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1. Âûâîä óðàâíåíèé è ïîñòàíîâêà îñíîâíûõ êðàåâûõ çàäà÷ ìàòåìàòè÷åñêîé

ôèçèêè. Êëàññèôèêàöèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðî-

èçâîäíûìè âòîðîãî ïîðÿäêà. Õàðàêòåðèñòè÷åñêèå ïîâåðõíîñòè. Êðèâî-

ëèíåéíàÿ ñèñòåìà êîîðäèíàò. Ïðèâåäåíèå ê êàíîíè÷åñêîìó âèäó â òî÷êå

è â îêðåñòíîñòè.

2. Ôîðìóëà Äàëàìáåðà ðåøåíèÿ çàäà÷è Êîøè äëÿ óðàâíåíèÿ ìàëûõ êî-

ëåáàíèé ñòðóíû. Îáëàñòü çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ äàííûõ.

Êîððåêòíîñòü ïîñòàíîâêè çàäà÷è Êîøè äëÿ îäíîìåðíîãî âîëíîâîãî óðàâ-

íåíèÿ. Ïðèìåð Àäàìàðà íåêîððåêòíîé çàäà÷è Êîøè. Ñìåøàííàÿ çàäà÷à

äëÿ ïîëóáåñêîíå÷íîé ñòðóíû. Óñëîâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è ãðà-

íè÷íûõ äàííûõ.

3. Çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ â R3 è R2. Çàïàçäûâàþùèå ïîòåí-

öèàëû. Ôîðìóëû Êèðõãîôà è Ïóàññîíà. Ïðèíöèï Ãþéãåíñà. Åäèíñòâåí-

íîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ îò ïðàâîé ÷àñòè è íà÷àëüíûõ

äàííûõ.

4. Çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn. Ôóíäàìåíòàëüíîå

ðåøåíèå. Òåïëîâûå ïîòåíöèàëû. Ôîðìóëà Ïóàññîíà. Åäèíñòâåííîñòü ðå-

øåíèÿ çàäà÷è Êîøè è êëàññ ôóíêöèé, îãðàíè÷åííûõ ñ ýêñïîíåíöèàëü-

íûì âåñîì â êàæäîé ïîëîñå, íåïðåðûâíàÿ çàâèñèìîñòü îò ïðàâîé ÷àñòè

è íà÷àëüíîé ôóíêöèè.

5. Ñìåøàííàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Åäèíñòâåííîñòü ðå-

øåíèÿ, èíòåãðàë ýíåðãèè. Ìåòîä Ôóðüå ðåøåíèÿ ñìåøàííîé çàäà÷è ñ íà-

÷àëüíûìè äàííûìè íà îòðåçêå è åãî îáîñíîâàíèå. Óñëîâèÿ ñîãëàñîâàíèÿ.

6. Ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ïðèíöèï ìàêñè-

ìóìà äëÿ íåîãðàíè÷åííîé îáëàñòè.

7. Ñìåøàííàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ. Åäèíñòâåííîñòü

ðåøåíèÿ. Ïîñòðîåíèå ðåøåíèÿ ñìåøàííîé çàäà÷è ñ íà÷àëüíûìè äàííû-

ìè íà îòðåçêå ìåòîäîì Ôóðüå è åãî îáîñíîâàíèå. Óñëîâèÿ ñîãëàñîâàíèÿ.

8. Ïîñòàíîâêà âíóòðåííåé è âíåøíåé çàäà÷ Äèðèõëå íà ïëîñêîñòè. Ïðèí-

öèï ìàêñèìóìà (íåñòðîãèé) äëÿ ãàðìîíè÷åñêèõ ôóíêöèé. Åäèíñòâåí-

íîñòü è íåïðåðûâíàÿ çàâèñèìîñòü ðåøåíèÿ çàäà÷è Äèðèõëå.

9. Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ëàïëàñà â êðóãå. Ðåøåíèå çàäà÷è ìåòî-

äîì Ôóðüå. Ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ

êðóãà â ñëó÷àå íåïðåðûâíîé ãðàíè÷íîé ôóíêöèè. Èíòåãðàë Ïóàññîíà.

10. Ïîñòàíîâêà âíóòðåííåé çàäà÷è Íåéìàíà. Íåîáõîäèìîå óñëîâèå ðàçðåøè-

ìîñòè. Íååäèíñòâåííîñòü ðåøåíèÿ.



Ëèòåðàòóðà

Îñíîâíàÿ

1. Âëàäèìèðîâ Â.Ñ. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. � 5-å èçä. �Ìîñêâà : Íàóêà,

1988.

