(9%

(f;n)dS=0 , (f:n)dS+  (f;n)dS+  (f;n)dS=0:
s Cyl (0:T) . ;

faguiiioe  (F (B);n(B)) = 0. iyofi6
Neaaiaaoaenr, imafya aideipp iidiagi fa fa 21608

(f;n)ds= ) (f ;n)ds:
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Reaaspuay a 8yac 6isioe iupoiia-Easaiesa, Adeia & Tnosiasaaneial-Aa-
onfa oidioga Noténa fayciaado eiodasaé il caiéidolio éiioddd i eioaasast
11 TA2661TROE (I8Aiea), [adyicoTé fa yoio &iosd. Tia fified ey Ryda Aseis-
dzed Aaadedyey Noiéna (1819 1903), &i0i80é aiddala aade aa a €66 1aoaia-
0e+-anéial aiaeeéca. I 4a aaoisi yaeyaony Oeeuyi Oifli, 4adli Eaenael
(1824 1907).

8.1. Oaisdia Noiéna. Oaogieiieiaey : eoeaieeiaéiné eiodasaé aoisial
diaa il caléiéoié  éseaié facaadony 0edeoeyoedé . 10 daed eidée 4aéi i
0ede0eyHeaé a oaivaia Aseia

Tisdadedied 8.1. Iofou fa taganoe U RS caaaii a6a4é1a aaéoidiia ied
f(xy;z) = (P(Xy;2);Q(x;y;2);R(x;y;2))T. Aai aioian factiaapo aaoisiia
1ed, élioaeiaon éioiaial ad+eneypo i iMiuip neiaiee+anéial fiddaase-
0&EY

i ]k
Ul p3- - @ @ @ -
rotf : Ul R% rotf == G, @y @
P Q R
@R @, @P @R. @Q @P, 6
@y @z @z @x @x @y

O&idadia 8.1 foriol U R3 @é6ii+ii-aeaaeay 11addsinol i eomi+-
ii-agaaéel ésadli @ , i6e+ai 1deaioacey 11adddiinoe Mneal aaeie+iad is-
jagaé n(x;y;z) Aaganiaaia n 16eaioaceaé ésay. 16nou 4aéoidiia iiea f i0e-
jaaédsetd €6aNN0 Aeaaéinoe CL(U). Oldaa oeaeoeyoey ey f it ededie @
daaia 1oféod ey  rotf ~adac iadddiinou  , 0.4

(f;~)ds = (rotf;n) ds; (8.2)
@
434 ~(x;y;z) ilea 18edioeddpled daeie+inG eanaoaenind é eseaié @ , ds
460040ai0eae aéeill acae éseaié @ , dS aebddasdaiceae ielliase Madds-
iifoe . (IAoey ia Taicia+aiee EEAD iailieiado, +oi édeaay @ , adao+e
édaai, anou 1auaa 06 éoeadno, fi 6.1)

i
iaiyeinii eiodacesiaaiedi itad  Adaiesd; a 0aiodia Notéfia

diaaiéd 1t 11addo6iiioe caldiyaony eioaddediaaiedi it édap. EidiiT 04ida-
ia Noféna yaeeéanu ifiiiaié aey aaéuidégadl 1aiataiey ia neo+aé iMaadsdiinoe
idiecaielité daciadiiioe  n, idefaacdaeatiaé i8iiodainoad idiecaieniié sac-
148iifoe p > n. Oaéesed T0iadel, +of ia 6eénesiaaiiop caiéiooop édeasdp

A O N sz AN N Navrz AN £ AN an aas O AN N . 0 rn N AAY AN AA
@ 1iaead alol iaoyidoa aobaay ieaiéa 08 @= @), if ide yoii 1iofe
gioida rotf (if ia naiai ey f) ia eciaiyaony

1

ail O1éUéT aey néo+ay,
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Ol ei4&0 éeann Feaséinoe ada. O.A. NOUAM0AOPO iETnéed

g
1aéanoe G R? & i0ladasedied, caaadadila daaeon-adéoisi

r: Gl R3 r(uv) = (x(u;v);y(u;v); z(uv)) 2 C4(G);

