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1.©4 �¥è¨âì § ¤ çã x4uxx + x2uxy − 2uyy + 2x3ux = 0 , x > 0 ;
u|y=1 = 3 +

6
x2

, uy|y=1 = 6 , x > 0 .

2.©4 �¥è¨âì § ¤ çã utt =
1
4
uxx − te2x , t > 0 , x > 0 ;

u|t=0 = 2 + e2x , ut|t=0 = 0 , x > 0 ,
(ux + 2u)|x=0 = 8 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx +

x2

π
sin t , t > 0 , 0 < x < π ;

u|t=0 = 0 , ut|t=0 = −x , 0 6 x 6 π ; u|x=0 = 0 , t > 0 ; u|x=π = −π sin t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 4
sinϕ

r2
, 1 < r < 2 , 0 6 ϕ 6 2π ;

ur|r=1 = 2 sinϕ + cos 2ϕ , u|r=2 = 1− 5 sin ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut =
1
2
∆u + t2ey · sin(t3 + z) , (x, y, z) ∈ R3 , t > 0 ;

u|t=0 = (x2 − y2) ch(y − x) , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy +

1
2
x2

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .
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1.©4 �¥è¨âì § ¤ çã uxx + 3x2uxy + 9x4uy +
(

3x2 − 2
x

)
ux = 0 , x > 0 ;

u|x=1 = y2ey−1 , ux|x=1 = −3y2ey−1 .

2.©4 �¥è¨âì § ¤ çã utt = uxx − x sin t , t > 0 , x > 0 ;
u|t=0 = sin x , ut|t=0 = cosx + x , x > 0 ,

(ux − u)|x=0 = cos t + 3t2 + t3 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (x− 4) cos 2t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; u|x=0 = cos 2t− 1 , t > 0 ; ux|x=π/2 = 0 , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
cosϕ

r2
, 1

e
< r < 1 , 0 6 ϕ 6 2π ;

ur|r=1/e = 1 + cosϕ , u|r=1 = cos 2ϕ− cosϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (x + z) arctg(x− z) , ut|t=0 = x2 cos y , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
y2 − 3xy

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .
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1.©4 �¥è¨âì § ¤ çã x2uxx − 3xyuxy + 2y2uyy + 2yuy + xux = 0 , x > 0 , y > 0 ;
u|x=1 =

1
y2

+ y − 1 , ux|x=1 = 2y − 2
y2

, y > 0 .

2.©4 �¥è¨âì § ¤ çã utt = uxx + (x + 1)e−t , t > 0 , x > 0 ;
u|t=0 = 1 + x + e−x , ut|t=0 = −1− x− e−x , x > 0 ,

(ux + u)|x=0 = 2− 2t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx − 2a2 + x2 cos t , t > 0 , 0 < x < π ;
u|t=0 = x2 , ut|t=0 = 0 , 0 6 x 6 π ; ux|x=0 = 0 , t > 0 ; ux|x=π = 2π , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 16
cos 4ϕ

r2
, 1 < r <

√
2 , 0 6 ϕ 6 2π ;

(ur + 2u)|r=1 = sin 2ϕ− 2 cos 4ϕ , u|r=√2 = −9
2

+
15
4

cos 4ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut = ∆u + t cos y sh(x− t2) , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (z2 − y2)ey+z , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
x3y + y2

)
ϕ(y) dy + 3ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .
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1.©4 �¥è¨âì § ¤ çã uxx − 2(2x + 1)uxy + 4x(x + 1)uyy − 2uy = 0 ;
u|x=−1 = y − y2 , ux|x=−1 = 4y .

2.©4 �¥è¨âì § ¤ çã utt = 4uxx − x cos t , t > 0 , x > 0 ;
u|t=0 = x2 + x , ut|t=0 = −4x , x > 0 ,

(ux − u)|x=0 = cos t− 4t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (2x− π − 9) sin 3t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; ux|x=0 = 0 , t > 0 ; u|x=π/2 = sin 3t−3t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
12 sin 2ϕ

r2
, 1

2
< r < 1 , 0 6 ϕ 6 2π ;

u|r=1/2 = −6 + 8 cosϕ− 3 sin 2ϕ , ur|r=1 = 3− 4 sin 2ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (y + z) arcsin(y − z) , ut|t=0 = z2 sinx , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy3 + x2

)
ϕ(y) dy + ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .
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1.©4 �¥è¨âì § ¤ çã x4uxx + x2uxy − 2uyy + 2x3ux = 0 , x > 0 ;
u|y=1 = 3 +

6
x2

, uy|y=1 = 6 , x > 0 .