2. Âëàäèìèðîâ Â.Ñ., Æàðèíîâ Â.Â. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. �

Ìîñêâà : Ôèçìàòëèò, 2008.

3. Ìèõàéëîâ Â.Ï. Äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. �

Ìîñêâà : Íàóêà, 1988.

4. Ìèõàéëîâ Â.Ï. Ëåêöèè ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé ôèçèêè. �Ìîñêâà : Ôèçìàò-

ëèò, 2001.

5. Ñîáîëåâ Ñ.Ë. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. � 5-å èçä. �Ìîñêâà : Íàóêà, 1992.

6. Òèõîíîâ À.Í., Ñàìàðñêèé À.À. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. �Ìîñêâà : Èçä-

âî ÌÃÓ, 2004.

7. Óðîåâ Â.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. �Ìîñêâà : ÈÔ ßóçà, 1998.

Äîïîëíèòåëüíàÿ

8. Øóáèí Ì.À. Ëåêöèè îá óðàâíåíèÿõ ìàòåìàòè÷åñêîé ôèçèêè. �Ìîñêâà : ÌÖÍÌÎ,

2003.

9. Îëåéíèê Î.À. Ëåêöèè îá óðàâíåíèÿõ ñ ÷àñòíûìè ïðîèçâîäíûìè. �Ìîñêâà : ÁÈ-

ÍÎÌ, 2005.

ÇÀÄÀÍÈß

Âñå íîìåðà çàäà÷ óêàçàíû ïî êíèãå Âëàäèìèðîâ Â.Ñ., Âàøàðèí À.À., Êàðèìîâà Õ.Õ.,

Ìèõàéëîâ Â.Ï., Ñèäîðîâ Þ.Â., Øàáóíèí Ì.È. Ñáîðíèê çàäà÷ ïî óðàâíåíèÿì ìàòåìà-

òè÷åñêîé ôèçèêè. �Ìîñêâà : Ôèçìàòëèò, 2004, 4-å èçä., ñòåðåîòèï.

Çàìå÷àíèÿ

1. Çàäà÷è ñ ïîä÷åðêíóòûìè íîìåðàìè ðåêîìåíäîâàíî ðàçîáðàòü íà ñåìè-
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ÏÅÐÂÎÅ ÇÀÄÀÍÈÅ
(ñðîê ñäà÷è 07�12 îêòÿáðÿ)

I. Êëàññèôèêàöèÿ óðàâíåíèé 2-ãî ïîðÿäêà, ïðèâåäåíèå ê êàíîíè-

÷åñêîìó âèäó

1. Îïðåäåëèòå òèï óðàâíåíèÿ

uxx + uyy + 2αuyz + αuzz = 0

ïðè ðàçëè÷íûõ âåùåñòâåííûõ çíà÷åíèÿõ α.

2. Îïðåäåëèòå òèï óðàâíåíèÿ



(x2 + y2 − 1)uxx + xyuyy − ux = 0

â ðàçëè÷íûõ îáëàñòÿõ ïëîñêîñòè (x, y).

3. 2.1(2).

II. Óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà â ñëó÷àå äâóõ íåçàâèñèìûõ

ïåðåìåííûõ. Çàäà÷è Êîøè è Ãóðñà

4. Íàéäèòå îáùåå ðåøåíèå óðàâíåíèÿ

uxy + αux + βuy + αβu = 0, (α, β = const).

5. 12.3.

6. Ðåøèòå çàäà÷è Êîøè:

à) yuxx + (x+ y)uxy + xuyy + ux + uy = 0, y > |x|,
u|x=1 = 1, ux|x=1 = 1− 1

y , y > 1;

á) uxx + cosxuxy + (cosx− 1)uyy − sin x
2−cos x (ux + uy) = 0, (x, y)∈R2,

u|x=0 = 3y, ux|x=0 = −2, y ∈ R.
Ðåøèòå çàäà÷è Êîøè è óêàæèòå íàèáîëüøóþ îáëàñòü, ãäå ðåøåíèå

îïðåäåëåíî îäíîçíà÷íî:

â) x2uxx − 4y2uyy + xux − 4yuy = 16x2, y < |x|,
u|y=1 = 3x4, uy|y=1 = 0, 1 < x < 2;

ã)* yuxx + (1 + y)uxy + uyy +
(ux+uy)

1−y = 0, y < 1,

u|y=0 = x2 + 2x, uy|y=0 = −2x, 0 < x < 3
2 .

Ïðèíàäëåæèò ëè òî÷êà ñ êîîðäèíàòàìè
(
1
2 ,−

3
4

)
îáëàñòè, â êîòîðîé

ðåøåíèå çàäà÷è îïðåäåëåíî îäíîçíà÷íî?