8101501 1ad21808e¢1aaiA Ta&dBITHoU = ()
10 danfiiosel 0de a&eoidias iey: f,=(P;00),f,=(0;Q0)7, fy=
(0:0;R)T. Agy eacedial ec 66 ieasedl 6151086 Notéfa, ined +aal fisiee

ieo+aii0a daaddifiodaa. Aléacaodelnoal TNouanoasyaony a ode yoaia: 1) caia-

iyai oeséseyoep i idifodaifioaaiiié éseaié @ ia 0e0éoeyoep i 1€TRéie
édeaié @ ; 2) aifiiteliciaadgeni o18i661é Adeia, caidiyal 6edeoeyoep it @
eiodaoediaaieadi it i€iféeié 1aganoe ; 3) ociadl a ieo+aiili eioaddaed

i IEAD 1o 51054 i

A& Tadaie+&iey Tauiifoe
1524y, a 114486100 1dedioesiaaia Aaia
0 r05r  r9j. i6rion e6ni+il ABaAGeE 886 @ [adAIA0BECIAAT IBT0SA +afil-
alé fodaEee a86015-06186886 (u(t);v(t)T (t 2 [0;T]). Old4a 66aé @ Tadaido-
3eciaal A86015-06186886  r(u(t); v(t)) = ( x(u(t); v(t)); y(u(t): v(t)); z(u(t); v(t))) T .
iyoTio

iieeii fi~éoaou, +of & R2 fefnoaia éiisaeiao (u;v)
A aénoail daeie+iao iidiasaé n=

.
(f;=)ds= Pdx= P(r(u(t); v(t))(x(u(t); v(t))? dt =
@ @ 0

P(r(u(t); vt))(xGul+ x0vddt = P(r(u;v))xSdu+ P(r(u;v))xddv:
0 @
ieée 6eoéoeyoep ey f,=(P;0;0)7 V3il @ iaoedeseyoep
ieifietat iey  f1 = (Px9;PxO)T 1T @.

iaeiaiei 0i3i666 Adeia (5.2

Qo

ox
@,
Qo
@,

P(r(u;v))x8du+ P(r(u;v))x%dv = (P(r(u;v))x9H2 (P (r(u;v)x2)?) dudv:
@
Id&Tadacodi itatioaadaduita atidasedied, aifiiiéliciaadeeni faiaaaiedi fia-
@aii(o 181ecaiaitd (alo aey +aal iiaataeeant aeaaéinou ééann
(P(r(uv)x)T  (P(r(u;v)x)y = P(r(u;v)oxd+Pxg  P(r(uv)oxg Pxgn =
(PX + PAS + PIZ0)xy (P + PYY + PYzO)x() =

0/,,0,,0 0,,0 0/y,0-,0 0.0 0o X9 ¥ 02y X9
Pyxayv  XyYo) + P(xyzy  Xxuz)= Py o o +P; 5 Lo

u 0 0 z 50 0
Y XV yV ZV XV
O&i&au, iifie aoTaial yoaia, iie6+adl
0 0 0 0
X Z X
(f 1;~)ds = PO Yu po s Xu gudy:
>(V yV ZV XV
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N adoaié foiaiia, a ieeo Tiodadeaiey 8.1 8i0lda aaeoiaital ey,

(rotf ;;n)dS= (rotf ;;r8;r)dudv =

0 P PO )
x9 y% z, dudv= po "u
X0 X9 %)

(rotf ;n) dS = (rotf ;n) dS
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8.2. A&Nidode+aneeé e dece-aneeé fiane aioida.

Taiaét yoi aaliaose+anéia iiyoea
O4&idaia 8.2. Tofol adéoiaita ied f 2 Cl(Ball (A;R)), dadBall (A;R)
1068000€ pad fi 6aiodh a oi+éad A daaeonar. ool n oeénesiaaiiné
adaeie+ité adeéoid, Circ(A;r; n) @d86a i 6aiodii a oi-éa A, daaeédnar, ea-
eaveé a ieinéinoe 1adiadiacédeysiié aaéoiso n (dén. 8.1). Olaaa a oi+éa
idfaéoey 8i0ida ia iaidadéaied  n anol 163aaé:
(f;~)ds
. @Circ(A;r; n)
rotf(A);n) = lim - ; 8.3
( (A):n) ri o (Circ(A;r; n)) 83)
T fi Adéoidi n, a