2.©4 �¥è¨âì § ¤ çã utt =
1
4
uxx − te2x , t > 0 , x > 0 ;

u|t=0 = 2 + e2x , ut|t=0 = 0 , x > 0 ,
(ux + 2u)|x=0 = 8 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx +

x2

π
sin t , t > 0 , 0 < x < π ;

u|t=0 = 0 , ut|t=0 = −x , 0 6 x 6 π ; u|x=0 = 0 , t > 0 ; u|x=π = −π sin t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 4
sinϕ

r2
, 1 < r < 2 , 0 6 ϕ 6 2π ;

ur|r=1 = 2 sinϕ + cos 2ϕ , u|r=2 = 1− 5 sin ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut =
1
2
∆u + t2ey · sin(t3 + z) , (x, y, z) ∈ R3 , t > 0 ;

u|t=0 = (x2 − y2) ch(y − x) , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy +

1
2
x2

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¢¥áâ¨ ª ¨â¥£à «ì®¬ã ãà ¢¥¨î § ¤ çã

−x2y′′ − 3xy′ = λy + x,
1
2

< x < 1; y

(
1
2

)
= 0, 2y(1) + y′(1) = 0.
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1.©4 �¥è¨âì § ¤ çã uxx + 3x2uxy + 9x4uy +
(

3x2 − 2
x

)
ux = 0 , x > 0 ;

u|x=1 = y2ey−1 , ux|x=1 = −3y2ey−1 .

2.©4 �¥è¨âì § ¤ çã utt = uxx − x sin t , t > 0 , x > 0 ;
u|t=0 = sin x , ut|t=0 = cosx + x , x > 0 ,

(ux − u)|x=0 = cos t + 3t2 + t3 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (x− 4) cos 2t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; u|x=0 = cos 2t− 1 , t > 0 ; ux|x=π/2 = 0 , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
cosϕ

r2
, 1

e
< r < 1 , 0 6 ϕ 6 2π ;

ur|r=1/e = 1 + cosϕ , u|r=1 = cos 2ϕ− cosϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (x + z) arctg(x− z) , ut|t=0 = x2 cos y , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
y2 − 3xy

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¢¥áâ¨ ª ¨â¥£à «ì®¬ã ãà ¢¥¨î § ¤ çã

−xy′′ + 2y′ = λy + sinx,
1
4

< x < 1; 12y
(

1
4

)
= y′

(
1
4

)
, y(1) + y′(1) = 0.
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1.©4 �¥è¨âì § ¤ çã x2uxx − 3xyuxy + 2y2uyy + 2yuy + xux = 0 , x > 0 , y > 0 ;
u|x=1 =

1
y2

+ y − 1 , ux|x=1 = 2y − 2
y2

, y > 0 .

2.©4 �¥è¨âì § ¤ çã utt = uxx + (x + 1)e−t , t > 0 , x > 0 ;
u|t=0 = 1 + x + e−x , ut|t=0 = −1− x− e−x , x > 0 ,

(ux + u)|x=0 = 2− 2t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx − 2a2 + x2 cos t , t > 0 , 0 < x < π ;
u|t=0 = x2 , ut|t=0 = 0 , 0 6 x 6 π ; ux|x=0 = 0 , t > 0 ; ux|x=π = 2π , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 16
cos 4ϕ

r2
, 1 < r <

√
2 , 0 6 ϕ 6 2π ;

(ur + 2u)|r=1 = sin 2ϕ− 2 cos 4ϕ , u|r=√2 = −9
2

+
15
4

cos 4ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut = ∆u + t cos y sh(x− t2) , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (z2 − y2)ey+z , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
x3y + y2

)
ϕ(y) dy + 3ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¢¥áâ¨ ª ¨â¥£à «ì®¬ã ãà ¢¥¨î § ¤ çã
−x2y′′ − xy′ = λy + cos x, 1 < x < 2; y(1) = y′(1) · ln 2, y(2) = 0.
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1.©4 �¥è¨âì § ¤ çã uxx − 2(2x + 1)uxy + 4x(x + 1)uyy − 2uy = 0 ;
u|x=−1 = y − y2 , ux|x=−1 = 4y .