7. Ðåøèòå çàäà÷è Ãóðñà:

a) 14.46;

á) x2uxx − 4y2uyy + xux − 4yuy = 0, 1
x2 < y < x2, x > 0,

u|y= 1
x2

= 1 + 2x4, u|y=x2 = 2 + x4,

îïðåäåëèòå ìàêñèìàëüíóþ îáëàñòü, â êîòîðîé ðåøåíèå åäèíñòâåííî.

8. Ðåøèòå çàäà÷ó

uyy − 4uxx = 0, u|y=0 = x2, uy|y=0 = 0, −2 < x ≤ 0;

u|y=x = 5x2 + 3x3, 0 ≤ x < 1 è îïðåäåëèòå ìàêñèìàëüíóþ îáëàñòü, â

êîòîðîé ðåøåíèå åäèíñòâåííî.

III. Âîëíîâîå óðàâíåíèå â R1



9. Äëÿ çàäà÷è Êîøè: utt = a2uxx, t > 0, x ∈ R,
u|t=0 = u0(x), ut|t=0 = 0, x ∈ R,
ãäå u0(x) = (1+cosx)2θ(π−|x|), äîêàæèòå, ÷òî ôóíêöèÿ u0(x) ∈ ∈ C2(R),
è ïîñòðîéòå ãðàôèêè ãðàíè÷íîé ôóíêöèè u0(x) è ðåøåíèÿ ïðè t = π

2a ,

t = π
a , t =

2π
a .

10. Ðåøèòå ñìåøàííûå çàäà÷è íà ïîëóïðÿìîé:

a) 21.13; 21.18;

á) 9utt = uxx, t > 0, x > 0,

u|t=0 = 6x, ut|t=0 = 4e−3x + 2, x ≥ 0,

ux|x=0 = −6t+ 6e−t, t ≥ 0;

â) 4utt = uxx − 4te2x, x > 0, t > 0,

u|t=0 = 2 + e2x, ut|t=0 = 0, x ≥ 0,

(ux + 2u)|x=0 = 8, t ≥ 0;

ã) 2xutt + (1− 2x)uxt − uxx + 2
2x+1 (ux − ut) = 0, x > 0, t > 0,

u|t=0 = sinx2, ut|t=0 = − cosx2, x > 0,

(u− ux)|x=0 = −t, t > 0;

ä) 4utt = uxx + t2 chx, x > 0, t > 0,

u|t=0 = chx, ut|t=0 = 2x− shx, x > 0;

ux|x=0 = 2 sh t
2 , t > 0,

å) 21.28(5); 21.29(5);

æ) 2xutt + (1− 2x)uxt − uxx + 2
2x+1 (ux − ut) = 0, x > 0, t > 0;

u|t=0 = sinx2, ut|t=0 = − cosx2, x > 0;

u|x=0 − ux|x=0 = −t, t > 0.

ÂÒÎÐÎÅ ÇÀÄÀÍÈÅ
(ñðîê ñäà÷è 02�07 äåêàáðÿ)

I. Çàäà÷à Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ â R2, R3

1. Ðåøèòå çàäà÷è Êîøè:

a) 12.43(2,4,6,8); 12.44(1,8);

á) utt = 3∆u+ 18e3t cos(x− y + z), t > 0, (x, y, z)∈R3,

u|t=0 = xy2z, ut|t=0 = 3 cos(x− y + z), (x, y, z)∈R3;

â) utt =
1
5∆u+ 2t2 cos(x+ 2y), t > 0,

(x, y, z) ∈ R3, ∆u = uxx + uyy + uzz,

u|t=0 = yz3, ut|t=0 = 1
1+(x−2z)2 , (x, y, z) ∈ R3;

ã) utt = ∆u+
(

x2

2 − 5
8y

2 − 3
8z

2
)
ch t, (x, y, z) ∈ R3, t > 0,

u|t=0 = (x2+y2+z2)
(
sh

√
x2 + y2 + z2

)3

, ut|t=0 = xez, (x, y, z)∈R3;



Óêàçàíèå. Ðåøåíèå çàäà÷è utt = ∆u, (x, y, z) ∈ R3, t > 0;

u|t=0 = (x2 + y2 + z2)
(
sh

√
x2 + y2 + z2

)3

, ut|t=0 = 0

èñêàòü â âèäå u(t, r) = v(t,r)
r , r =

√
x2 + y2 + z2.