A3a 1édoeeiinol @Circ€A;r, n) 1déaioédiaaia ntaeaniaaiii
igT0aal) és6aa  (Circ(A;r;n))= r?2

151686 ( 8.3) ileell ifielaou oad: i51aeoey 5ioida
5 bee if i

84, 1adiaiacéoeysiié  n, 1M 1eitaae, é10id0p 1adaie+eaado i
ea Nelainoe 0d+aiey aeeaéinoe, of rotf aaeois, isfiidoeliacuiné adéoidd
63é7aié néisinoe aadneéiia+ii iagié ~anoeod fieieité noaal. lofpaa iacaa-
jed: 81018 10 eaoeinéial roto Aadavap, eée a noadié oasieiéiaee  aeodu
Aléacaodeunoal . Iseiaiyy 618i6eod ( 8.2) € 04idaio 1 ndaaiai 3.5 1. 6(b),
ifeo+adi
(f;~)ds (rotf (&(r));n) ds
@Circ(A;r; n) . Circ (Ar; n)
lim - = lim . =
ro  (Circ(A;r; n)) ro (Circ(A;1; n))

rIi'mo(rotf (&(r));n) = (rotf (A);n); G44&(r) 2 Circ(A;r; n):

Ec6+ay iiyoed idlecatané asy +efisians o6ieoeé 1aiié iad&iaiieé, i
aoyRiese, +of idiecaleliay  14idad0aiay fa (a;b) 601668y f (x) JAeyAoRy ii-
&caraiié 46641 0AM0A0R0 TAdATIASAcIAy F 2 Cl(a:b), a8y &ioi-
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fai 1Mosaasdaony
lidda4eaied 8.2.  i6fiou U R3 Ta8afol, 66ie6ey u 2 CL(U), a4eoidiid
iled f = (P;Q;R)T 2 CO(U). Odievey u iachaadony imodiveasn ney f,
adnéégradu = f, 0.4. Qu=@x P; Qu=@y Q; @u=@z R. (A NE6+ad 4466
408141100 THoai&ony 4aa ofnéiaey.) Nail a&4eoidita iled a 6éacaiill ned+ad
faclaadony rioaioeaéuini
O&iddia 8.3. (Aelaaeuiné eoeoddeé nonanoaiaaiey oaioeasa) Ionou
adeoidiia ied  f = (P;Q:R)T 2 CO(U) Aidad0AN & iaeioisié Tasanoe U
Nedaopued 60addeeadiey daainesuin:
1. Oed86ey6ey Mey 11 8palé caisicolé eofi-il-acaasie adeaié U
(alciizeil, fi AAITIAGARA-Aieyie!) daaia i6ep, 0.4
T
(f;ds)= (f(r(1);rt)dt=0;
0
i+ i aep i&-

éoni+i-aeaaéié éoea Teeil c
caaéneo oiéuét 10 faied oi+aé e B.
3. Adaoisiid iled  f riodioeasnii.
AN
f A, BA B
A n
z
y A
AB
X
X
péf. 8.2 "
Pén. 8.1 PEMSS3
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\\\\\ =

eéeaay = BB [ BA yasyaony caiéiooté e, a iees aaaeoeaiiioe EEAD, fiida-
Adaeear:
0= (f;ds)= + = :
aB gA 8B AB
+0f diéacliaado 603ddaeaaied.
2) 3. 10 id&daayael ooieoep, éioiday yaeyaony ioaioeasn. I6mou
A(Xo;Y0;20) 2 U oeeneélaauay oi+éa, B(x;y;z)2 U |a|e<;a|emay, AB

U |6|ega|eU|ay eoni+ii-acaacay eseaay, éloiday o ftaaeiyao. A oneiaeyo
i. 2, iacaaeneili 10 a0aida eseaié BB, é168aé0il Tiddadedia 66ievey

u:U! R; 8B 2 U ¢ia+aiéa u(B) := (f ;ds): (8.4)
B
lléazedi, 01 Tia 460606adaivedodia ia U e a idiégaieuiié oi+éd B 2 U
Aisaadaseal gradu(B) = f (B). N yoié 6asup aleasedl AGUAROATAAIRE +aRdiTé

idlecalaiié  @(B)=@x A fieéo 10ed00if0e U, AGUAR0acad 0aélar = r(B) > 0,
+0f gad Ball (B r) U. Anée iaéeu aicioudiey j xj < r, oi+éa D(x +