2.©4 �¥è¨âì § ¤ çã utt = 4uxx − x cos t , t > 0 , x > 0 ;
u|t=0 = x2 + x , ut|t=0 = −4x , x > 0 ,

(ux − u)|x=0 = cos t− 4t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (2x− π − 9) sin 3t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; ux|x=0 = 0 , t > 0 ; u|x=π/2 = sin 3t−3t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
12 sin 2ϕ

r2
, 1

2
< r < 1 , 0 6 ϕ 6 2π ;

u|r=1/2 = −6 + 8 cosϕ− 3 sin 2ϕ , ur|r=1 = 3− 4 sin 2ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (y + z) arcsin(y − z) , ut|t=0 = z2 sinx , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy3 + x2

)
ϕ(y) dy + ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¢¥áâ¨ ª ¨â¥£à «ì®¬ã ãà ¢¥¨î § ¤ çã
−y′′ − 2y′ = λye−x2

+ e−x, 0 < x < 3; y(0) = 3y′(0), y′(3) = 0.
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1.©4 �¥è¨âì § ¤ çã x4uxx + x2uxy − 2uyy + 2x3ux = 0 , x > 0 ;
u|y=1 = 3 +

6
x2

, uy|y=1 = 6 , x > 0 .

2.©4 �¥è¨âì § ¤ çã utt =
1
4
uxx − te2x , t > 0 , x > 0 ;

u|t=0 = 2 + e2x , ut|t=0 = 0 , x > 0 ,
(ux + 2u)|x=0 = 8 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx +

x2

π
sin t , t > 0 , 0 < x < π ;

u|t=0 = 0 , ut|t=0 = −x , 0 6 x 6 π ; u|x=0 = 0 , t > 0 ; u|x=π = −π sin t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 4
sinϕ

r2
, 1 < r < 2 , 0 6 ϕ 6 2π ;

ur|r=1 = 2 sinϕ + cos 2ϕ , u|r=2 = 1− 5 sin ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut =
1
2
∆u + t2ey · sin(t3 + z) , (x, y, z) ∈ R3 , t > 0 ;

u|t=0 = (x2 − y2) ch(y − x) , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy +

1
2
x2

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �ãáâì Q = {(x, y) : 0 < x < 1 , 0 < y < π} ¨
M =

{
u ∈ C1(Q); u|x=0 = e−1 cos y, u|x=1 = cos y, u|y=0 = ex−1, u|y=0 = −ex−1

}
.

� ©â¨ inf
M

∫∫

Q

|∇u|2 dx dy .
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�ã¬¬  ®çª®¢ � ««ë ���

� ¬¨«¨ï
¯à®¢¥àïîé¥£®

� ¬¨«¨ï
¯à¥¯®¤ ¢ â¥«ï
£àã¯¯ë

1.©4 �¥è¨âì § ¤ çã uxx + 3x2uxy + 9x4uy +
(

3x2 − 2
x

)
ux = 0 , x > 0 ;

u|x=1 = y2ey−1 , ux|x=1 = −3y2ey−1 .

2.©4 �¥è¨âì § ¤ çã utt = uxx − x sin t , t > 0 , x > 0 ;
u|t=0 = sin x , ut|t=0 = cosx + x , x > 0 ,

(ux − u)|x=0 = cos t + 3t2 + t3 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (x− 4) cos 2t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; u|x=0 = cos 2t− 1 , t > 0 ; ux|x=π/2 = 0 , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
cosϕ

r2
, 1

e
< r < 1 , 0 6 ϕ 6 2π ;

ur|r=1/e = 1 + cosϕ , u|r=1 = cos 2ϕ− cosϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (x + z) arctg(x− z) , ut|t=0 = x2 cos y , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
y2 − 3xy

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �ãáâì Q = {(x, y) : 0 < x < 1 , 0 < y <
π

4
} ¨

M =
{
u ∈ C1(Q); u|x=0 = cos 2y, u|x=1 = e2 cos 2y, u|y=0 = e2x, u|y=π/4 = 0

}
.