ä) utt = ∆u, (x, y, z) ∈ R3, t > 0,

u|t=0 = ex(y2 + z2), ut|t=0 = 0, (x, y, z)∈R3;

å) Äëÿ çàäà÷è Êîøè utt = a2∆u, t > 0, (x, y, z) ∈ R3,

u|t=0 = 0, ut|t=0 = u1(x, y, z), (x, y, z) ∈ R3,

ãäå u1(x, y, z) =
(
1− 4

(
(x− 1)2 + y2 + z2

))3
â îáëàñòè

(x− 1)2 + y2 + z2 < 1
4 , è u1(x, y, z) = 0 âíå ýòîé îáëàñòè,

äîêàæèòå, ÷òî ôóíêöèÿ u1(x, y, z) ∈ C2(R3), è äëÿ ëþáîãî t > 0 íàé-

äèòå çíà÷åíèå u(0, 0, 0, t).

II. Çàäà÷à Êîøè äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â Rn

2. Ðåøèòå çàäà÷è Êîøè:

à) 13.5(5,7); 13.6(3,4); 13.7(4);

á) ut = ∆u+ (cos t− 2 sin t)ex+y+z, t > 0, (x, y, z) ∈ R3,

u|t=0 = cosx cos 2y, (x, y, z) ∈ R3;

â) ut = ∆u+ (x2 + y2 − 2z2) cos t, t > 0, (x, y, z) ∈ R3,

u|t=0 = x cos(x+ y), (x, y, z) ∈ R3;

ã) 2ut = ∆u− cos(x+ y), t > 0, (x, y) ∈ R2, u|t=0 = x2 + y2;

ä) ut = ∆u+ (zx2 − zy2) cos 2t, t > 0, (x, y, z) ∈ R3,

u|t=0 = e−(x−y)2 sin z, (x, y, z) ∈ R3;

å) Íàéäèòå ïðè êàæäîì t > 0 çíà÷åíèå u(0, 0, t), ðåøåíèÿ çàäà÷è Êîøè

4ut = ∆u, t > 0, (x, y) ∈ R2,

u|t=0 = u0(x, y), ãäå u0(x, y) = xy(1− x2 − y2) â îáëàñòè {x > 0, y > 0,

x2 + y2 < 1}, è u0(x, y) = 0 âíå ýòîé îáëàñòè.

III. Ìåòîä Ôóðüå. Ñìåøàííàÿ çàäà÷à ñ íà÷àëüíûìè óñëîâèÿìè

íà îòðåçêå

3. Ðåøèòå ñìåøàííûå çàäà÷è:

a) 20.9(1); 20.10;

á) utt = uxx − u+ t2 + 2, t > 0, 0 < x < 1,

u|t=0 = sin 3πx, ut|t=0 = x, x ∈ [0; 1],

u|x=0 = t2, u|x=1 = t+ t2, t ≥ 0;

â) ut = uxx − u+ t(x2−2)
2π , t > 0, 0 < x < π,

u|t=0 = cosx, x ∈ [0;π],

ux|x=0 = 0, ux|x=π = t, t ≥ 0;



ã) utt = uxx + 80u− 80t+ x sin t, 0 < x < π
2 , t > 0,

u|t=0 = sin 9x, ut|t=0 = 1, 0 < x < π
2 ,

u|x=0 = t, ux|x=π
2
= 0, t > 0;

ä) ut = uxx + u− 1, t > 0, 0 < x < π,

u|t=0 = cos x
2 + 1, x ∈ [0;π],

ux|x=0 = t, u|x=π = 1, t ≥ 0;

å) 4utt = uxx + u− x− 3
4 cos

x
2 , t > 0, 0 < x < π,

u|t=0 = x+ cos x
2 , ut|t=0 = π − x, x ∈ [0;π],

ux|x=0 = 1, u|x=π = π, t ≥ 0;

æ)* Íàéäèòå limt→+∞ u(x, t) ïðè êàæäîì x ∈ R1, ãäå u(t, x) � ðåøåíèå

çàäà÷è Êîøè ut = a2∆u, t > 0, x ∈ R,
u|t=0 = u0(x), x ∈ R, u0(x) ∈ C(R),
limx→−∞ u0(x) = A, limx→+∞ u0(x) = B.

IV. Ìåòîä Ôóðüå. Ñìåøàííàÿ çàäà÷à ñ íà÷àëüíûìè óñëîâèÿìè â

ïðÿìîóãîëüíèêå

4. 20.20; 20.22.

Çàäàíèÿ ñîñòàâèëè: ê.ô.-ì. í., äîöåíò Â.Â. Øàíüêîâ

ñò. ïðåï. Ñ.È. Êîëåñíèêîâà