X;y;z) 2 U aiafoa i 108acéli [BD], déf. 8.3. liyolio i6dade
+ xev- -
im ux+  xy;z) u(xy;z) _ im 8D 8B _ iy _1BD1 _
x! 0 X x! 0 X x! 0 X
X .
. f(x+ s;y;2);i)ds _ P
lim =X (7 yiz)il)ds _ lim Plxt yiz) x X—P(x;y;z):
x! 0 X x! 0 X
10 &if uglaaeenu aaaeoeaiinoup eiodasaea, i. 2, 0aidaiié T nodaiai (
@20 NOaIal 1deedd x € x + Xx) & |a|6a6uéu' fiolp 66iéoee P. Néaaiaa-

o

glelieo 66ieoee  P;Q; R iaidad0nail, of 60addzeaaiea ieéi ‘ﬁ()ub aleagan
3) 1. A fieeo ilvaiveagiiioe iley f = (P;Q;R)T, AGU&N0AGAO Boiésey
u2 CH(U), aey éioisié

a
&elil, @(B)=@x= P(B). Aiagize+il @(B)=@y= Q(B), @(B)=@z= R(B).
[y

=

@u_ . @u_ @u_
ax Tay ez

\\\\\

yoiio aey isiecaiéiiié radaidodecasee r(t) = (x(t);y(t); z(t)) T 6edé6eysey

T

T @u @u @u
. _ . O _ 0, 0, 0 =
(f;ds) = . (a(r(t));rH(t)dt = . —@)2( (1) + @)}/ 1) + @Zz (t) dt

T
, (u(r(®)Pdt = u(r(T)) u(r(0) =

O&i&du 10 iiaedi 4200
O&idaia 8.4.  (lienaiea anas iloaiveasia) 1o
c')ﬁéiééé 0418ai0 8.3 fidadaacean nedaopuied 6oaddaeaaiey:

Agy &paié oi+éé A 2 U 60iévey ( 8 4) yaeyaony ioaioeaei.
2. Aey épaiai odioeaca uiley f €iddo iafiol oldioga lupolia-Edéa-
jeva aey EEAD:
(f;ds) = u(B) u(A):
B
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Aleacaodeunoal 1. 1 fiaddaeeony a aiéacacdeunodd i. 2 0disaid 8.3 Al-
8acacaeunoal 1. 2 Tiouanioaeyaody 1 oié aed fdaid, +of & aiéacaoasunoal . 3
oaidait 8.3

AB(f;dS)= (u(r())gdt=u(r( )) u(r( )= u(B) u(A):

(f;ds)= u(B) u(A)=v(B) v(A):
aB

Cia+eo, daciifioi u(B) Vv(B) = u(A) V(A)= const= C & caaefied

i & cias, ~of yoi fadefiaan, & f6ioe o6aa iif,
it ofeler i5106168 A BiefoA A0580.
Al Oisfioié
Edeoadee ifoaiveasniinioe, foidiceesiaaiioa a ii. 1 & 2 oaidaid 8.3
0B0AITBTAABYAI04. 18ac04AROMY, & GRETASYD Asaasifioe ey  f i51A&de0U if-
dAIGeABUINMAOU T8y Tl fi MiUlp &leasuiié dadacoadenoese (a i
rotf ) & 7aflaT astaaeniial ofifelae+aneial Ralénoaa jasanoe  U. Yoio fasia
ajasiae-ai ideiaiaiep acaa0aAI6ee & TaUAifié Taflfayciifoe e effeaai-
aaiee Aleaiieaasniinoe iey. fal O0AA6A0RY Aaa TiBAAAGAIRY.
licAageaied 8.3.  AAeoidNa 8d f 2 CI(G) fachaddony 43cae6d8adi
fa U, &fee 0leeadnoadiit rotf (B) 0 a8y epaié oi+ée A 2 U.

Taganou U RS jachaa
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iBaieo, a +ai 10 6adaeaadiny, iManoea idiaiei+iné &liodd a iteuiop aias
10 i& 46441 aiéachaaot yoi 60addeaeadied.