� ©â¨ inf
M

∫∫

Q

|∇u|2 dx dy .
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�ã¬¬  ®çª®¢ � ««ë ���

� ¬¨«¨ï
¯à®¢¥àïîé¥£®

� ¬¨«¨ï
¯à¥¯®¤ ¢ â¥«ï
£àã¯¯ë

1.©4 �¥è¨âì § ¤ çã x2uxx − 3xyuxy + 2y2uyy + 2yuy + xux = 0 , x > 0 , y > 0 ;
u|x=1 =

1
y2

+ y − 1 , ux|x=1 = 2y − 2
y2

, y > 0 .

2.©4 �¥è¨âì § ¤ çã utt = uxx + (x + 1)e−t , t > 0 , x > 0 ;
u|t=0 = 1 + x + e−x , ut|t=0 = −1− x− e−x , x > 0 ,

(ux + u)|x=0 = 2− 2t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx − 2a2 + x2 cos t , t > 0 , 0 < x < π ;
u|t=0 = x2 , ut|t=0 = 0 , 0 6 x 6 π ; ux|x=0 = 0 , t > 0 ; ux|x=π = 2π , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 16
cos 4ϕ

r2
, 1 < r <

√
2 , 0 6 ϕ 6 2π ;

(ur + 2u)|r=1 = sin 2ϕ− 2 cos 4ϕ , u|r=√2 = −9
2

+
15
4

cos 4ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut = ∆u + t cos y sh(x− t2) , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (z2 − y2)ey+z , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
x3y + y2

)
ϕ(y) dy + 3ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �ãáâì Q = {(x, y) : 0 < x <
π

8
, 0 < y < 1} ¨

M =
{
u ∈ C1(Q); u|x=0 = 0, u|x=π/8 = e−4y, u|y=0 = sin 4x, u|y=1 = e−4 sin 4x

}
.

� ©â¨ inf
M

∫∫

Q

|∇u|2 dx dy .
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1.©4 �¥è¨âì § ¤ çã uxx − 2(2x + 1)uxy + 4x(x + 1)uyy − 2uy = 0 ;
u|x=−1 = y − y2 , ux|x=−1 = 4y .

2.©4 �¥è¨âì § ¤ çã utt = 4uxx − x cos t , t > 0 , x > 0 ;
u|t=0 = x2 + x , ut|t=0 = −4x , x > 0 ,

(ux − u)|x=0 = cos t− 4t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (2x− π − 9) sin 3t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; ux|x=0 = 0 , t > 0 ; u|x=π/2 = sin 3t−3t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
12 sin 2ϕ

r2
, 1

2
< r < 1 , 0 6 ϕ 6 2π ;

u|r=1/2 = −6 + 8 cosϕ− 3 sin 2ϕ , ur|r=1 = 3− 4 sin 2ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (y + z) arcsin(y − z) , ut|t=0 = z2 sinx , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy3 + x2

)
ϕ(y) dy + ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �ãáâì Q = {(x, y) : 0 < x <
π

4
, 0 < y < 1} ¨

M =
{
u ∈ C1(Q); u|x=0 = 0, u|x=π/4 = e−2y, u|y=0 = sin 2x, u|y=1 = −e−2 sin 2x

}
.

� ©â¨ inf
M

∫∫

Q

|∇u|2 dx dy .
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1.©4 �¥è¨âì § ¤ çã x4uxx + x2uxy − 2uyy + 2x3ux = 0 , x > 0 ;
u|y=1 = 3 +

6
x2

, uy|y=1 = 6 , x > 0 .

2.©4 �¥è¨âì § ¤ çã utt =
1
4
uxx − te2x , t > 0 , x > 0 ;

u|t=0 = 2 + e2x , ut|t=0 = 0 , x > 0 ,
(ux + 2u)|x=0 = 8 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx +

x2

π
sin t , t > 0 , 0 < x < π ;

u|t=0 = 0 , ut|t=0 = −x , 0 6 x 6 π ; u|x=0 = 0 , t > 0 ; u|x=π = −π sin t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 4
sinϕ

r2
, 1 < r < 2 , 0 6 ϕ 6 2π ;

ur|r=1 = 2 sinϕ + cos 2ϕ , u|r=2 = 1− 5 sin ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut =
1
2
∆u + t2ey · sin(t3 + z) , (x, y, z) ∈ R3 , t > 0 ;

u|t=0 = (x2 − y2) ch(y − x) , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy +

1
2
x2

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¥è¨âì § ¤ çã �®è¨:



ut = 4ux − uy − vx + vy,
vt = 6ux − 6uy − vx + 4vy,
u(x, y, 0) = sin(x− y),
v(x, y, 0) = cos(2x + y),

(x, y) ∈ R2, t > 0.
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1.©4 �¥è¨âì § ¤ çã uxx + 3x2uxy + 9x4uy +
(

3x2 − 2
x

)
ux = 0 , x > 0 ;

u|x=1 = y2ey−1 , ux|x=1 = −3y2ey−1 .

2.©4 �¥è¨âì § ¤ çã utt = uxx − x sin t , t > 0 , x > 0 ;
u|t=0 = sin x , ut|t=0 = cosx + x , x > 0 ,

(ux − u)|x=0 = cos t + 3t2 + t3 , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (x− 4) cos 2t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; u|x=0 = cos 2t− 1 , t > 0 ; ux|x=π/2 = 0 , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
cosϕ

r2
, 1

e
< r < 1 , 0 6 ϕ 6 2π ;

ur|r=1/e = 1 + cosϕ , u|r=1 = cos 2ϕ− cosϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (x + z) arctg(x− z) , ut|t=0 = x2 cos y , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
y2 − 3xy

)
ϕ(y) dy + a, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¥è¨âì § ¤ çã �®è¨:



ut = −5ux − uy + 2vx + vy,
vt = −12ux − 6uy + 5vx + 4vy,

u(x, y, 0) =
1

4 + (x− y)2
,

v(x, y, 0) =
1

1 + (x + 2y)2
,

(x, y) ∈ R2, t > 0.
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1.©4 �¥è¨âì § ¤ çã x2uxx − 3xyuxy + 2y2uyy + 2yuy + xux = 0 , x > 0 , y > 0 ;
u|x=1 =

1
y2

+ y − 1 , ux|x=1 = 2y − 2
y2

, y > 0 .

2.©4 �¥è¨âì § ¤ çã utt = uxx + (x + 1)e−t , t > 0 , x > 0 ;
u|t=0 = 1 + x + e−x , ut|t=0 = −1− x− e−x , x > 0 ,

(ux + u)|x=0 = 2− 2t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx − 2a2 + x2 cos t , t > 0 , 0 < x < π ;
u|t=0 = x2 , ut|t=0 = 0 , 0 6 x 6 π ; ux|x=0 = 0 , t > 0 ; ux|x=π = 2π , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u = 16
cos 4ϕ

r2
, 1 < r <

√
2 , 0 6 ϕ 6 2π ;

(ur + 2u)|r=1 = sin 2ϕ− 2 cos 4ϕ , u|r=√2 = −9
2

+
15
4

cos 4ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã ut = ∆u + t cos y sh(x− t2) , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (z2 − y2)ey+z , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
x3y + y2

)
ϕ(y) dy + 3ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¥è¨âì § ¤ çã �®è¨:



ut = ux + 4uy − 6vx − 6vy,
vt = ux + uy − 4vx − vy,
u(x, y, 0) = cos(x + y),
v(x, y, 0) = − sin(3x− y),

(x, y) ∈ R2, t > 0.
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1.©4 �¥è¨âì § ¤ çã uxx − 2(2x + 1)uxy + 4x(x + 1)uyy − 2uy = 0 ;
u|x=−1 = y − y2 , ux|x=−1 = 4y .

2.©4 �¥è¨âì § ¤ çã utt = 4uxx − x cos t , t > 0 , x > 0 ;
u|t=0 = x2 + x , ut|t=0 = −4x , x > 0 ,

(ux − u)|x=0 = cos t− 4t , t > 0 .