O4iddia 8.5. (éde0adee iMoaiveasiiinoe) xoiat 44éoidila e f ééan-
fa deaaéinoe C1(U) a0éT ilodioeasiitl ia Taeanoe U R3 j&iasiaei, a
a neoé+aa 1faasdiinoiié Taitnayciinoe U e aifioaoi+if, +ofad 7it 40T dac-
aeooadadi:

0aioeaeliinoe aiMoaoci+it idfaadecl, ~of 0ededeyoey i épaié caiéidoié
eoii+ii-a6a461é eoeaié (aiciieeil i Raifiadana+aieyie!) saaia ioep. 1a0a-

ie+eify neo+adi éoedié  aic naifidsana+aieé. Ec 11adodiinoiié tainayeii-

fi0e feaaoao, +of AOUAN0AGa0 eofi+il-aéaaéay 11aadsiifiol U, aéy éioioié
@= Ec 6101680 Noféfia ( 8.2) & 44caedddainoe ey nedaddo, +of 6edeosy-
o0ey 11 daaia i6ep.

VPN '~ 2 .,Iu

Nedafoaed 8.2. (I &iéasuiié i
P

ae00aaia ia 1aganoe U, of 1il ilodiceacuil ja éacedll oada, 16&iaaéa-
eaudl U
Caaa+a 8.1. Aléaseeo0d feaanoaess.2
[5eias 8.1 aacaeodoaaia, if iailodioeaeuiiar adéoiaiial ifey. pafiiio-
BEITIEA f = ( y=(x2+ y2): x=(x2+ y2): 0) ia OlenA0IR0AIT oeeeiadd U= fl<
x?+ y? < 9; z 2 Rg, é10160¢ yaeyaony 11aaaoiinioil idiaiinayciié 1aganoup
fa U &ions
[ j k
— @ @ @ _
rotf = g« @y @z -0
y X 0
XZry? X%ty
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T 08d868y6ey 1T 18ddeeiinoe S = fr(t) = (2cost; 2sint;0); t 2 [0;2 ]g U

2cost dt=2 60:

a a feod+aad 1ainayciino 1it a0é1 adcaedddadi a
feéaaopuai fianea
@Qxy) Q@QRxy)
rotf := =0 aey anad(x;y) 2 : 8.5
@x @y y (x;y) (8.5)
Caid+aied 8.3.  O&iddia yaeyaony +anoidl feo+adi 0aidaid 8.5, &née ii-
éleeol a 1dé P(x;y;z) = P(xy), Q(Xy;z) = Q(x;y), R(x;y;z) O
Aieéacacaennoal . Anee 1ieéa f 1loaiceaenii, of AoUafioa6ao ooiesey u 2
C2() , aey éoidié P(x;y) = uR, Q(x;y) = uf ide anads (x;y) 2 Neaai-
Aa0aéui nidgaiita islécaiaina aoisial inoyaéa 66iésee u AGUAR0AGPO &

Afaiagapo, 0.4. P = u) = ud? = Q7. Cia+eo, 6felacd (8.5 adiieiaii

i6ROU AidAARABEAT ( 8.5). A AGE6 1. 1 OAIGAIN 8.3 a8y AlAcAdAcUAdAA Ti-
oaibeaelitnoe ainoaci+it isiaddeol, +oi 0edéoeyoey il epaié caiéiooié
éoni+ii-agaaéié éoeaié ioedaay. Ec iaifiayciiioe fie&dacdo, +ol aibodai-
iAol Int ideiaacdeedo facanoe . lyolio iieeil alfiilelciaaouny 618i6-
&6 Adeia ( 5.2)