3.©6 �à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  a > 0 à¥è¨âì § ¤ çã
utt = a2uxx + (2x− π − 9) sin 3t , t > 0 , 0 < x <

π

2
;

u|t=0 = 0 , ut|t=0 = 0 , 0 6 x 6 π

2
; ux|x=0 = 0 , t > 0 ; u|x=π/2 = sin 3t−3t , t > 0 .

4.©3 �¥è¨âì § ¤ çã ∆u =
12 sin 2ϕ

r2
, 1

2
< r < 1 , 0 6 ϕ 6 2π ;

u|r=1/2 = −6 + 8 cosϕ− 3 sin 2ϕ , ur|r=1 = 3− 4 sin 2ϕ , 0 6 ϕ 6 2π .

5.©6 �¥è¨âì § ¤ çã utt = ∆u , (x, y, z) ∈ R3 , t > 0 ;
u|t=0 = (y + z) arcsin(y − z) , ut|t=0 = z2 sinx , (x, y, z) ∈ R3 .

6.©4 �¥è¨âì ¯à¨ ¢á¥å ¤®¯ãáâ¨¬ëå § ç¥¨ïå λ ¨ a ãà ¢¥¨¥

ϕ(x) = λ

∫ 1

−1

(
xy3 + x2

)
ϕ(y) dy + ax, −1 6 x 6 1,

¨  ©â¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á« , á®¡áâ¢¥ë¥ äãªæ¨¨ ï¤à .

7.©4 �¥è¨âì § ¤ çã �®è¨:



ut = −8uy − vx + 3vy,
vt = −6ux − 18uy + 5vx + 7vy,

u(x, y, 0) =
1

1 + x2 + y2
,

v(x, y, 0) =
1

1 + (3x− y)2
,

(x, y) ∈ R2, t > 0.
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¯® ¯à®¢¥àª¥ íª§ ¬¥ æ¨®®© ª®âà®«ì®© à ¡®âë ¯® ���

(3 ªãàá, 6 á¥¬¥áâà 2013/2014 ãç¥¡ë© £®¤).

1. 4© � ©¤¥ë å à ªâ¥à¨áâ¨ª¨ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�¤¥«   å à ªâ¥à¨áâ¨ç¥áª ï § ¬¥  ¯¥à¥¬¥ëå
(â.¥.  ©¤¥ ¢¨¤ ãà ¢¥¨ï ¢ ®¢ëå ¯¥à¥¬¥ëå) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥ë äãªæ¨¨ f(ξ) ¨ g(η) ¨ ¢ë¯¨á ® à¥è¥¨¥ § ¤ ç¨ �®è¨ . . . . . . . . . . . . . . . . . 2 ®çª 

2. 4© � ©¤¥® ç áâ®¥ à¥è¥¨¥ ãà ¢¥¨ï ¨ ¯®«ãç¥  á¬¥è  ï § ¤ ç  ¤«ï ®¤®à®¤®£®
ãà ¢¥¨ï . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥ë äãªæ¨¨ f(x + at) ¨ g(x− at) ¯à¨ x− at > 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥  äãªæ¨ï g(x− at) ¯à¨ x− at < 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�à®¨§¢¥¤¥  ýáª«¥©ª þ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®

3. 6© �¢¥¤¥® ª § ¤ ç¥ á ®¤®à®¤ë¬¨ £à ¨çë¬¨ ãá«®¢¨ï¬¨ . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥  á¨áâ¥¬  á®¡áâ¢¥ëå äãªæ¨© . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� §«®¦¥  ¢ àï¤ �ãàì¥ ¯à ¢ ï ç áâì ãà ¢¥¨ï ( ç «ìë¥ ãá«®¢¨ï) . . . . . . . . . . . . . . 1 ®çª®
�®áâ ¢«¥ë § ¤ ç¨ ¤«ï  å®¦¤¥¨ï Tk(t) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥ë Tk(t) ¯à¨ â¥å § ç¥¨ïå ¯ à ¬¥âà  a , ¤«ï ª®â®àëå ¥â á«ãç ï à¥§® á  1 ®çª®
�¯à¥¤¥«¥ë § ç¥¨ï ¯ à ¬¥âà  a , ¯à¨ ª®â®àëå à¥§® á ¢®§¬®¦¥,
¨  ©¤¥ë Tk(t) ¢ íâ®¬ á«ãç ¥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�  ®è¨¡ªã ¯à¨ ¯®¨áª¥ á¨áâ¥¬ë á®¡áâ¢¥ëå äãªæ¨© áâ ¢¨âì ¥ ¡®«¥¥ 1 (®¤®£®) ®çª  § 
¢áî § ¤ çã.