(f;dr)=  Pdx+ Qdy= Q@y)  @RXY) 4y = 0
Int () @x @

8.5. Y&aiaion oaisee iey Paida 10 aaaee iiyoey néaeysiial u=

u(x;y;z) & aaeoisital f(x;y;z) 1eaé, éaé ioladazaieé é¢ oi+a=fié Taeanoe
e

A QA

U R® a +eéféiadp isyiop
fi il. AO&T daétiaiata
aiiné

|
a480id f(A), 1idleeadiité eiaiit yoié oi+é&lé. Yoa iacaiay daendiaasey
aéa idécaaia ifii+u Toeé+aol iafoiyued a&aNAode+aneed & oéce+anéed
ifiyoey-adéoidn 1o anilitaacdénital adéoidiial aiiadaca iilanasiiar ia-
ddiaoe+aneéiar aiageca. Ooi+iel, ~ai fitaeydita e Toee+adony 1o ~efieiaié
doievee, a adeoisita Mmed 10 adeois-odievee
Neagyaita ieé IA 1&iyaony 1ified epaié ¢ 7l
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1. Aeboaddaioediaaied néaeyasiial ey 1dleedaad adéoidiia e adaae-
aiota ' 1 grad' =('%;' 9" 9T

2. Aedoadaioediaaiea néeaeydiial ey a idefoonoaee adoaiai ey -
Sleeaado neasydia ited idiecaiaiié Ee (iadesn Niooh Ee, 1842
1899):" ! (v;grad')=v; "2+ v, "9+ vz ‘)= @=@

3. Ae6oadaioesiaaied a4eoidial ey dieeaddo neasydiia iied 46ads-
aaioee f! divf = @i=@x @i=-0Oy @i=@z

4. Aéobasdaivesiaaied aaéoisiial ey 1idieeaadd adéoidita ied sioida
f1 rotf

5. Aedoadaioesiaaied aaeoidital ey a isendonoace ad6aIaT ey -
dleedado aaéoisdiia 1ied aaénoaey eeiaéiial ioladaseadiey ia 4aéois:

f1 Df(v).
6. Aasiiiaéodd 4000434i0e31aaied. 132148, 1432018 Eaisaria (u&d-Ne-
48 Eaiean, 1749 1827):

"1 grad' ! div(grad' )= ' = ——<+
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N ae s O wnisas

tié neo+ayié yaeypony caiodaéui
aar i

aa'(r) & (r)r, @ar = (x;y;2)" r = jrj. A&y ied ana 46606ad0aiveasiita
11adaoiden ecaanoid
8.6. 11402018 Aaieeuoiia. Nyd Oeéiyi Dioyi Aaieétoli (1805 1865)
A346 4 1460714 fieialee+anéeeé 4aéoid iaaea , éipuéé a TANE 0aéid 1ida-
Aaeaied
- @@’
@x @y @z
N iiiuip a8éoida iadéa initaind 4e00a0aioesiaaiey ieaé eioddida-
0&30PORY ae Gifleaiey
1.r' = grad ,
2. (r :f) = divf,
3.r f=rotf,
4.(vir) = @=@,
5. (v;r )f = Df(v),
6. (r;r) =r2 = ",
TAiTai0a iveioein idaiadaciaaieé andasedieé i adéoidl jadea
1. [adéa eeidéiné 1iadaoid
2. [aadea aeoddddaiveasliné 1iddaoid i&daial 1oyaéa
3. [adea 180&iiteadony fi 1ieyie éaé Adéoid fa ~eneél, éaé neaéysiia
idlecadadied & eae a3eoiaia idlecadadied (. Alea)
4. Rey iaasa, 648 A6y 4000404I0SABUNAT 114520153, ANTIEIVAORAY i53a8-
&1 Edéaieva ae06adaivediaaiey idiecadaaiey.
5. x0fal i cadloul, ia éaéla 1éa 43énoacdo r , iaa 1Meai noaayo nodaces
6. liedcii ideiaiyol deed ecadnoila oleeddnioda iaaas fiiileeeodsyie
7. lined id&iadaciaaieé 1ied, ia éioidia 48€n0acao iaaea, 1éacliaadony
édaéiel fidada, a nai 11adaoid foleo neaadpueé ca iei. lnead +aal
fleelt caiefaol SAco8i0ad
8. A &1iva 10440 d&éN1aia0aony caientaaou AAC T1adaoida iaaea
9. Aey é1iédaoits 1Meaé (iaideidd, 6aiodaelils) ileeil enilélciaaol
fidgaiiop 04oieés e Tiddaoididp, & élidagiaciop
Caida00
1. [adéa i& 6+anoascdo a fiddacee neleediey i adéoidaie.
2. ladaiileedied fi iadea ia yaeyaony 1adanoaitai+iai, 6+eolaay fodacée
A&7 446M0aey.
I6&iad 8.2