4. 3© � ¤ ç  á¢¥¤¥  ª ªà ¥¢®© § ¤ ç¥ ¤«ï ãà ¢¥¨ï � ¯« á  . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�ë¯¨á ®, ¢ ª ª®¬ ¢¨¤¥ ¡ã¤¥â ¨áª âìáï à¥è¥¨¥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�®áâ ¢«¥  á¨áâ¥¬  ¤«ï  å®¦¤¥¨ï ª®íää¨æ¨¥â®¢ ¨ à¥è¥  . . . . . . . . . . . . . . . . . . . . . 1 ®çª®

5. 6© � à¨ âë 41 ¨ 43:
 ©¤¥® ç áâ®¥ à¥è¥¨¥ ãà ¢¥¨ï ¨ § ¤ ç  á¢¥¤¥  ª § ¤ ç¥ �®è¨ ¤«ï ®¤®à®¤®£®
ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 ®çª 
�¥è¥  ¯®«ãç¥ ï § ¤ ç  �®è¨ ¤«ï ®¤®à®¤®£® ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ . . . 3 ®çª 
� à¨ âë 42 ¨ 44:
§ ¤ ç  à §¡¨â    ¤¢¥ § ¤ ç¨ ¨ à¥è¥  ª ¦¤ ï ¨§ ¯®¤§ ¤ ç . . . . . . . . . . . . . . . . . . . . . ¯® 3 ®çª 

6. 4© �®áâ ¢«¥  á¨áâ¥¬  ¤«ï  å®¦¤¥¨ï C1 ¨ C2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�¥è¥  ¤  ï á¨áâ¥¬  ¯à¨ λ 6= λ1 , λ 6= λ2 ¨ ¢ë¯¨á ® à¥è¥¨¥ ãà ¢¥¨ï . . . . . . . 1 ®çª®
�¥è¥  ¤  ï á¨áâ¥¬  ¢ á«ãç ïå λ = λ1 , λ = λ2 ¨ ¢ë¯¨á ® à¥è¥¨¥ ãà ¢¥¨ï . 1 ®çª®
� ©¤¥ë á®¡áâ¢¥ë¥ äãªæ¨¨ ¨ å à ªâ¥à¨áâ¨ç¥áª¨¥ ç¨á«  ï¤à  . . . . . . . . . . . . . . . . . . 1 ®çª®

7. 4© (¯®â®ª �ã¡®¢  �.�.)
�¢¥¤¥® ãà ¢¥¨¥ ª ¤¨¢¥à£¥â®¬ã ¢¨¤ã . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
� ©¤¥ë á®®â¢¥âáâ¢ãîé¨¥ y1(x) ¨ y2(x) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�ë¯¨á   äãªæ¨ï �à¨  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�ë¯¨á ® ¯®«ãç¨¢è¥¥áï ¨â¥£à «ì®¥ ãà ¢¥¨¥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�á«¨ § ¤ ç  á¢®¤¨âáï ª ¨â¥£à «ì®¬ã ãà ¢¥¨î á ¯®¬®éìî äãªæ¨¨ �à¨  ¤àã£®£®
¤¨ää¥à¥æ¨ «ì®£® ®¯¥à â®à  (â.¥. ¡¥§ ¯¥à¢® ç «ì®£® á¢¥¤¥¨ï ª ¤¨¢¥à£¥â®¬ã ¢¨¤ã),
â® ¯à¨ ¢¥àëå ¢ëª« ¤ª å § ¤ çã § áç¨â âì.

7. 4© (¯®â®ª �¨å ©«®¢  �.�.)
�®áâ ¢«¥  § ¤ ç  ¤«ï ¯®¨áª  äãªæ¨¨, à¥ «¨§ãîé¥© inf J(u) . . . . . . . . . . . . . . . . . . . . 1 ®çª®
�¥è¥  ¤  ï § ¤ ç  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 ®çª 
� ©¤¥® § ç¥¨¥ J(u0) = inf

M
J(u) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 ®çª®


